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Generalizations of the Alaoglu Theorem with
Applications to Approximation Theory. I*

By Yasuhiko IKEBE

(Comm. by Kinjir5 KVNUGI, M. ..., June 12, 1968)

1. Introduction. This paper concerns the approximation of
set-valued maps by multilinear maps on direct sums of normed linear
spaces. In particular, we prove two very general existence theorems
for best approximations in the sense of Tchebycheff (Theorems 3 and
7). One of these theorems (Theorem 7) generalizes one in [1, p. 97]
and can be interpreted as a generalization also o the Alaoglu theorem
[2, p. 424]. We recall that a real-valued unction defined on a topo-
logical space X is called lower-semicontinuous if each set of the form
(x e X: f(x)_ c} is closed. The fact that a lower-semicontinuous func-
tion defined on a compact topological space is bounded below and
achieves its infinum thereon will be needed requently, and will be
used reely without explicit reference.

2. Definitions. Let E and F be normed linear spaces over the
same scalar field. Let Q be a set-valued map. of X(XE) into F.
We use the symbol II Q IIx to denote the number sup{ll p [l: P Qx or
some xeX}. We say thatQisboundedi IQIIx is finite. Let Kbe
another set-valued map of X into F. We define K-Q in the most
natural way, that is (K-Q)(x)-Kx-Qx--(p-q p e Kx and q Qx}.
Let M be a amily of set-valued maps of X into F. A member P0 of
M is termed a best approximation in M to Q if l[Po-Q[Ix=inf{llP
-Q I]x P e M}.

Let E,..., E, F be normed linear spaces over the same scalar
field. The direct sum of the spaces Ex, ..., E. is the normed linear
space of all ordered n-tuples [x, ..., x], where x e E, i= 1, ..., n,
with component wise addition and component wise scalar multication,
and with the norm defined by II[x,...,x]l]=max{llxllE:i=l
.., n}. We denote this direct sum by the symbol Ex@ @E.=E.
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Let u(E, F) denote the set of all n-linear maps of the direct sum
E into the normed linear space F, and let b(E, F) denote the subset of
u(E, F) consisting of all continuous maps in u(E, F). The space
u(E, F) is a linear space and the space b(E, F) is a normed linear
space with the norm defined by AI]=sup{llAxll.llxll<_l, xeE}.
Let E and E be normed linear spaces. We denote by B(E, E) the
space of all bounded linear maps of E into E.

Let E, ..., E., F be normed linear spaces and let E=E...E.
The a-topology on b(E, F) is the topology with respect to which a net
A in b(E, F) converges to A e b(E, F) if and only if the net Ax con-
verges to Ax(in F) for all x eE. Let XE. The ax-topology on
u(E, F) is the topology with respect to which a net A in u(E, F) con-
verges to A e u(E, F) if and only if the net Ax converges to Ax (in F)
or all x e X. The v-topology on B(E, E*) is the topology with re-
spect to which a net A in B(E, E*) converges to A if and only if
y, Axy,Ax or all x e E and all ye E., where , de-
notes the ordinary dual pairing.

:. Theorem. Let E, ..., E be normed linear spaces and let
F be a finite-dimensional normed linear space. Let E denote the
direct sum E. ..E. Let X be an arbitrary non-empty subset of
E. Let Q be a set-valued bounded map of E into F. Then, for each
k_O, the set M={A e u(E, F)" IIA-QI x_k} is az-compact and
closed.

Proof. In order to prove that M is ax-compact, let A be a net
in M. It is sufficient to find a subnet A (of the net A) which con-
verges in the ax-topology to an element of M. Thus for all A e M
and all xeX, ]lAxll<_]]QIIx+k-k’. Let

R--{f e r"
Then, or each a, A IX e Rx
where the notation A IX means the restriction of A to X. The set R
is compact in the space F (it is here that we use the fact that the space
F is finite-dimensional). By the Tychonoff theorem the product space
Rx is compact in the product topology. Therefore, the net A, IX has
a subnet A]X which converges to an element A’ of the product space
in the product topology, that is, pointwise on X. We will first show
that A’ is n-linear on the set X. Let and ’ be scalars and let
[x, x, ..., x] e X, [x, x, ..., x] e X, and [2x+2’x;, x, ..., x.] e X.
Then A’[2x+ 2’x, x, ..., x] lim A[2x+ 2’x, x., ., x] lim 2(A
[x, ..., x.]) + lim 2A[x’, ..., x,] 2A’[x, ..., x] + 2’A’[x’, ..., x,].
This proves that A’ is linear in the first component. Similarly, we
can prove that A’ is linear in any other component. We will next
show that it is possible to extend A’, without disturbing the n-line-
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arity, to the entire space E. Thus, let P(i-1, ..., n) be the projec-
tion which assigns to each x e E its i-th component. Let H(i-1,
.., n) be a maxial linearly independent subset of the set PX, and let

H K--L be a maxial linearly independent subset of E. Then, it
is easy to see that the following rule gives an n-linear map A" of E into
F which agrees with A’ on X" A"-A’ on X and specify arbitrarily
the value of A" at each point in the union [2 Lx xL_xKxL/x...

xL" i-- 1, ., n}. Since, for each x e X and each p e Qx,
II A"x--p II II A’x--p I1 lim II A.x-p II

we have A" e M. Also, the convergence in the product topology and
that in the ax-topology agree on the set M. Hence A.>A" in the
ax-topology.

Using nets, the fact that M is ax-closed is easily proved.
4. Corollary. Let E, F, X, and Q have the same meaning as in

the last theorem. Then the map Q has a best approximation in
u(E, F), or more generally, in any ax-closed subset of u(E, F).

5. Corollary. Let E be a normed linear space and let X be a
nonempty subset of it. Let E’ be the algebraic dual of E, that is, the
space of all linear functionals on E. Then, the set {fie E"lf’(x)]
<_ for all x e X} is ax-compact and ax-closed, where the ax-topology
is the topology on E’ with respect to which a net f’. in E’ converges
to f’ e E’ if and only if f(x)-f’(x) for all x e X.

Proof. Take, in the last theorem, n-1, F=the scalar field and

6. Corollary (Alaoglu theorem). The unit sphere of the dual
space of a normed linear space is w*-compact.

Proof. Take, in the last corollary, X to be the unit sphere of the
given normed linear space.


