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Introduction. Kelly [3] is the first one who studied the theory of
bitopological space. A motivation for the study of bitopological spaces
is to generalize the pseudo quasi metric space (which we denote as
p—q metric). In this paper one observes the relation between p—gq
metric spaces and the bitopological spaces which are generated by
them. In chapter 2, one defines p-complete normal (i.e., pairwise
complete normal) space and shows that p — q¢ metric space is p-complete
normal. In the last chapter the p — ¢ metrisable problem is considered,
and one of the Sion and Zelmer’s result [4] is proved directly by a
bitopological method. Throughout notations and definitions follow [2]
and [3].

Definition. A p—q metric on set X is a non-negative real valued
function p : X X X—R (reals) such that
(1) p(x, ©)=0,

(2) p(x,2)<p(x,y)+p(y,2) forall z,y,zeX.

In addition, if p satisfies

(3) p,Y=0onlyif z=y

then p is said to be a quasi metric. If p satisfies

(4) p(x, ¥)=p(Y, ©)

with (1) and (2) then p is a pseudo metric. Obviously, if (1), (2), (3),
and (4) are satisfied then it is a metric in the usual sense.

Let p be a p—q metric on X and let ¢ be defined by q(x, ¥)=p(y,

). Then q is a p—q metric on X and ¢ is said to be the conjugate p—q
metric of p. We denote the bitopological space X generated by
{Sp(x, e)={y|p(x,y)<e}} and {S,(x,e)={y|q(x,y)<e}} as (X, P, Q) (see
[8]). Throughout this paper (X, L,,L,) denotes a bitopological space
with topology L, and L,.
(1-2) Definition (Kelly [3]). A bitopological space (X, L,, L,) is said
to be p-normal (i.e., pairwise normal) if for any L,-closed set A and
L,-closed set B with AN B=¢, there exist an L,-open U and an L,-open
set V such that AcU, BCV, and UNV=¢.

Kelly [3] defined p-regular bitopological space in an analogous
manner.

(1-3) Definition. Let (X, L,, L,) be a bitopological space,
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(1) Itis ap—T,iff for x,ye X, w+y there exist Uec L, and
V e L, such that either x e U, ye VorxeV,yeUand UNV=4¢.

(2) It is p—T, iff for z,ye X, x+y there exist Ue L, and
Ve L, such that i+j, i=1,2, xe U, ye Vand UNV=4¢.

The definition of p—T, was given by Weston [5]. It is obvious from
the definition that p —T, implies p—T,. Further if (X,L,,L,) is a p
—T, space the (X, L,) is a T,-space and if (X, L,, L,) is a p—T,, space
then (X, L,) is a T -space for i=1, 2.

(1-4) Definition. A p—q metric p is called a A —p—q metric (Albert
p—q metric [1]) if it satisfies the condition that z=y implies either
p(x,y)+0 or q(x, y)+0.

It is easy to prove the following
(1-5) Theorem. If (X,P,Q) is generated by the A—p—q metric p
and its conjugate metric q, respectively, then it is p—T,.

Remark. Similarly, (X, P, Q) is p—T, iff it is quasi metric (see
[3D.

The following is an example for A —p — q metric.

(1-6) Example. Let X be the set of all reals and
p,P=lz—y| ifz<y
=0 if otherwise
and q(x, ¥)=p,x). Then (X, P, Q) is p—T,, but it is not p—7T,.
(1-7) Theorem (Kelly [8]). A p—q metric (X, P, Q) is p-regular and
p-normal.

2. In this chapter one defines p-complete normality and shows
that a p —q metric space (X, P, Q) is p-complete normal.

(2-1) Definition. In a bitopological space (X, L,,L,) a pair (A, B),
A,Bc X is said to be (12)-sepamted iff ANB=ANB= ¢, where A is
the L,-closure of A and B is the L,-closure of B.

Remark. If L,c L, then (12)-separated implies L,-separated.
(2-2) Definition. A bitopological space (X, L,, L,) is said to be p-com-
pletely normal iff for every (12)-separated pair (A4, B) there exist an
L,-open set UDA and an L,-open set VOB such that UNV=¢.

(2-3) Theorem. A bitopological space (X, L,, L,) is p-completely nor-
mal iff every subset of X is p-normal.

Proof. Suppose X is p-completely normal and YC X. Let F, and
F, be disjoint closed (relative to Y) in L, and L,, respectively. Then
F,NF,=FtnNF,=YNF, NF,=Ftv:N Ftr:=F, ﬂF2_¢ Where FLz:
denotes the Ly ~closure of F'. Similarly, we can show F,NF,=¢ which
implies (F,, F',) is a (12)-separated pair of X. By p-complete normality
there exist disjoint sets L,-open G, and L,-open G, containing F', and
F,, respectively. Then YNG, and Y NG, are disjoint Ly, Ly, open
sets of Y which contain F, and F,, so that Y is a p-normal space.



No. 10] Pseudo Quasi Metric Spaces 1011

Conversely, let (4, B) be a (12)-separated pair, i.e.,
(ANBUMANB)=4.
Let Y=(ANB). Then ( Y, Ly, Ly, is a p-normal space by assumption
since o _

YNA=A'UBY)NA=BNA, YNB=(A°UBYNB=A°NB
then YN A and Y N B are disjoint Ly, and Ly,-closed sets, respectively.
Therefore, there exist UNY=Uy € Ly, and VNY=V; € L, such that
(YNB)cUy and (YNA)CVy, where UpyNVy=¢. But UNANB)"
=UN(A°UBo). _

Uy,=UNY=UNB)YUWUNA®) where UelL,

Vy=VNY=(VNB)U(VNA?) where Ve L,
Since (UNBYNB=¢,

Uy>(YNB) implies (UNA)D(YNB).
Similarly Vy>(Y N 4) implies (VNB9)>(Y NA).
Now, U'=UNA°eL,and V'=VNB¢e L, and U'N V'=¢. Consider
YNB=(A°UB)NB=A°NB.

But ANB=¢ so that A°>B. Therefore

A‘NBoBand U'=UNA>(YNB)=ANB>OB.
Similarly, B

Vo(BeNA)DA.

(2-4) Lemma. Ewvery subspace of a p—q metric space (X, P, Q) is a
p—q metric space.
(2-5) Theorem. A p—q metric space (X, P, Q) is p-completely normal.

Proof. By (1-7) a p—q metric space is p-normal, and by the
above lemma every subspace of a p—q metric space is a p— q metric
space also, which implies that every subspace is p-normal. Apply
(2-3) and the statement is proved.

3. In this chapter p —q metrisable theorems are considered in the

context of bitopological spaces and Sion and Zelmer’s result [4] will be
proved in a direct way. We start with a few lemmas which will be
used in the sequel.
(3-1) Definition. In a bitopological space (X, L,, L,) a subset CC X is
said to be (12)-disjoint iff for each x ¢ C and y € C° there exist U, e L,
and V,e L,such that xe U,, ye V,and U,NV,=¢. A set both (12)-
disjoint, (21)-disjointed is called p*-disjoint.

Remark. In the example (1-6) every L,-closed set is (12)-disjoint
and every L;,-closed set is (21)-disjoint. If (X, L,, L,) is p-Hausdorff,
then every subset of X is p*-disjoint.

(8-2) Lemma. If a bitopological space (X, L,, L,) is L-regular and p-
regular then an L;-closed set is (i, j)-disjoint (i+7, i,7=1,2).

Proof. Case 1. Let C be an L,-closed set and ¢ C. By p-
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regularity there exist Ue L,, Ve L, such that CCV, xeUand VNU
=¢.

For any yeC, ye V¢ and x ¢ V¢ where V° is Ly-closed. By the
regularity of L, there exist «, 8 € L, such that

BDOVe, yea and aNf=¢.
Then y e ac B¢ and z ¢ B°. Again by p-regularity there exist We L,,
Re L, such that ye °CR, xc¢ W and RNW=¢ which implies C is
(21)-digjoint.

Case 2. If Cis L,-closed. The proof is similar to case 1.

Sion and Zelmer [4] proved the following theorem which we prove
directly by a bitopological method.

(3-3) Theorem. If (X, L, is regular, compact, p—q metric topological
space, then it is pseudo metric space.

Proof. Let L, be the topology which is generated by {S,(x,¢)
={y: q(x, y) =p(y, x)<e}}, where L, is generated by the p —q metric p.
Then (X, L,, L,) is a p—q space (or (X, L, L,)=(X, P, Q).

Let Ue L, then U® is compact in L,. By the lemma (3-2) U* is
(12)-disjoint and the compactness of U° implies U° is L,-closed and
UeL, Therefore L,CL, d(z,y)=max {p(x,¥), ¢z, }=q(x,y) im-
plies L, is a pseudo metric (by the symmetric property of q).

Similarly, we can show
(8-4) Corollary. If (X, L,) is a compact and quast metric topological
space, then it is a metric space.

Proof. (X, P, Q) is p—T, iff it is quasi metrisable (see the remark
following (1-5)) and every subset is (i7)-disjoint. Apply a similar
method as (3-3) to complete the proof.
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