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118. On a General Form of the Weyl Criterion in the
Theory of Asymptotic Distribution. II

By Lauwerens KUIPERS® and Aart Johannes STAM**®
(Comm. by Zyoiti SUETUNA, M. J. A., Sept. 12, 1969)

V. Applications. 1. Letu, (n=1,2, ...) be a sequence of real
numbers. Then define the function f on [0, co) as follows:
J)=u, n=12,...),
J®O=r0t1+1) (t£0 (mod 1)).
Let B(f)=I[t] ({0 (mod 1)) and continuous on the left for every ¢.
Then using the same notation as in IV we have

1 T
Fr(®)= %L Koo ((FONABE)

(where the integral is taken over the interval [0, T))

1 [r)

B [T] OS}L(=7L%<€
Let the d.f. F(§) equal to £(0<£<1), and =0 (£<0) and =1 (§>1).
Then FT(E)—C—»S, as T—oo, if and only if for k=1,2, - -.
lim [_;]_ : exp 2xik f(HAIT]

T

=lim 1 f] exp 27z-iku,,=j1 exp 2rikadx =0,
Now N n=1 0
or, Theorem 5 implies the Weyl criterion for the uniform distribution
mod 1 of a sequence of real numbers. See [1].

2. Letu,, f(t), B(t) and F,(£) be defined as in 1. Let F(£) be a
d.f. with FI(§)=0 (0<&<1) and F(§)=1(£>1). Suppose furthermore
that 4F(0)=4F1)=0. Then

F (5)-25F(8), as T—oo,
if and only if

lim L (" exp 2zikf(®)dB®) =lim LS exp 2riku
TIIEB(T)L exp zmikf = T A=y P AT

=f exp 2rikedF(z).
Moreover
Fr@®= [ o0 G@NBO=1_ 5 1
TUBM ) oo I 0sFm<e .
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In this case the sequence u, (n=1,2, --.) (mod 1) is said to have the
distribution function F(§). See [10] where the case of the continuous
d.f. F(&) is treated.

3. Let f(t) be a realvalued Borel measurable function defined on

[0, c0). Set f@=[fO1+(f(®#). Let B{t)=t(0<t<oo). Define the
class of d.f.

Fa&)=1 f 0.6 (FONAHT>0),

F(§)=0(£<0), Fi(8)=1(¢>D.
Let F(§) be defined as in 2. We have then that, as T—oo, F(§)
—0>F($), the relative measure of the set

{t:1>0,0<(f(EN<EY,
if and only if for k=1, 2, ..

T
lim }T_ exp 2rik () dt= Sl exp 2rikwdF(a).
0 0

T—co

In this case f(t) is said to have mod 1 the distribution function F(&).
See [11]. The case that FI(§)=¢ (0<£<1), or, that the function f(¢)
is uniformly distributed mod 1 was already treated by Hermann Weyl.
See [1].

4. Let f(t) be defined as in 3. Let B(f) be a nondecreasing
function defined on [0, o) and continuous on the left. Let F (&) be
defined as in Theorem 5, and F(£€) as in 4. Suppose 4F(0)=4F(1)=0.
Then

F(&)—25F(©), as T—oo,
if and only if for k=1,2, ...
1
lim s J exp 27ik f(R)AB(t) = f ' exp 2nikedF(@).
In this case f(t) is said to have the B-distribution function F(§) mod 1.
See [12].

5. Let a, (n=1,2, -..) be a sequence of integers. Define the

function f(¢) on [0, «o) as follows:

f(n) =Mﬁ)~, where a,, (mod m) is the number 7(0<j<m—1)
m

such that a,=4j (mod m), f(t) constant on n<t<n+1and = f([t]),
n=1,1,2, ---.

Define the d.f. F as follows:
F@ =111 it T cpeitlgo1, ..., m—1),
m m m

so that 4F'(0) >0, 4F(1)=0.
Define the class of d.f.
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1 (7
Fr®=- | 20OV “ar St

Let a and b be numbers with
=1 g I cpec IFL
m m
In this case (4F(0) >0) the Remarks 1 and 2 apply. We then have
Fa®) = Fr@=p o [ (7B

B(T
1 L] 1 L7l 1
[T] »=1 [T1] n=1
as<f(n)<b f(n)(modm)=j/m or an(modm)=j

~ F)—F@=1, as T—oo,

if and only if,

lim 1 ST exp 27ik f(H)dB(E) =lim -1 3" exp 2rika,(mod m)/m
T—oo B( ) T—eo T n=1

=lim "T— Z exp 2rika,/m __f exp 2rntkxdF (x)
T—oo 0

(according to Theorem 5)
:71n— mz_]l exp 2zikj/m (k=0 (mod m))=0,
=0

and herewith we have proved the Niven-Uchiyama criterion for the
uniform distribution mod m of a sequence of integers. See [6], [7].

6. Letu, (n=1,2, .--) be a sequence of real numbers. Define
f(t) as in Application 1.

Let B(t)=B(t, x) be the function

xn

where n is determined by n<t<n+1(n=0,1, ...). Then for >0
B(t, ) is a nondecreasing function of ¢, continuous in ¢ on the left.
Define the class of d.f.

_ 1T
Fu§=Fx&, )= 2o j Lo (FONABE)  (0<E<D),

Fn(8)=0(£<0), F(§)=1(£>1). Let F(¢,x) be a d.f. with F(&, x)
=0 (£<0), =1 (£>1), and 4F(0)=4F(1)=0. Furthermore it is
assumed that lim F'(§, x)=F(§).

-0

Then according to Theorem 5 we have:

F.(€&, x)—c—>F({-', x), as T—oo,
if and only if for k=1, 2, - -
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lim L+ (" exp 2rikf(t)dB®)

v B(T) Jo
. N 2nikUn , PR
—lim 1 . e ‘ x
Nooo x " =1 n!
1+ = +-
1! n!

kaun x”

e L
The last equality implies

f e AR (£, ©).
0

oo kaun xn

lim g= 33 702" =£ e dF (),
in other words: the sequence u, is mod 1 Borel distributed to the
distribution function F'(¢§). See [13].

Final Remark. In concluding we observe that [14] contains a
chapter on weak convergence in metric spaces. If S is a metric space,
and if S is the class of Borel sets in S, if P and P, (n=1, 2, ...) are
probability measures, then (there) P, is said to converge weakly to P if

Is fdP"_)J‘s Jap

for every bounded continuous real function f on S. Billingsley applies
his results to the case of weak convergence on the circle and the torus
and acquires in this way Weyl’s criterion (see Application 1 of this
paper) and its 2-dimensional extension.
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