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(Comm. by Kinjir6 KUNUGI, M. J. A., Jan. 12, 1970)

§1. Introduction. Let A(xz,y; &) and B(x, y; ) be uniformly
elliptic polynomials® in & ¢ R* and in 7 € R*, respectively, with coef-
ficients in C=(2) and g(x) be a real valued function in C=(£2), not
depending on y, where 2 is an open set of R, X R In this paper, we
consider the hypoellipticity? of linear partial differential operators of
the form
(1) P=A(x,y; D,)+9(x) Bz, y; D,),
where D,=(D,,, - -+, D,) with D,,=—19/d»; and D,=(D,,, ---,D,)
with D, = —10/dy, (i=+—1). It is well known that if g(x) vanishes
at no point of 2 operator (1) is hypoelliptic in 2. Indeed, we can
immediately see that it is formally hypoelliptic there. For operator
(1) in which g(x) may vanish, we can prove

Theorem. Suppose in operator (1) that A and B are uniformly
elliptic in Q and the coefficients of A are not dependent on the variable
y and that there exists a multi-indexr a=(ay, --- a,) c N*® such that
Dig=Dg. - - - Dgrg vanishes at no point of 2. Then the differential
operator P of form (1) is hypoelliptic in 2.

This is motivated by the result of Dr. T. Matsuzawa (unpublished)
that the operators on the (w, y)-plane: D¥ + 2**Di™ (I, m=1,2, ---;
k=0, 1, .-.) are hypoelliptic in the plane (see [4]). One of the most
important keys to the proof of Theorem is the inequality (H) which is
stated in § 2 and is one of the inequalities proved by Hormander [2].

In §2 we prepare some lemmas and propositions, with the aid of
which the proof of Theorem will be accomplished in § 3.

§2. Preliminaries. Throughout this section we assume that
A, B and ¢ have the same meaning as in Theorem and that the degrees
of A and B are 2] and 2m (I, m=1, 2, . -.), respectively. First define
norm ||| - ||| and its dual norm ||| - |||’ by

1l F= | Dkl + gDyl + [l [[[v]lf = sup 12220,

wecr %]

1) The A(x,y;8) is called uniformly elliptic in &, if there exists a positive
constant ¢ such that Re Ay (x,y;8)>c|&|? for all £e R and all (x,y) e 2 where 21
is the degree of A and A, denotes the leading part of A.

2) We say that P is hypoelliptic in 2, if every ue 9'(2) is infinitely differ-
entiable in every open set where Pu is infinitely differentiable.

3) We denote by N the set of non-negative integers.
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where norm || - | is the usual L-norm on 2, (v, u) is the value of
ve D) at u, |Diul= 3] |D:u|? (@ e N*, |la|=a;+ -+ +a,=1) and
IDpul = 3 IDiul* (8 € N*, [Bl=Bi+ -+ +B,=m). Let ¢ eC@.
Clearly we have
[llov]|/ < const. [||v]],
(2) NDswllr <ol for |a|<li
lgDfwll<|lvll ~ for |B|<m.

Let L,=1+0 ( ij; D3}, + ZF] Df]:) for 0 >0, and defind L;'v as the inverse
1 k=1

Fourier transform of {1+5 ( ,21 & 3, 7;‘;;"») } B, ). (B, 7) is the

Fourier transform of v). It then follows immediately that, for every
ve LYD), a e N* and S e N,
(3) 16°DeDiL ) < vf, it =121 4 1Bl ~q,
2l 2m
By using (3) we can verify
Lemma 1. For any compact set KC 2, there exists a positive
constant C* such that
ML wul|<Cllulll,  we CF(K),
ML CNSN,  feéx®
Lemma 2. Let I, -.-,1, be integers >1. Then it follows that

the inverse Fourier transform J(x) of (1+ fn‘_, E?‘j) - with respect to
j=1

& e R is infinitely differentiable except at the origin and that there
exists a positive constant a and o function w(x) which is defined in
|| >0 and is bounded in |x|>¢ for every ¢ >0 as well as its derivatives,
such that J(x)=exp (—a|x)w(x) for |x|>0.

The proof will be completed by induction on 7.

Now we return to the operator P. Using the Garding inequality,
we can assert that, for every compact set KC @,
(4) Null|<CUPulll +llul), e CF(K).
If we habitually introduce norm | - |, for real s which is defined by

[|u||§=”(1+|$ P+ 1nP |, p)dédy, it then follows from the assump-
tion on g(x) that the inequality
@ (ul.<C( 2 1Daul+ 5 oDyl +ul),  we GG

is valid for some positive number ¢<1 depending only on g(x) and K
(for the proof see [2]). From (H) we can derive

4) From now on, letters C,C’ stand for positive constants depending on
compact set in Q.
5) By &k we denote the set of ue 9'(2) with support K.
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(5) lulle<Clllulll,  ue CF(K).

In the below we shall state three propositions.

Proposition 1. The P is partially hypoelliptic in x, that is, every
ue Q(2) is regular in x on every open set where Pu is regular in x
(for the notion “regular in x”’ see Garding-Malgrange [1]).

Proof. We have only to recall that the P is just one of operators
introduced by Mizohata [5] (cf. Kato [3]).

Proposition 2. Let K be any compact set in 2. Then it follows
that every v e LXQ) such that | D\ | < oo, ||gDr | < oo, ||| Po||| < co
and supp [vIC K satisfies |||v]||< oo and belongs to H*® with some posi-
tive number ¢<1 depending only on g(x) and K.

Proof. Let K, be a compact set in 2. By Ug, we denote the set
of u e LX) such that | D¥u|| < oo, ||Diu|| < co and supp [u]CK,. From
(4) and (5) we can easily obtain the inequality
(6) lul <Clllull<C (I Pulll +ul),  we U,

Now let v be an element of L) such that supp[v]CK, ||D\ ||
< oo, |gDrw||<oco and [|Pv||/<oco. For >0, we set v,=yL;'v,
where y € Cy(2) such that 0<y<1 and y=1in a neighborhood w of K.
Putting supp [y]=K,, we have v, Ug,. So that (6) is valid for u=v,.
If we assume the existence of a number M such that
(7) [|Pv,||| <M for all >0,
it then follows from (6) that |||v|||<c and |v|,<oc. Thus we have
only to prove (7). In o we have L,Pv,=Pv+I[L,, Plv;, provided
[X,Y]=XY—-YX. Accordingly,

Pv,=L;'Pv+L;'[L,, Plv,+ L;*h,,
where h,=0 in w, supp [k, JCsupply] and h,=PL,yL;'v out of w.
By (2) and Lemma 1 we have|||L;*Pv|| < C|||Pv||[ and ||| L; R, ||| < C| ks

If E(x,y) denotes the inverse Fourier transform of (1 + Z”] &%+ Zﬂ 77?!") -,
= =1
we have
(Li)(z, y) = 6-1/“-1/%”1? ( A et ) (@', y)da'dy’.

v ’ Jy/am

With the aid of Lemma 2, we can assert that if (x, %) € w, any deriva-
tive of L;'v decreases faster than any power of ¢ when 6—0. Hence
we have ||h,]|—0 as 6—0. Finally we can deduce from (2) and (3)
1 Li [ Ly Plo,| [ <CUI D || + (|9 Dy~ o + [[0]D-
This completes the proof. Q.E.D.
We denote by H(s, t) (s, t real) the set of u ¢ S'(R**¥) such that

Jull?,, = ”(1+|€I2)8(1+|7)I2)‘I1%($, MPdEdy < oo
It is clear that H*C H(e, ¢) for ¢>0.

6) H'={ueS B*»; ||lull.<co}.
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Proposition 3. If v is in H(e,e)NE'(2) for a positive number
e<1 and satisfies |||v]||< oo, it then follows that

(8),; Dzv e H(e/2", g/2!4)) for |a|<l—1.

(8), Di(gv) e H(g/2!#',¢/2'#)  for |B|<m—1.
Proof. First of all we note that, for real 4,

(9) we HO—1,0)NHQ,0) = ue HO/2,0/2).

Indeed, using the Schwarz inequality, we have

|Iu||3/z,o/z=”(1+ISIZ)“"”’“‘(I+I77|2)”/2I’5tl(1-l-Iflz)“zlﬁldfdn

1/2

<([[a+igrr-a+mmraraar) ™ ([[a-+iepiarasar)

We shall prove (8), and (8), by induction on |a| and |8| respectively.
It follows from the assumption on v that (8), is valid for |a|=0 and
that D:v e L? for |a|<l. Hence we have Dive H(1,0) for |a|<I—1.
Suppose that (8), is valid for |a¢|<!—2. Then
Dive H(eg/2"'1—1, ¢/2«"1) N H(1, 0),

for 1<|a|<l—1. Using (9), we can conclude (8),. By the same
argument as above we can assert (8),.

§3. Proof of Theorem. Let ue 9'(2) such that Puc C~(2) and
2, be an arbitrary open subset of 2 such that 2,c2. From Propo-
sition 1 it follows that, for any integer n>0 satisfying 2n>1—1, there
exists an integer s<0 such that, for every ¢ e C5(2), pu e H(2n, s),
i.e., we H®(,) (for the existence of such s, see [1]). Then, putting
t=s—m-+1, we have, for every ¥ ¢ Cy(2,),
(10) E.Dx(yu) e L? for |a|<1-1,

¢ E.Digyw) e L* for |f|l<m—1,
where E,v denotes the inverse Fourier transform of (1+|7[)"*d(&, ).
Using (10), we can derive from (2) the inequality |||P(oE,(yw))|||' < oo
for all ¢,v € C3(2,). This, together with Propositions 2 and 3,
quarantees (10),,, with d=min (¢/2%,¢/2™). We can continue in this
fashion and obtain (10),,_,. Thus we have yu < H(2n, s) N H(0,2n—s)
for every ¢ C3(2,), from which, by the similar argument as in (9),
follows ue Hy»,). This completes the proof of Theorem, since n
and £, are arbitrary.
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