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36. On a Riemann Definition of the Stochastic Integral. I

By Sigeyosi OGAwWA
Department of Applied Mathematics and Physiecs,
Faculty of Engineering, Kyoto University

(Comm. by Kinjirdo KUNUGI, M. J. A., Feb. 12, 1970)

§1. Introduction. Let {8,(w);te(0, TT} be a one-dimensional
R!-valued Brownien motion process, and let N: be the smallest g-algebra
generated by {B8.(w); s<t<t}. Let S be the class of functions f,(w)
on [0, T]x 2 satisfying the following conditions.

S.1) fiw) is By, ;X Ni-measurable for every ¢ ¢ [s, T], where B, is
the Borel field on the interval [s, t].

S.2) M(rff(w)dz'><+oo for 0<<s<<tLT,

where M(-) denotes the expectation.
We will call a family of partitions 4 “canonical” if max (¢t{,—t™).n
tends to a constant as n—oo, where 4™ ={0=¢" <t <... <t™=T}.
Let us consider a following Riemann sum of a function f,(w) which
belongs to the class S.

(1) SulPN@)= 25 Sy srcefy-om (@B (@) — Bogm (@)

where 0 k<1,
Now our aim is to investigate conditions for the existence of the l.i.m.
S.(N(w). As for this problem, it is well known that if the interpo-
lation ratio k is fixed to zero the limit of the series S,(f)(w) exists and

equals to the Ito’s stochastic integral IT fi(@)d'B,(w),* while if the
0

interporlation ratios are taken arbitrarily in each interval ({7, t{7) it
may fail to converge.

We will concern only with the series (1), where the ratios of
interporlation are fixed to a certain constant k(0 k< 1) through all the
intervals (&, t{®). Now the difficulty of this problem lies in the fact
that the each random variables f £ 4 e, - tt(n),(co) (t=0,1,.--,n—1) are
not independent of the corresponding increments ﬁti’i’l (w)— ,Btém(w)
(¢=0,1, ---,n—1). So it seems to be necessary to put on the functions
f«{w) one more condition which describes the way of dependence of
Ji(w) on the process [,(w).

To express this condition we will introduce a notion of p-
differentiability of the functions f.(w) in §2. With the help of this

% To distinguish the Ito’s integral from the other types of integrals the
notation d%8; will be used.




154 S. OcawA [Vol. 46,

notion we will be able to get rid of the difficulty. In §3 we will give
an answer to the problem in the Theorem 5 which is the main theorem
of this paper. Theorem 5 represents the relation between the limit of
the series (1), say I.(f)(w) and the Ito’s stochastic integral of the
function f,(w).

While the problem stated above is a interesting one, thus derived
integral I.(f)(w), called the stochastic integral of index k, has its own
property, that is, it is considered as somewhat generalized form of the
stochastic integral. In fact, if the ratio k is equal to zero, it coincides
with the Ito’s integral and if & is a fixed number other than zero, the
integral I.(f)(w) becomes a generalization of the stochastic integral
introduced by R. L. Stratonovich (2) in 1964. As for the relation
between the integral I,(f)(w) and the Stratonovich’s one will be
mentioned in § 3. Among the family of the integrals I,.(f)(w)(0< kL),
Ii(f)w) is important from the viewpoint of applied mathematics,
because the integral I;(f)(w) becomes the limit of a certain sequence of
Stieltjes integrals. As for this fact, the detailes are mentioned in § 4.
The method developed in this paper will be applied in a forthcoming
paper (S. Ogawa (3)).

§2. p-derivatives of the stochastic processes.

In order to study the convergence of the Riemann sum S,(f), it
seems to be necessary to introduce a notion which describes the way
of dependence of the integrand f,(w) on the process §,(w).

Definition. Let X,(w) be an R'-valued, B ;X Nj-measurable
stochastic process defined on [0, T1x 2. If for some n there exists a
stochastic process {,(w)((t, w) [0, T1x 2) satisfying following con-
ditions £.1)~{.3), we shall call this the right S-derivative in the L,,-
sense of the process X,(w) with respect to the process §,(») (or in short,
the B*-derivative of X,(®) in the L,,-sense) and denote it as follows

o+ _
(2) *a“:‘é;‘Xt(w)-—Ct(w)
.1 Ci(w) is a By ,; X N}-measurable process.
£.2) ML (@) < +oo for tel0, TI,
cy  tim [ LX) - Xu0)~ L) — o] =0
st \/ s—t

for 0<<t<sT
For a given R'-valued, B ;X N%-measurable stochastic process X, (o),
(¢, ) € [0, T1X ), its left derivative with respect to the process §,(w)
will be defined similarly.
If for stochastic process X,(w), there exists a stochastic process
Z (w) satisfying the following conditions £.1)~(.3), we shall say that
X () has a left B-derivative in the L,,-sense on [0, 71, and write
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’ 0~ . 7
(2) a——Bc_wt(w) =C(w)
Z.1) €.(») is a B, 11X Ni-measurable process
£.2) same as {.2)
29 lmM|[ T (m0)— 50~ LG )] =0

for 0<s<t<T

It must be noticed that it does not make sense to discuss about the
both B*, B~-derivatives for a stochastic process at the same time.
Though the notion of the S--deribatives and some lemmas concerning
it presented later are not necessary for the main purpose of this paper,
they will be presented for their own interest.

The next theorem assures that these derivatives are well defined.

Theorem 1. If a By, X NY(By, rn X Nb)-measurable stochastic
process X () is B*(B7)-differentiable in the L,,-sense then its derivative
—d—%X (W) (-BQF-X ,(a;)) 18 uniquely determined wup to stochastic

t 8
equivalence.

Now let us show some examples of the S-derivatives.

Example 1. Let &,(w) be the diffusion process, determined by the
following Ito’s stochastic integral equation.

(3) &) —a= j ‘oz, & (@)dr + j bz, € )PP (@),

where a(t, x), b(t, ) are bounded and continuous in ¢ and Lipschitz
continuous in « on [0, T]1 X R

Then this diffusion process &,(w) is B*-differentiable in the L,,-
sense and its B*-derivative is as follows

a+
4 —_— = b(t, ,
(4) 7B §l@)=0(, (@)
The notation 8?9 -, for the S-derivative is based on this fact.
t

Example 2. Let £%%(w) be the diffusion process determined by
the following stochastic integral equation.

(5) £G4 (w)— x=j:a<r, £69(w))dr +jjb(r, £69(@))d'B(w),

T>s>t>0.

The p*-differentiability of &%®(w) with respect to the time
parameter s has already been shown in the previous example. Let us
consider the 3-differentiability with respect to the time parameter ¢,
which denotes the initial time of the diffusion process. Because the
diffusion process £ (w) is By, ,; X Ni-measurable with respect to (¢, ®)
for a fixed s, we must concern ourselves with its f--differentiability in
the L,.-sense. For the simplicity of the discussion, we shall put on the
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coefficients a(t, ) and b(t, x) one more assumption, that is, we shall
assume that these functions are continuously differentiable with
respect to « and that their derivatives are bounded on [s, t]1x R

Then with the help of Theorem 3 (see later), we can conclude
that the process is [--differentiable with respect to ¢ for a fixed
s(t<s<T) and its B--derivative is given as the unique solution of the
following stochastic integral equation.

(6) Ciw) +0(¢, 96)=j:%(f, Eo (@)U w)dr
+[ bz, 0@ (@),
where ((w)=—rn 8 ,8 E®Ho(w), and a,, b, denote —a—-a(t x), aa b(t, x).

The assumption put on a(t, ) and b(¢, x) y1eld that the above
equation has a unique solution.

Example 3. Let ¢(t, ) be a bounded and continuously differenti-
able function whose derivative % ¢ is bounded on [0, T]1X R!, and let
&.(w) be the diffusion process determined by the equation (3). Then
the process ¢(t, £,(w)) is B*-differentiable on [0, T'] in the L,,-sense and
its derivative is given as follows.

(1) e S SN =006, £ T ott, ..

Now let us proceed to a further discussion.

Theorem 2. If a separable, By, ,; X NABy r X Nb)-measurable
stochastic process is §*(87)-differentiable in the L,,-sense (n>2), then
the process X,(w) is continuous at any point t( € [0, T1) with probability
one.

Theorem 3. If & By, X NY(Bp, r X Ni)-measurable stochastic
process {X,(w), t € [0, T} is B*(B)-differentiable in the L,.-sense, then
the process is also B*(B-)-differentiable in the Ln-sense for m<n and
all the B*(B~)-derivatives of the process X,(w) in the Lym-sense
(m=1,2, ...,n) coincide with each other up to the stochastic equiva-
lence.

Finally we shall show the rules about the S.derivative computa-
tion in the next.

Theorem 4. (i) If the functions f(w) and g,(w) are B*(B)-
diﬁerentiable in the L,,-sense, then the followz'ng equality holds.

8 C C C, Co—9.(w
(8) aiﬂt { Ji(w)+ zgc(w)} 8*13; —fi(@)+ *‘3, g:(w)
where C, and C, are constants.

(ii) If the functions fi(w) and g,(w) are B*(B-)-differentiadble in
the L -sense, and if M| f.(w)|*", M |9 (w)|*" are finite for t € [0, T'1, then
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the product f(w)g.w) is B*(B)-differentiable in the L,.-i1-sense and
the following equality holds.

9 = ﬁ 25 J@)- (@)= g @) 5 ﬁ PV +F @) ﬁ 94(@).

The notion of the S-derivatives of stochastic processes will be
interesting in itself. The discussion about this notion developed above
may be, of course, far from the exhaustion but it is enough for our

present aim.



