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16. Integration of Alexander-Spanier Cochains

By Akira ASADA
Department of Mathematics, Shinshu University, Matumoto

(Comm. by Kinjiré6 KUNUGI, M. J. A., Jan. 12, 1971)

The purpose of this note is to define the notion of integration on
singular chains for Alexander-Spanier cochains and state some of its
properties such as Stokes’ theorem. The notions of the volume element
with respect to a metric and integral operator with its symbol for a
(compact) CW complex are also given. The Details will appear in the
Journal of the Faculty of Science, Shinshu University, Vol. 5, 1970.

0. Alexander-Spanier cochains. For a topological space X, we
set

21X ={(@, 2, -, @) ee X} Xx TIxx.

We denote by R a topological vector space over R or C.

Definition. Two R-valued functions f and g on U(4,(X)), a neigh-
borhood of 4,X), are called equivalent if

F1VUX)=9|V(4(X)),

for some neighborhood V(4,(X)) of 4(X) and the equivalence class of f
by this relation is called the germ of f(at 4(X)). The germ of s is
denoted by f or simply, f.

Definition. A germ of f at 4,(X) is called an (R-valued) Alexander-
Spanier s-cochain.

We call an Alexander-Spanier s-cochain f is continuous, regular

or alternative if a representation f of f is continuous, flag 2y -+, 2)
=0 if ,=x; for some 7,7 or (X, L,1ys * * * 5 Loe)) =S8N (0) f (X, X4 - - -,
x,), 0 € &L,

It is known that to define the coboundary operator ¢ by

s+1
5f(x0’ Liy ooy xsn):;) (_1)if(xo’ Lyy o0y Li_qy xi+1» ] xs+1);
we obtain
H:(X,R)=B(X,R)/ Z°(X,R),
if X is normal paracompact (cf. [1],[7]). Here B*(X,R) and Z°(X,R)
are defined as usual for the group of Alexander-Spanier s-cochains (or
continuous, regular or alternative s-cochains) and H*(X,R) is the Cech
cohomology group.
1. Definition of the integral. We use following notations:
Isz{(tly ctty ts)l()étlél, c ‘70_S_ts§1}’
J=( 79,41 - - +» 4, are 0 or natural numbers,
J+11,=(j1’ c '7ji—1’ji+1, ji+1’ c "js)?
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a/J=(a/1,j1, tte ,as,js), Oéal,jlél’ ] Oéa’s,jsél'

Definition. If f*=f(z, «,, ---,2,) is defined on a neighborhood
U(44X)) of 4,(X) and ¢: I*->X is a (qubical) singular s-simplex of X
([5]), then we set
( 1 ) fs: lim Z f(SD(aJ), QD(afJHl), Sty SD(aJHs));

o(I%) lagt1—agl—=0"J
if the limit exists. Here {a, ;} satisfies
O0=a;,<a;,,<--- <y, <ai,ni+1:1’
If R is a normed vector space, we call f* is absolutely integrable
on ¢(I*) if the limit of (1) converges absolutely.
Lemma 1. The existence or non-existence and the value of j¢<13)f s

(if it exists) depend only on the germ of f*.

Definition. We define the integral fs of an Alexander-
i o9
Spanier s-cochain f* on a singular simplex ¢: I*-X by
( 2 ) f f s :I f %
o(I%) P (I%)

where f* is a representation of f*.
By definition, we get

(3) | @f+prr=af ft+ﬂj 7.
o (I%) o (I%) o (IS)
Lemma 2. If f* is absolutely integrable on ¢(I*) and (I¢), then
(4) f A =I f“+f S
(IS +¢(I%) o (I%) I%)

Definition. We define the integral f f* of an Alexander-Spanier
7
cochain f* on a (qubical) singular s-chain y= 73] a,¢,I*) by

(5) [r=zaf 71
7 $%
if f* is absolutely integrable on each ¢, (I°).
By definition, we get

Theorem 1. If ¢ does not depend on t; and f* satisfies

fs(xo’ Lyy * v vy xs):‘oy if Lo=%y,
then fi=0.
o(I%)
Corollary. If f* is regular and ¢(I°) is degenerate, then
j Fe=0.
o(I)
Theorem 2. If f*is alternative, then
(6) [ r=sm@| r. ocee,
¢ (a(I%) o (I%)

where ¢ operates on I° by

(tu tt 0y ts)z(ta(l)’ Ct ta(s))’
2. Examples. Theorem 3. Setting
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f(§0(t1, . ‘,ts), QD(tu M "tx)a tc ‘;@(tu c ',ts))
=g(t1, sy by by oy b ""ts1?°"’tss)’
Oétij§1’i=1, v '7srj:1, t "Sy
if g is smooth in each t,;, then

7) f fszf 09 dt,. - -dt,,
o (1% 8 0ty - Oty lesj=ts
where the right hand side is the usual Riemannion integral.

Corollary. If X is a smooth manifold, f* is a smooth cochain,
that is, a representation of f°* is smooth, and is a smooth map, then
f* is absolutely integrable on ¢(I*).

On the other hand, taking X=1', f(x,, x,) = 9(x)(x,—%,), where g(x)
is a (Riemannian) integrable function on X, and ¢ to be the identity
map, we get

1
[ F@nz=] g,
@ 1
where the right hand side is the Riemannian integral of g(x). Similarly,
if we use alternative 1-cochain
F@y )= %(g(xo) + 9@)) () — h(xy),

and ¢ is as above, we get

F (@ 2)=L j ‘gdh,
(I1) 0

where the right hand side is the Lane-Stieltjes integral ([3], [6]).
On the other hand, if »(x, y) is a metric of X, then we may consider
r to be a l-cochain of X. In this case, j r is the length of (the curve)

p(I1)

©(I") by this metric.
3. Stokes’ theorem. We set the following condition for f¢ (and
o(I*)) by ().
f* is absolutely integrable on ¢(I°) and for any e >0, there exist
() 550 and N=N(&)>0 such that

j s f‘?— lim Z: f(@(a.]), §0(U«J+1l), ] ¢(aJ+1s)) ‘<5,
(1% lagy1,—agi—0 aJEIfx o xI}
| flela,), SD(UJJHI), ceey QD(GJJHS))”éN|a1,11+1"a1.h| ce las,Js+1_astl’

if ayelix XI5 and each |0, ;,.,—0; ;| is sufficiently small, where
each I% is given by

Iﬁ‘:q [bkzi, bkzi+1]a Oé bko<bk1< tee <bkzmk< bkzmknéla

Z (bkzi+1—' bkzi)>1““5-
Theorem 4. If an (s+1-chain y=73, a,0,(I**") and an alternative
s-cochain f* satisfies
(1) (0f)*'is absolutely integrable and satisfies (x) on each @, (I*+Y),
(i) f* is absolutely integrable and satisfies (x) on each (singular)
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simplex of dp (I°+Y),
then we have

(8) j(5f3+1=jafs‘
7 7
Note. If s=0,then we have (8) with no assumption about f°= f(x).

4. Volume element with respect to a metric. We assume X is
an n-dimensional CW complex and fix its CW complex structure. Then

we may consider .[ f* for an Alexander-Spanier n-cochain f» of X.
X

We assume that the topology of X is given by a metric r=1r(x, ¥).

Definition. Setting
(9) V(Xyy Loy + + +y L) =1(2g, B)T(Lg, X5)+ - - 1(Xgy ),
we call the Alexander-Spanier n-cochain with representation v the
volume element of X with respect to the metric 7.

Note. Since we can prove that if X=(U, hy) is an n-dimensional
topological manifold with connection ¢ (cf. [2]), then X has a measure
m such that

(i) h¥(m) is bi-absolutely continuous with the Lebesgue measure
of R* for all U,

(i) m s invariant under the operation of t,
if and only if the structure group of the tangent microbundle of X (as
an H,(n)-bundle (cf. [2])) is reduced to the group of the germs of all
Lebesgue measure preserving homeomorphisms of R*. Hence we obtain

Theorem 5. The structure group of the tangent microbundle of
X (as an H,(n)-bundle) is reduced to the group of the germs of all
Lebesgue measure preserving homeomorphisms of R® if X has an in-
variant metric under the operation of a connection.

Next, we assume that X is compact.

In X X X, we denote

p((z, ) =2, P, Y =Y.
If E and F are vector bundles over X, k(x, ) : p¥(E)—p¥(F) is a bundle
map on X X X —4,(X) such that
Il ke, W= MCr(x, y)-",
for some positive M. Then we can define the integral transformation
I(k): '(B)—I'(F), where I'(E) and I'(F') are the spaces of cross-sections
of E and F, by

I(k)(f)=Lk(x, W@V @1 -+ @)

We denote the space of all bundle maps from p¥(E) to p¥(F) on
X x X by Hom (p¥(E), p¥(F)), then we define (cf. [4]),

Definition. The class of k(x, y) mod Hom (p¥(E), p¥(F)) is called
the symbol of I(k) and denoted by c(I(k)).



No. 1] Integration of Alexander-Spanier Cochains 63

References

[1] Asada, A.: Connection of topological vector bundles. Proc. Japan Acad.,
41, 919-922 (1965).

[2] ——: Connection of topological manifolds. Proc. Japan Acad., 46, 370-
374 (1970).
[2] ——: Connection of topological manifolds. J. Fac. Sci. Shinshu Univ.,

5, 1-28 (1970).

[31 Lane, R. E.: The integral of a function with respect to a function. Proc.
Amer. Math. Soc., 5, 59-66 (1954).

[4] Seeley, R. T.: Singular integrals on compact manifolds. Amer. J. Math.,
81, 658-690 (1959).

[6] Serre, J. P.: Homologie singuliére des espaces fibrés. Ann. Math., 54,
425-505 (1951).

[6] Smith, K. P., and Wright, F. M.: On the equality of a Lane integral and
a Stieltjes mean sigma integral. J. Ind. Math. Soc., 33, 7-12 (1969).

[7]1 Spanier, E. H.: Algebraic Topology. New York (1966).



