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1. Introduction. The concepts of stabilities and attraction
properties such as the attractors and the region of attraction are rather
important to determine the behaviors of the abstract dynamical systems
defined on a metric space [1], [2].

In this paper we investigate the problem that to what extent the
stability properties and the attraction properties are preserved through
the asymptotic equivalence.

Main results obtained are Theorems 3.5, 3.6, 3.7, 3.8 and 3.10.

2. Standing notations. . R is the real line. R* is the set of non-
negative real numbers.

X is a metric space with its metric d.

7, XX R—X is a dynamical system defined on X.

. (p, -) is the motion through the point p.

L*(p, @)={x; x is a positive limit point of = (p, -)}.

J*(p,0)={y € X ; 3{x,}C X, {t,}CR, such that x,—x, t,— + o and
T (X, T)— Y}

L*(p, @) and J*(p, a) are called respectively the positive limit set
and the first positive prolongational limit set of a motion = (p, -).

3. The preservation of stability and attraction properties
through the asymptotic equivalence.

The asymptotic equivalence between two differential equations has
been an interesting subject for many mathematicians [3]. The follow-
ing Definition 3.1 is a generalization of this concept for the case of
abstract dynamical systems.

Definition 3.1. We say a dynamical system r, is asymptotically
equivalent to m, on a subset S of X if

(Vp € S) Vqe S) d(n'a(p’ t)’ 77:;3((1’ t))_"o (t“) + oo)
18 valid, and denote this fact as follows:
T ~Tp (S).

The following proposition is trivial:

Proposition 3.2. The asymptotic equivalence is symmetric as
well as transitive.

Corollary 3.2.1. The asymptotic equivalence of the dynamical
systems on a singleton is an equivalence relation.
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Proposition 3.3. X isa locally compact metric space. S is a non-
empty subset of X such that L*(p, @) and L*(p, B) are both non-empty
and compact for any p e S.

Then,

T,~ny (&= (¥p,geS) L*(p,a)NL*(q, Bx¢.
Proof (=). The assumption implies that
(¥vp,qe8) d(m,(p, 1), 7p(q,1))—0 (t— + o).
L*(p, @) and L*(q, B) are both non-empty and compact in X which is a
locally compact metric space, so that
d(L+(p’ Ct'), n'u(p’ t))_"o (t"’ + OO) ( 1 )
and
d(me(q, t), L*(q, B))—0 (t— +o0) (2)
hold (Refer to 1.8.17 of [4]).
Applying (1) and (2) to the inequality
d(L*(p, o), L*(q, B)) S d(L*(p, @), (0, 1)) + d(7,(p, 1), w4(q, 1))

+d(me(q, t), L*(q, B)),
we know that
(vp,qe8) d(L*(p,a), L*(q, £))=0, (3)
which implies that
(¥yp,qe8S) L*(p,@)NL*(q, P)x¢. (4)

(&) The assumption (4) implies (8). Applying (1), (2) and (3) to
the inequality
d( (0, 1), m(q, ) = d(z.(p, D), L* (p, @)
+d(L+(p’ a)y L+(q7 ‘8)) + d(L+(q: /9)’ ﬂﬁ(q, t))
we know that
(Vp, qe S) d(ﬂ'“(p, t)9 ﬂﬁ(q, t)—0 (t—+c0),
ie., m,~m, (S). Q.E.D.
Corollary 3.3.1. X is a compact metric space. S isa non-empty
subset of X.
Then,
T~ (&> (vp,qeS) L (p, )N L*(g, Px¢.
Definition 3.4 [4]. A compact subset M of X is called as follows:
a weak attractor of the dynamical system w,, if
3¢>0; (vxe K(M,e)) L*(x,a)NM=x¢,
where K(M, e)={x; d(z, M) <e};
an attractor of w,, if
3e>0; (vzeK(M,¢)) ¢xL*(z,a), L*'(x,a)CM;
a weakly uniform attractor of r,, if
3e>0; (vxe K(M,e)) J*(xr,0)NM=xg¢;
a uniform attractor of «,, if
3e>0; (veeKM,e) J'@@,a)x¢, J*'(x,a)CM;
stable with respect to =, if
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(ve>0) 30>0; n(K(M,0),R)CK(D,¢);
eventually stable with respect to «,, if
(ve>0) 3T>0,0>0; =, (K(M,0),I[T, +0)CK(M,e¢);
asymptotically stable with respect to the dynamical system w,, if
M is an attractor of n, as well as stable with respect to . ;

weakly asymptotically stable with respect to a dynamical system
. if M is a weak attractor of m, as well as eventually stable with
respect to x,.

In the following, we discuss the problems that to what extent
these properties given in Definition 3.4 are preserved through the
asymptotic equivalence.

Theorem 3.5. 1) X is a compact metric space.

2) =, is asymptotically equivalent to m, on a non-empty open sub-
set S of X.

3) M is an attractor of =,.

4 McCS.

Then, M is o weak attractor of x,.

Proof. By the assumption 3), there exists a ¢ >0 such that

(vee K(M,¢)) L*(z,a)%¢, L*(z,a)CM.
On the other hand for every point « ¢ M there exists a neighborhood
U(x) such that U(x)cS. We take a Lebesgue number 4 of the cover-
ing {U(x); x e M,U(x)CS}. Then
KM, )= E%K(x,,?)c: EJMU(OG)CS'
x &

We can choose ¢ to satisfy e<A.
Thus KM,e)CS. (1)
Then
(vpe K(M,¢),vqgeS)  L*(p,a)NL*(q, P)x¢,
because of (1), the assumption 2) and Corollary 3.3.1. On the other
hand
(vpe K(M,¢)) L*(p,a)x¢, L*(p,a)CM.
(vaeK(M,e)  L*(g, HNMxg.
This shows that M is a weak attractor of =,. Q.E.D.
Theorem 3.6.
1) X is a locally compact metric space.
2) M is a uniform attractor of ..
3) S is an open subset of X such that MCS.
4) J*(z, P) is non-empty and compact for any xc S.
b) w,~m, .
Then M is a weakly uniform attractor of ,.
Proof. The agsumption 2) implies that
31e>0; 2eKWM,e)=>J (@, a)x¢, J*(z,a)CM.
Here we choose the ¢ to satisfy the condition K(M,es)cS. Then for
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any xe K(M,e¢) J*(x, a) is compact and non-empty in X which is a
locally compact metric space, so that L*(x, «) is non-empty and com-
pact. (Refer to 2.3.14 of [4].)

On the other hand

(vz,ye K(M,¢))  L*(z, ) NL*(y, B)=¢, (1)
because of Proposition 3.3, the assumption 4) and 5). Applying
L*(y, By JI*(y, B)

and
(vee K(M, o)) Lt(x,a)CJ*(x, ) CTM
to (1), we can find that
(Vye K(M,e)) J*(, pHNM=xg.
Thus M is a weakly uniform attractor of =,. Q.E.D.
Theorem 3.7. 1) X is a compact metric space.
2) S is a non-empty open subset of X.
3) M is a compact subset of X and stable with respect to r,.
4) McCS.
5) m,~ms  (S).
Then, M is eventually stable with respect to ;.
Proof. We can find a ¢’>0 such that
KM, o)cCS. (1)
Because of the stability of M with respect to w,, the following
condition holds:

(ve>0) 39">0; n (K(M,5"),R")CK (M, %) .

Thus, taking ¢ to be min {¢’, 0"},
1z (KM, 3), R+)CK<M, _;_) ,

2) KM,d5)cCS.
On the other hand, the assumption 5) implies that for any qe S
and for any p € K(M, §) the condition

(ve>0) aT>0; t=T=>d(m,(p, 1), w5, 1) <§

(ve>0) 30>0;

is valid.
Applying these results to the inequality
d(mp(q, 1), M) =d(mp(q, 1), w.(p, 1)) + d(7.(p, 1), M),
we can find the fact that
(ve>0) 3(T>0,06>0); (vgeK(M,09),vtelT, 4+ )
dmy(g, 1), M) <§+-;-=e.
This shows that M is eventually stable with respect to 7.

Q.E.D.
Theorem 3.8. 1) X is a compact metric space,
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2) S is a non-empty open subset of X,
3 my~mp (),
4) M is a compact subset of X and asymptotically stable with
respect to w,,
5 McS.
Then, M is weakly asymptotically stable respect to x;.
We omit the proof, which is, however, easy.
Definition 3.9 [2]. Let M be a compact subset of X.
A, M,a)={x e X; L*(x, ®) N M=x¢}.
AM,a0)={xec X; L*(x, ®)>¢, L*(x, ) C M}.
AM,a)={xe X; L*(x, )= ¢,J*(x, ) CM}.
we call A,(M, a), A(M, o) and A,(M, ) the region of weak attraction,
the region of attraction and the region of uniform attraction, of M
respectively.
Theorem 3.10. 1) X is a locally compact metric space.
2) ¢xSCX.
3) mw,~m (S).
4) M is a non-empty compact subset of X,
Then,
D A,M, 0)NSx$=>SCALM, B
2) AM,0)NSx¢=>SC AWM, B)
3) AWM, 0)NSx¢p=>SCAUM, p).
Proof. 1) Let x be a point of A,(M,a)NS. Then there exists
a sequence {t,} such that
(1) t,— 40 (n— + c0),
(2) d(z (2, t,), M)—0 (n—+4o0) [5],
(3) (vyeS) d(m.(x,tn), 7Y, t))—0 (n— 4 o0).
On the other hand
(vyeS) d(my(y,t,), M)<d(ms(y, tn), 7, t,) + d(m (@, t,), M).
Thus
vyelS) a{t,};t,—>+o0 @—>+00), dmyy,t,), M)—0,
which implies that SCc4,(M, B).
2) Let « be a point of A(M,a)NS. Then,
d(z (x, 1), M)—0 (t—+c0) [5]
and
(vyeS) dr(x,1), (Y, )—0 (t—+ o)
are valid. Applying these results to the inequality
d(re(y, 1), M) S d(mp(y, 1), 7. (2, ) + d(z (2, t), M),
we can find that
(vyelS) d(my(y,t), M)—0 (t—+ o0).
Thus
SCAWM, B).
3) Let « be a point of A,(M,a)NS. For any neighborhood V(M)
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of M there exists a neighborhood U(x) of x and a positive number T
such that
(vt=T)  (U), ) cv(M) [5].
By the assumption 3) the following fact is valid:
(vyed (ve>0) AT'=T; t=T"=>d(my(y, 1), m.(z, 1) <e.
Here
n(x,t) € m (U(x), ) CV(M);
because t=T.
As V(M) is open, for sufficiently small ¢>0 there exists a 7” such that
(vt=T") ms(y, ) € V(M),
which implies that
(vt=T" y e m(V(M), —1).
(-, —t) is a homeomorphism on X, so that 7,(V(M), —1) is open, and
80 we have a neighborhood U(y) of % such that
Uy)Cr(V(M), —1),
which implies that
(U, YTV (M).
Thus we can conclude that
(vyeS) VM) alUw,T'>0); vt=T) mx(UW),t)CV(M).

Therefore SCA, (M, B). Q.E.D.

Corollary 3.10.1. Under the same assumptions as Theorem 3.10,
the followings are valid:

D SNAM, )x$=>SCAM, @),

2) SNAM, ®)x¢p=>SCAM, o),

3) SNA,M,)x¢p=>SCA M, a).

The proof is easy, using Proposition 3.2 and Theorem 3.10.

Corollary 3.10.2. Under the same assumptions as Theorem 3.10,
the followings are valid:

1 A M, CS3A,M, )C AL M, B,

2) AM,a)CTS=>AM, ) AWM, B),

3) AWM, 0)CS=A,(M,a)CAM, B).
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