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41. On Some Non.linear Equations

By Masaharu ARAI and Akira NAKAOKA
(Comm. by Kinjiré KUNUGI, M. J. A., March 13, 1972)

1. Problems and results. In this note we study the following
equations:
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where @2 is a bounded smooth domain in R".

We assume here
(A1) a;i(x, ¥)=ay,(x,y) are real-valued and of class B(2 X RY).
(A.2) There exists a positive constant ¢ such that
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for any é=(§, - - -,&,) € R* and any (z,%) € 2 X R

As for elliptic equations there are many works on more general
ones than (1.1), and most of them are concerned with ‘weak’ solutions
such as belonging to H'(2), or treated in a space of Holder class. One
of our aims here is to show the existence of ‘strong’ solutions of (1.1),
which belong to H*(£2), though the dimension of the underlying domain
is restricted. Another is to show, if the initial data is small enough,
then there exists a unique global solution of (1.2) belonging to HX()
for each t, and it will give an example which makes it possible to
apply the abstract theory on non-linear semi-groups to some quasi-
linear parabolic equations.

Our results are

Theorem 1. For any positive number a, there exists a real num-
ber 2,=2,(a) such that the equation (1.1) has a solution u(x) e H* Q)
NHY ) for any 1=24(a) and f(x) e L*(Q) with || f|Za.

Theorem 2. In Theorem 1, we can take A(a)=0 for sufficiently
small a.

Theorem 3. If ||u,l|, is sufficiently small, then the equation (1.2)
has a unique solution u(t, -) € H(2) N HY(2) (t=0) such that:

(i) wu(t, -) is Lipschitz continuous function in L*(Q), so that there
exists du/dt e LX) for almost all t>0, which satisfies (1.2).
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(ii) The right derivative Dfu(t, -) € LX(Q) exists for all t=0 and
it satisfies (1.2).

2. Preliminaries. In this section we shall prepare some lemmas
and propositions which will be needed to prove Theorems 1 and 2.

We start with

Lemma 2.1. Let u(x) be in H(2) and v(x) be in H(Q) (s>n/2).
Then it follows in the sense of LX) that
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where a; ; denotes the partial derivatives of a;w(x, y) by x; and aj, by y.

In developing our arguments, the following well-known lemma due
to Sobolev is much important.

Lemma 2.2 (Sobolev). Let u(x) be tn H(£2). If 0<s<n/2, then
u(x) is in L?(Q) with 1/p=1/2—s/n, and if s>n/2, then w(x) is in $°(2)
with 0<e<<s—n/2,0<1. Andin both cases, the imbedding is bounded.

The following a priori estimate also plays an important role.

Lemma 2.3. Let u(x) be in HX(Q) N HY(D) and v(x) be in H(Q) with
T/4<s=2, and put

0
@.2) P 0 (et )2 ) — /@),
which is in LX(Q) by Lemma 2.1. Then we have
2.3) lull.<const. {|| £+ @+[[v]l)° [lull+ Q@ +[v[|)* ]}

The proof of this lemma can be carried out by localization by parti-
tion of unity as well as the case of linear equations, and the basic
techniques are almost similar to the linear cases except that the
diameter of localization depends upon ||v|.

The following two propositions are prepared for applying the
Schauder’s fixed point theorem.

Proposition 2.1. Let w(x) € H*(2) N HY(Q) and v(x) ¢ H*(2) satisfy

@49 az (aj,c(x,v) o )*mz fo feLAQ), 2120.
J
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Then we have

2.5) lul.<const. [{(A+[v[)°+23Q+""+11] f].
(2.6) lul=@+) 7,

for some constant y>0.

Proposition 2.2. Let v,(x) e H(2) (7/4<s=2) and u;(x) e H(2)N
Hy(2) satisfy (2.4) for j=1,2, and ||v,||; <M. Then for any ¢>0, there
exists 6=05(e, M) >0, such that |v,—v,|,<J implies |[u,—u,|,<e.

3. Sketch of Proof of Theorems 1 and 2. The proof of Theorems
1 and 2 is nothing but a direct application of the Schauder’s fixed point
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theorem. For this we describe a few lemmas.

Lemma 3.1. For any f(x)e L () and ve HY(Q) (T/4<sL2), the
equation (2.4) has a unique solution u(x) e HX(2) N Hy (D).

This is an immediate consequence of Proposition 2.2.

Thus we have a mapping T'=T, ,: v—u from H*(2) N H{L) into it-
self for each 2=0 and f € L*(2). Since the imbedding H*(Q2) N HYA2) into
H:(Q)NHYL?) (s<2) is compact, by Proposition 2.2 again, we have

Lemma 3.2. The mapping T is compact.

It is easy to show by Proposition 2.1 that

Lemma 3.3. Let a>>0. Then there exists 2,=2A(a) and L=L(2, a)
for 2= () such that T, ; maps

D, .={ue HX(@QNH(D; |u|=a@+p~ |ul,=LQ, a)}
into itself if | fll<a. A(a)=0 for sufficiently small a.

By virtue of Lemma 3.2 and Lemma 3.3, we can apply the
Schauder’s fixed point theorem, which yields Theorems 1 and 2.

4, Proof of Theorem 3. The arguments to prove Theorem 2
shows that

Lemma 4.1. Let a>0 be sufficiently small. Then for any fe B,
={f e L QD) ; || flI<a}, the equation

n

Aw= >, _aa_(aj,c(x,u) ou )=f

Jk=1 0%, 0%y,
Ul0=0

has o solution u(x) in
D,={ue H(QNH(D ; |u|Lar, ||ul.= L0, 0)},
where L(0, a) tends monotonously to 0 as a tends to 0.

As for the monotonicity of the operator A, we have

Lemma 4.2. For any u and v in D,, it holds that
“.1) AW —AW), u—v)< —Bllu—|}
with some positive constant g if a>0 is sufficiently small.

Now let a be so small as Lemmas 4.1 and 4.2 hold. Let A be the
restriction of A to D, and A a maximal extension of A satisfying (4.1),
which exists by the Zorn’s lemma if we allow multivalued operators.

Lemma 4.3. If AW)NB,x0, then ueD, and A) is single-
valued, so that A(u)=A(w).

According to the theory of the abstract non-linear contraction
semigroups, the evolution equation

du/dt e A(u)
4.2) { w(0) =1, € D(A)
in Hilbert space L(2) admits a unique solution u(f) € D(4) satisfying
(1) and (ii) in Theorem 3. Moreover it satisfies
4.3) | D u@® ||| Dy u(0) .
Now take u,(x) such as u,(x) € D, and ||A(u,)|<a, then in virtue of
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Lemma 4.3, we have D;u(0)=A(u,)=A(u,) and || D}u(t)|<a by (4.3).
Thus again in virtue of Lemma 4.3, we can see D;*u(t):ﬁ(u)=fi(u),
which yields our result.

5. Supplementaries. Here we make mention of some generali-
zation of our results, which can be carried out without any essential
change of arguments stated above. Let q(x,v,z, ---,2,) be a real
valued function satisfying
5.1 la(z, ¥, | =k(9(y D+ 2]+ 2},

(5.2) |9, y,2)—q@, 7, OIS k(Y| [9Dly—9]+ (2 + [P 2—C],
where g and & are locally bounded functions and 0<§<2.

Consider the equations

n a 3
(5.3) {kzl oz, (“Jk(x w2 52, ) + q(x, u, grad w)—u=f
u]an::ga,
and
5.4 { %;1 oz, (a,k(x u) T ) +q(x, u, grad u)
u(t, x)|aa—0, (0, ) =u,(x).

Corresponding to Theorem m(m=1, 2, 3), we have

Theorem 1’. For any a>0, there exists a real number 2,=2,
(a, ki, k) such that the equation (5.3) has a solution u(x) € HX(L) N Hy (L)
for any 2>12, and for f e LX(2) and ¢ € HV*@2) with || f|+|¢h.Za.

Theorem 2’. In Theorem 1/, we can choose 2,=0, if a, k,, and k,
are all sufficiently small.

Theorem 3’. If ||u,|, is sufficiently small and if k, and k, are also
sufficiently small, then (5.4) has a unique solution.

The more delailed exposition will be published elsewhere.

References

[1] M. G. Crandall and A. Pazy: Semi-groups of nonlinear contractions and
dissipative sets. Journal of Functional Analysis, 3, 376-418 (1969).

[2] S. Mizohata: Theory of Partial Differential Equations. Iwanami, Tokyo
(1965) (in Japanese).

[3]1 J.Schauder: Der Fixpunktsatz in Funktionalraumen. Studia Mathematica,
2, 171-180 (1930).



