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131. On Certain Identities between the Traces
of Hecke Operators

By Hiroaki HIJIKATA

(Comm. by Kunihiko KODAIRA, M. J. A., Oct. 12, 1972)

Linear relations between the traces o Hecke operators and those
of the Branclt matrices were first obtained by Eichler [1] and [2], then
generalized by Shimizu [6]. In this note, we shall urther generalize
(with respect to the levels of the groups involved) and in a sense
sharpen (by restricting the operators to the essential parts) their
results.

Let Z, , R and C denote the set o integers, rational numbers, real
numbers and complex numbers respectively. For a prime p, let Zv and

denote the set o p-adic integers and p-adic numbers. For a ring
M with a unity, let M denote the group o invertible elements o M.

Let B be a quaternion algebra having as its center. Let d be its
discriminant, i.e. d is a product o all distinct primes p where the
completion Bp=B(R)p is a division algebra. We admit the case where
d-- 1, namely B is the two by two total matrix algebra M(). Let N be
a product o d and a natural number M prime to d, N--dM, (d, M)--1.
An order I of B is called a split order of level N, if it satisfies (i) i
p[d, I =I(R)Z is a maximal order o B, and (ii) i (p, d)--1, there is

an isomorphism B-M.() over such that (I)- Z
MZp Zv"

Now we fix a split order Io level N, and an isomorphism v BvM(Qv)
[a(x) b.(x)or each p prime to d, and write (x)-\c(x) cry(x)) or x e B,. In

the ollowing ssume that B is indefinite unless otherwise stated, and
fix an isomorphism :B(R)RM(R). Let I denote the group of all
elements o reduced norm 1 in I. Let F=F(1)=(19, nd we identify
F with I, when convenient. Then F is a subgroup o the connected
component GL(R) o2 GL(R). The group GL:(R)is acting on the com-
plex upper hal plane H as linear ractional transformations. Under
this action, H/F has a finite invariant volume, and it is compact if and
only i d 1.

Let c be a divisor o M, and Z: (Z/cZ)-C be a primitive charac-
ter modulo c. Let be the subset o2 1 consisting of all elements x such
that a(x)O mod p or any prime p dividing M. Starting 2rom the
given character Z, let us define the map Z: -C by the ormul
Z(x) l-[ z(a(x)) or x e . This new Z is multiplicative on A, and its
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restriction to F is a linear character of F. Let F be the kernel of :
in F, and consider the space S(F) of cusp forms of weight k with
respect to F in the sense of [7] p. 30. Let S(F, Z) denote the set of all
elements of S(F) satisfying

f [r] X(T)-f for all r e F,
where in general, f [g]=det g/2f(g(z)) (cz+d)- for any

g-- (: bd) e GL(R).

Let I’ be a split order containing I and its level N’ is divisible by c.
Using the same and , we define Z: 3(I’)-C and F(F)=((I’)).
Then S(F(I’), Z)can be considered as a subspace of S(F, Z). Let S’
.denote the subspace of S(F, Z) spanned by all S(F(I’), X) such that I’ is
a split order properly containing I and its level is divisible by c. Let
S(F, Z) denote the orthogonal complement of S’ in S(F, Z) with respect
to the Petersson metric, and call it the essential part of S(F, Z).

Consider the Hecke ring R(F, 3) in the sense of [7] p. 54. Let
T FaF denote the element of R(F, ) defined as the sum of all the
distinct double-cosets FaF such that a e A and the reduced norm
Nr (c)=n. Define the representation p R(F, A)-.End S(F, Z) as in
[7], i.e.

p(FoF) f(det )/- , Z()f []

or FoF--t._). Fo. (disjoint), and
p(T)=, cp(FoF) for T=, cFoF.

The essential part S(F,Z) is invariant under p(T) for any
T e R(F, A). Let p0 denote the restriction of p on S(F, Z).

If d-1, by choosing and p to be the natural injections, we can

identify F as F0(N)--{(ca bd) eSL.(Z);c-OmodNt. Then the

operator p(T) is of course, the operator Tf of Heeke.
If B is definite, we shall redefine everything. However, our

previous work [4] treated (essentially) the same problem for definite
quaternions, and the corresponding notions are defined there under
slightly more restricted setting. So we omit the detail, and simply
give the correspondence. Namely, take S(F,z)=S(I) of [4] where
only the ease Z-- 1 is discussed, and S(F, Z) S(1), T r(n), p-- p of [4],
respectively, and put p0--the restriction of p on S(1).

Let H(1) denote the subring of R(I, A) generated by all Tn’s. It
is basic and is easily seen that the strueture of H(1) depends only on
the level N of I. Namely if I’ is another split order of level N in some
quaternion B’, and Tn(I’) be the element of R(I’, A’) corresponding to
T, then there is an isomorphism H(1)--.H(I’) sueh that TTn(I’).
Thus we can consider po=po(I, )(.) obtained from various I and Z, as a
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representation of one and the same ring H(N) uniquely determined by
N. H(N) is a commutative ring and the image po(H(N)) is a semi-
simple ring. Hence po--po(I, ) is equivalent to p=p(I’, ;’) i and only
if the trace coincides, i.e. tr po(Tn)--tr p(Tn) Jor any n. Apparently
tr po(Tn) depends on I, Z and, to be precise, on the choice of and .

Theorem 1. If (n, N)--I, then tr po(Tn) depends only on n, N and. In particular, whatever a quaternion B and a split order I of B
should we take, the trace tr po(Tn) i8 equal to the trace of Tn on
S(Fo(N), ) as far as the level of I is N.

In the way of proof of the theorem, we shall show
Corollary 1. S(F, ) is the direct sum of the spaces S(F(I’), )

of all split order I’ containing I and the level is divisible by the con-
ductor c of .

Outline of proof. Let I’ be a split order of level N’ such that
II’ and c IN’. Put N-cdA and N’- cda, a lA. Since (n,N)-l,
p(T) keeps S(F(I’),Z) and S(F(I’),Z) keeps invariant. Let p’(T)
(resp. p(Tn)) denote the restriction of p(T) on S(F(I’),Z) (resp.
S(I ), z)). If we fix Z, then it is rather obvious that tr p’(Tn)(resp.
tr p(T)) depends only on d, n and a, so fixing d, we can put (n)

tr p’(Tn), ,(n) tr p(Tn). In particular, (n) tr p(Tn), 2(n)
=tr po(Tn). If Corollary 1 is true, since the number of I’ having level
N’ is equal to the number of divisors D(A/a) of A/a, we should have

2(n) , D(n /a)2(n).

Hence (n)--,(A/a)2(n) with (m)--l(m/a)l(a) by the
MSbius function Z( ). Now, by the formula of the traces given in
[3], we can prove

Lemma. l fl(A /a)2(n) depends only on n, N and (independent

of d !).
Then Theorem 1 has been proved i A is a prime. We can proceed

by induction on A, by the similar way in the proof of Theorem 2 o [4]
plus the approximation theorem, and prove Corollary 1, hence simul-
taneously Theorem 1.

Corollary 2. For any n, tr po(Tn) depends only on n, N and Z.
The proo depends on a careful observation based on Theorem 1.
As an application, we can generalize a theorem of Hecke, Atkin-

Lehner and T. Miyake [5] on Fo(N) to the quaternion groups F(I).
Namely, let L denote the ring generated by all p(T) and their adjoint
p(Tn)*, then

Theorem 2. S(F(I), Z) is the largest L-invariant subspace of
S(F(I), Z) on which L is semi-simple and commutative.

Let Ij(]--1, 2) be split orders containing L with the levels divisible
by the conductor c of Z. Let fje S(F(I), Z) be a non-zero common
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eigen function of all p(T,) such that (p, N)-1. Let a(p) be the eigen
value of p(T). Then a(p)a(p) for all but a finite number of p’s,
unless f is a constant multiple of f.

A proof of the ormer part needs some computation. The latter
part is immediate from Theorem I and the result of [5].
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