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and Départment de Mathématiques, Université de Nice

(Comm. by Kosaku Yosipa, M. J. A., March 12, 1973)

In this note we give the sketch of the proof of Theorem 1 in our
preceding note [4] after giving another application (Example 4) of our
theorem.

In this note we will use the same notations as in our previous note
[4] and will not repeat their definition.

Further details of this note will appear elsewhere.

Example 4. In Example 2 of our previous note we treated only
the Dirichlet problem. However Theorem 1, together with the results
in Sato-Kawai-Kashiwara [5], [6], makes it possible to treat the so-
called “non-elliptic boundary value problems” (cf. Hormander [3],
Egorov-Kondratev [1] and Sjostrand [7]).

Let M be a real analytic manifold and N be a submanifold of M.
For the sake of simplicity, we assume that N is of codimension 1 and
defined by ¢(x)=0. Asin Example2, M=M, UM_UN,S§M=N,UN_.
Then S{X decomposes into three parts, namely, S,=q¢*(N.) and
v =18*M. Let % be an elliptic system of differential equations. For
the sake of simplicity, we assume that 8xthDM (M, A)=0for 7>0. We
denote by & the solution sheaf Homq, (M, Aw). We set .
=0x(Py-x RDx Mls,). Then . is a system of pseudo-differential
equations on ¥/ —1S*N, so that My =p.(Py_x Ry M) is a direct sum
of M, and JH_. Suppose that an admissible P,-subModule JI of ¥ _
is given so that the quotient sheaf _L=.%_/Jl is also admissible. By
Theorem 1, we have

(7L S) [ Oy =7xx Homey (H_, Cy)-
Hence we obtain an exact sequence
(1) 0—>7ys Homey (L, Co)—> (7,48 [S) |y

Zs e Slomry (T, Cx) e Extly (L, C).

The generalized boundary value problem means the problem to find a
solution u of Y defined on M, satisfying a boundary condition Bu=g,
where g is a given microfunction solution of JI. Therefore
Extp, (L, Cy) =0 implies the existence of u for every p and
Slomey (L, Cy)=0 implies the uniqueness of % (modulo the solutions
defined on a neighborhood of N).
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In the case when Cxigp . (L, Cy) does not vanish, u exists if and
only if 6u=0. The structure of the sheaf 8xt1g;N (., Cy) is investigated
so well that we can write down the compatibility condition d¢=0 in

many cases (Corollary 2.4.2 of Chapter III of S—K—K [5] and Theorem
1 of Sato-Kawai-Kashiwara [6]).

We will illustrate the above discussion concretely when 9 is a
single equation. Let P(x,D) be an elliptic differential operator of
order m=2r and ¥ be a system 9,/ D, P. If we denote the generator of
M by u, then H=9D,u with the fundamental relation P(x, D)u=0.
We take a local coordinate system (x,, ---,x,) of M so that p(x)==w,.
Then the preparation theorem for pseudo-differential operators
(Lemma 3.5.2 of S—K —K [5] Chapter II) asserts that P(xz, D) has the
form Q*(x, D)Q~(x, D), where Q~(x, D)=D;—> 72} Q,_,(x, D’)D{ and the
principal symbol of Q*(x,D) never vanishes on S_. Here D’
=(D27 ] Dn)

Let Byx,D) (j=1, ---,7) be the pseudo-differential operators of
order m; of the form > 7, B%(«’, D')D¥ where B%’,D’) is a pseudo-
differential operator defined on v/ —1S*N of order at most m;—k. We
may assume without loss of generality that m;<<m. Then we consider
the generalized boundary value problem for H=9, /D, P on {x,=0} by
requiring that the solution % on {x,>0} of the equation . satisfy the
relation B;(x, D)ul,,..o=p;@)(G=1,---,7) for given p,(x") € By/Ax-
In this case, M. is a free Py-Module generated by u,(=Djuly
=1,_x®Dju) for j=0,...,7—1. (See S—K—K [5].) We take as JI
the free Py-Module with the system of generations g, ---,py,, and
define the homomorphism

(i —_ by MHBj(x,D)u|N=ki_"oB';(x',D')uk.

Then this is included in the framework which we described before,
provided that ¢ is injective.

Theorem 1in Kashiwara-Kawai [4] asserts that the local solvability
of the above boundary value problem is equivalent to the solvability of
the system of equations (D(¥Q(x, D)w)|,,_,,=0 (k=0,.--,r—1) and
B(x, DYu|y,_ ,o=p;(x) (j=1, - - -, 7}, where the unknown functions are
Diw(x) |y, 0 (G=0, .- -,m—1). Hence the local solvability of the above
boundary value problem is reduced to the solvability of the following
determined system of pseudo-differential equations (1) on v/ —I1S*N
(2)

Q,0,2',D)  Q,.,0,2,D) Q,_(0,2’, D)
R, (', D) Q,(0,2,D)+R, (', D) Q,_,0,2",D)+R, (', D)

R“j*.l»"(x,’ D) R, j.(', D)
Bi(x', D")
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e Ql(()’ x/’ D/) 1 0 u‘,(x’) 0
1 . .
0

1 X =| m(2")

U —1(27) 1(2)
where R, .(a’, D) are pseudo-differential operators of order at most
l—k. Such an observation is a concrete form of the reasoning we
developed using the extension group of the quotient &y-Module
L=MN_]/T. 1In fact L is a system generated by u,, « - -, U,,_, With the
fundamental relation which is obtained from (2) setting x,;=0.

In passing the principal symbol of the matrix operator in the left
hand side of (2) is

q, Qror Gy 1 0
0 q - o 1
(3) A, =det| T . S
0 . e 1
bj
4 k
=det (bj +i=kZ—L+1qul)
rsksmy
isisr 1=, 5=r

if we denote by q;=q,(z’,7) and b¥=0b%a’,’) the principal symbol of
order j and m;—k of Q,0,2’,D) and B%a’, D’) respectively. (Cf.
Volevi¢ [8] and Garding-Kotaké-Leray [2].)

Then we can apply the results of Sato-Kawai-Kashiwara [6] to (1)
and find the compatibility conditions which x;(x’) should satisfy if the
above boundary value problem is not solvable as far as 4(z/, ') satisfies
the conditions of Theorem 1 in Sato-Kawai-Kashiwara [6]. Note that
we can treat the case where 4(2,7) has constant multiplicity (>1).
The authors believe that this is a crucial point because the ellipticity
of M does not give any informations about the multiplicity of 4(«’, 7)),
e.g. P(x, D)=(D}+--- +D2)".

Thus we have encountered again the advantages of the employment
of pseudo-differential operators of infinite order even in such an
elementary problem as the boundary value problem for single elliptic
equation.

Sketch of the proof of Theorem 1 in [4]. The proof is devided
into two steps. Note that we need only the assumption of ellipticity
in the first step (Proposition 2) and only the non-characteristic assump-
tion in the second step (Proposition 3). This observation allows us to
bypass many technical difficulties in the course of the proof.

We begin our discussions by introducing the sheaf Cy,x on S¥X.
Using the comonoidal transformation N% of X with center N, we define
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Cn/x BY Hiw x(733xO0x)*Qwy. Here wy is the orientation sheaf of N.
The sheaf Cy,y is seen to be a left Py|sy x-Module.
Now, we have the following 9),-linear homomorphisms:

RI sy (@5 ) @y —Rq ! (Cyx |5t x - v=iswar)
(4) ! |

RI g4, (750 Ba) @0y /=Ry (Crv x sty x - v=25%20) -
Hence we have

RI' gt y(wjuR Hom Dy (M) Ax))* Ry iy

l
RF,g;VM(ﬂ';r}MR ﬂomg)M (ﬂ/ly QN))G®O)N/M

(5) —Rq! (R Homdy (M, Cy,x) IS}‘VX—V:TS*M)

l
—RQ (R JHom Dy (M, Coyx) sy, x - v=igsar)
Since % is elliptic, the left column in (5) gives clearly an isomorphism.
Moreover the ellipticity of . implies that Supp (PxR 9y M) —SEM
is a proper map. Therefore the right column in (5) gives an
isomorphism, since R Hom@y (M, Cy/x) =R Hom@yx (PxQ@ Dy M, Cy,x)-

On the other hand we have the following

Proposition 2. If M is an elliptic system of linear differential
equations on M, then the horizontal arrows in (5) are isomorphisms.
Here we need not assume that N is non-characteristic with respect
to M.

This proposition is proved by the reduction to the case where i
is a single equation. Such a reduction is possible since we do not need
the non-characteristic assumption in this proposition.

Now, we go on to the second step of the proof, i.e. we show the
following

Proposition 3. Let S} be a system of pseudo-differential equa-
tions with respect to which N is non-characteristic. Then we have
the following isomorphism :

(6) R Hom@y (Hy Coy) =R Homey (M, Pxy) & p~'Ch.

It is clear that Proposition 2 and Proposition 3 iiiynediately prove
Theorem 1. On the other hand, we can show that the sheaf Cy,x is
isomorphic to the sheaf of microfunctions with holomorphic parameters
outside S¥XNS% X. Hence, Proposition 3 is equivalent to the corre-
sponding proposition about the sheaf of microfunctions with
holomorphic parameters. Before stating the proposition we make

clear the meaning of the sheaf of microfunctions with holomorphic
parameters.

Let f: X—Y be a smooth holomorphic map with fiber dimension
d. Suppose that Y is a complexification of a real analytic manifold N

and set M= f"'(N). Denoting by myx: HxH g% X X—X the
Y
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comonoidal transformation of X with center M, C, is, by definition,
I, x(@iyxO0x) Ry Cy is, in fact, the subsheaf of C, consisting of the
microfunctions on M satisfying the Cauchy-Riemann equation along
the fibers of f. Cy is a (Px|sy, »)-Module defined on S§X= M>< ~/—18*N.

We denote by the same letter f the projection StX—+/ —1 —IS*N .
Now using the above notations we state the following proposition
which is equivalent to Proposition 3.

Proposition 4. Let 9 be a system of pseudo-differential equa-
tions on X with respect to which f 1is mon-characteristic, that is,
Supp HNM X P*Y—P*Y is a finite morphism. Then we have the

Y

following isomorphism.

(7) R Hom@y (M, Co) =R Hom@y (M, Pxov) ® S Cx.
1P
This proposition is proved by the reduction to the case where d=1
and 9 is a single equation.

Errata in our previous note [4].
The isomorphism (1) should be replaced by the following :
RI g4, (75730 S) * Qo

z
ER(I*R ﬂom@X (M, g);(._y]sfvx) ®g) p~'Cx)
1Py

Note that the right hand side reduces to
Rt R j[omQ’N (p*(g“)y_.x ® ﬂlsNx) CN) [ d]

when the restriction of ¢ to Z= Supp MNSEX decomposes into the
composite of the mapping p and the mapping ¢ from p(Z) to SEM.

The left hand sides of (2), (3) and (5) should be corrected according
to the above correction. The results in all the examples of [4] remain
to be valid.
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