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The purpose of this paper is to show that the semilinear parabolic
equation (a/3t)u--zlu+u1/ has no global solutions for any nontrivial
nonnegative initial data Uo(X) in case of N--2, a--1 or N=I, a--2,
where N denotes the dimension of x-space.
This problem was considered in Fujita H. [1] and in more general
form [2]. The conclusions of [1] are as follows.

In case of Na2 there does not exist a global solution for any
nontrivial nonnegative initial data. On the other hand, in case of
Na2, there exists a global solution for sufficiently small initial data,
and no global solutions for sufficiently large initial data.

This paper will give a partial settlement for the case Na--2.
We consider the next problem.

-u(t,x)-zIu(t,x)+u(t,x)+" (t,x) e [0, T)xR,
(1) at

u(O, x)=uo(x),
where Uo(X) is a nonnegative bounded continuous function.
A function u=u(t, x) is said to be a solution of (1) if the following (i)
and (ii) hold (see [1] or [2]);

(i) u is bounded and continuous in [0, T’]R, where T’ is an
arbitrary constant T. The initial condition is satisfied in the usual
sense.

(ii) The differential equation is satisfied by u in the distribution
sense in (0, T)R.
The "global solution" means the solution of (1) for T--oo.

Theorem. In case of N--2, a--1 or N--l, --2, the initial value
problem (1) has no global solutions for any nontrivial initial data Uo.

The remainder of this paper will be devoted to the proof.
The problem (1) is equivalent to the following problem of the in-

tegral equation.

u(t, X)--’(4zt)-N/ I" exp (--Ix--yl/4t) Uo(y)dy
jRr

(2) -4-f:(4(-r))-v/Ia exp (--Ix--yl/4(t--r))

(u(r, y))+"dydr.
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For sufficiently small T, (2) has a solution u(t, x). If uoO, we can
find t00, C00 and fl00, so that they satisfy U(to,
By the comparison theorem, it is enough to show that (2) has not
global solutions with the initial data uo(x) Co exp (- fl01 x I). We are
going to prove this by using the iterrated estimate from below in the
case N 2.

Lemma. If we define {a(t)}__ by
a(t)=Co/(l +4ot),

1 l yi-ar(v)a+l_r(r)(l+nflor)dr3 ) a+l(t)-
k + 1 1 + 4flot

we have

( 4 u(t, x) >= a(t)E(k t, x) for n-- 1, 2, ...,
k=l

5 ) a(t)k 6-+1(1 +4flot)-’4flo(Co/4flo) (log (1 + 4fl0t))-1,
where E(k; t, x)--exp (--kflo[xl2/(l+4flot))--E(1 t, x).

Proof of lemma. From (2) we have

u(t, x)(4ut)-lf exp (--Ix--yJ2/4t) Co exp (-o]y]2)dy
JR

Co exp (-01xi/(l+40t))-a,(t)E(1 t, x).
1 +40t

Now we assume that (4) is true or some n, then by (2) we have

u(t, x)>= a(t)E(1 t, x)

+o(4(t--))- exp (--,x--Y,/4(t--r))

(=a(r)E(k; r, y))dydr.
Then noting that

E(r t, x)E(k+ 1-- r t, x) E(k+ 1 t, x)
and

we get
u(t, x) >= a(t)E(1 t, x)

+- 1 to- ar(r)a+_r(r)(1-l-4flor)drE(k -t-1; t, x)-- (k+ 1)(1 + 4flot)
n+l

a(t)E(; t, x).
k=l

(5) can be proved from (3) by induction.

(4u(t--r))-f exp (-Ix-yI/4(t-r)) E(k/l,r, y)dy
J

l+4flor exp (--(k+l)oX/(l+a(k+l)ot--ako))
1 +4(k+ 1)flot-- 4kflor

>=(l+4flor)(k+l)-(l+4flot)-E(k+l; t,x) or O_<_r<t,
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From (4) and (5) we have the following estimate for

u(t, x) >__C k(Co exp (-- fl0M0/24/0)- (log (1 +40t))-.
Since the radius of convergence of lJhe series ,__ k(C0exp
/24f10)-z- is equal to p=24f10 exp (fl0M)/Co, the right-hand-side of the
previous estimate tends to as n goes to for t(e-1)/4fl0. This
proves the nonexistence of the global solution o (1) in the case N=2.

Similarly, in case of N= 1, =2, we can get the following estimates
got any n= 1, 2,. ..
( 6 u(t, x) A()E(2k--1 t, x).

k=0

Here, coefficients A(t) satisfy the followings.

Ao(t) C0/1 +aft#,
1 1 o A(r)A(r)A(r)I+4ordr.( 7 A+(t)=

2k+3 l+4fl0t j+m+n=k

From this we have

u(t,x) (k+l)K L (log(l+4flot))E(1. t,x)+
o 1+4fl0t

where K and L are positive constants depending only on C0 and rio.
This also shows the nonexistence of the global solution of (1) in the
case N= 1,
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