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158. A Note on Character Sums

By Akio FuJil
Mathematics Department, Columbia University, New York 10027

(Comm. by Kunihiko KODAIRA, M. J. A., Nov. 12, 1973)

§1. Introduction.

This is a continuation of the previous work (cf. [2]). We are
concerned with the estimate of >,y x(#), where y is a primitive char-
acter mod q. In [2] we showed

| 2 IV X ¢,

where <, depends on prime factors of q. Here we will improve the
dependence of <, on the prime factors of q. Hereafter implicit con-
stants in « are absolute. We will prove
Theorem. Lety beaprimitive character mod q. Then for X <q**.
| 25 xmI< vX ¢**B(q)

with
Ra/2
B(¢)=Min {qmlog q)[(% log (qzqf)) Ayrqis / ( I log pi)

a=q192 pilge

+0og ¢)41( 11 ». /@) |}

pilge
where

1) Min is taken over all decomposition of q into q,q, such that if
g4=4q1q2

q,= [P, pit, then pji||q and r;>7r,, where r, is 32, say.

2) A,=Tlp.q 0¥, where K;,=0,2,1 according as r,=0,1,2 (mod 3)
and pit||q..

(1 if ¢,=1

9 52*{0 if ¢,#1.

§2. Proof of Theorem.

Let 9g=q,q, and q,=[[?, p;* with pIi|q and r,>7,. Let s; be the
least natural number larger than or equal to r;/3. Write d=[]F, p¥
and k;=0,2,1 according as r,=0,1,2 (mod 3). We have by definition
ri+k;=38s;. Let 4,=[[F, p¥. If X<d, the theorem comes from a
trivial estimate. (For |3 ,.x ()| <VX=vVXVX<VXd"*=+X q/°AYs.)
Hence we assume d< X <q*®. We see that

le(n)}sf 2. x(n)l,
n<X =0 |[N<n<N’
where N=2“d, N'<2N, p=0,1, - - -, g4y and 2-d < X <2+'d. Hence the

problem is reduced to the estimate of the sums of the type > y<n<n- x(7)
under d<N <q¢*®, N'<2N.
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Now

2 am < >

N<n<N’ a=1

st x(a+ud)]<d1/2( ﬁ

nN1

d1/2< SV

a=1

Z x(a+ud)|>

u=N1
1/2
)

where the dash indicates that we sum only over a’s relatively prime to
d, N;=d*(N—a), Ny=d Y (N’'—a), xy=yxx. With primitive characters
x: mod g, for i=1 and 2, a* is determined by aa*=1 (mod ¢,), «’ =4, /d
with (", d)=1 and e(Y)=exp (271Y). The last inequality comes from
the following lemma. (For convenience we will add the proof which
we can see in [2].)

Lemma. Let y be a primitive character mod q. Let q=T[E, pJ*
ond d=T[[E&, %, where s; is the least natural number larger than or
equal to r,/3 and let k;=38s;—r,; for i=1,2,...,R. Let A=T[E, p¥.

Then for any u,

(1)

Z (e +ud)e(e’a* u? + Bua*)

n=N1

xA+ud)=e(@’u*+ p'u),
where o’ =Aa’” |d with (¢’,d)=1.

Proof. Since y is decomposed uniquely into primitive characters
x: mod pjt

2+ud) =[] nt+ud) =[] z(1+02(]] i)
= [l el or) +o(egto0))

where
e M O
Coppe pre
20, ith d pr
Bi=— pre with a,=a,,%0 (mod p;
(3

by Postnikov-Gallagher expression for prime power modulus case (cf.
[2]). Hence

71+ ud)= e(izz a,.(u u[lz p;/)z + é ﬂi(u};[i 20]8/)) .

Take
I R 281_ E g, E N\
_.1.};1 ai(j @ ) §1 P "‘ n Ps = p‘?""‘ <j1_=[1 pj)
=%(§_]1a T pj) ‘30/’ and (¢, d)=1.
R
B'=2,8: 1] vy

Q.E.D. of Lemma.

Since z(x)p(@+ud)=> 1, n@e(cla+ud)/,), where z(X) is the
Gaussian sum of y,, the last inequality (1) becomes
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<d1/z(d/ R A d O TN L
<d™( ) u=N”Z=1 ) e(c(a+ud) / qela’ a**u’ + fua*)

(2) < dm(aZ::/ q, i}

A L a* R ( Lo ﬂ) _Eﬁ)
G 2, e eu{gor+ )+
Z e(a’a*2u2+u(ﬁ’a*+fg_)+ﬂ) 2)1/2.
u=N1 4, q:

So in the extremal case, i.e., if ¢,=1, the conclusion comes from Weyl
sum estimate as in the proof of Polya-Vinogradov’s theorem. Hence
hereafter we assume ¢,#1. By van der Copput’s method (cf. [3]), (2)
becomes

(3) <d*"?q;” (log ¢q)S"?,

where S=3>7¢_, > ui<ne-n, Min (N,—N,, 1/||&’a**u|)) and ||2]|=Min

—[2],1—2+4[2]). Now let us express u as u=u" > F pi with («/, d)=1
and

2)1/2

|

la=1

W' |<Nd- ‘]'[ D7
Then

2!

S<3 3 s Z’ Min (Nd-Y, 1/9(u)),

i=174=0 u’ a=1
where 7, <(log Nd‘l) /log p; for each i=1,2, ..., R,,p(w')=|a"a*u’ |D||
with D=dA;* [[# p;* and the double dash indicates that we sum over
all v satisfying [u [KNA™ ][R, piee.

Now the variable a runs over all residue classes mod D with the
multiplicity []Z7, pi*4,. ao*® runs over all residue classes mod D with
the mu1t1p11c1ty less than 2 > P pi*4,. And «”a**w’ runs over all re-
sidue classes mod D with the same multlplicity as a*?, Hence

S<Z ZI 2. 24, ﬂ yox Z Min (Nd™,1/}|e/D|))

i=174=0 u’
Ry 73

<3>3 Na~ n p;*“(ND~'+d Log D)

t=17;=0

<Nd?A, ]'[ 7;+ Nd~'d log q,- ZZ ﬂ Y

i=1174=0 i=1
Since

NS q2/3, de_ZSN zi:‘i p;?/Skiqi/3:NA2—2/3q%/3.

Hence

R
S <NA1/3q2/3( 3 log (qzqi)> / ( [T log pi)+N log q,- H De/ (04—

i Q2 i
Hence (3) becomes

< NV2:d2q (log ql)’ﬁ{Aé"’qi”(—l— log (qzqi))w2 / ( [ log Pz)m

pilga

+Qog 0)( IT »i/@:—D)" |

pelga
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2 /
< NV2ql8AVeql2 (log ql)az{A;/e }/3(%— log (qzqi)>R a / ( 1T log p¢)1 ’

pilge

1/2
+(og ¢)"( I1 p/®—D)"}
pilge
R2/2 1/2
<N"grAYql (log q){Ata( 5 log @) /(T log v.)

pilaz

+ (log qz)‘”( [T »:/ (pi—l))m}.

pilqe
Hence
— Ra/2 1/2
3, 2m|< VX ¢q* (g )" {A;/‘dq}“(é log (qzqf)) / ( Il log m)
n Pilqe

+ A3 (log Q2)1/2( IT »:/ (pi—1)>1/2}.

pilgs
Since this is true for any decomposition of ¢ into ¢=gq,q,, we get our

conclusion.
Q.E.D.
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