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170. Maximum Principles for Implicit Parabolic Equations

By Norio YosSHIDA
Department of Mathematics, Hiroshima University

(Comm. by Koésaku Yosipa, M. J. A., Dec. 12, 1973)

In [6], Nirenberg derived a strong maximum principle for second
order linear parabolic equations. This result was extended by Besala
[2] to nonlinear parabolic equations of the form
(%) ut:f(t’ Ly Uy Ugsy umw),
where vx=(x,,- - -,2,), u,=0ou/ot, u,=0Ou/ox,)r, and u,, = (0*u /0202 ,)} ;1.

On the other hand, Picone [7] and Krzyzanski [4] established a
maximum principle in unbounded domains which was particularly
useful to the study of the Cauchy problem for second order linear
parabolic equations. An extension of this principle to nonlinear equa-
tions of the form (x) was given by Besala [1].

The purpose of this paper is to generalize the above mentioned
results of Besala to the implicit parabolic equation
( 1 ) F(ty Ly Uy Ugy Uy uw:c):O-

Let D be a domain in the (n+41)-dimensional Euclidean space
R™*! of points (t,x). For each fixed point (#°, 2°) e D we define
SH(E°% 29)[S5(% 9] to be the set of all points (¢, x) ¢ D which can be
joined to (£°, «°) by a upward [downward] directed broken line contained
in D, with (#°, ) as initial point and (¢, ) as endpoint.

Consider a function F(t, z, 2z, p, @, R) defined for all (¢,x) e D, z, p,
Q=(q)?, and R=(r4y)?,.,. The function F(¢,x,z,p, @, R) is said to
belong to the class P(D) if there exist positive constants £ and = such
that

(2)  Ft,2,2,0,Q,B)—F(t, 2,2 5,Q B2t 3] (ru—) +(5—D)
for all (t,2) e D, 2,p, p with p<p, Q, and symmetric matrices R=(r;)),
R=(#;) such that R— R is positive semidefinite.

First, we shall prove a strong maximum principle for equation
(1) which extends a recent result of Besala [2].

Theorem 1. Assume that the function F(t,x,z,p, Q,R) belongs
to the class P(K) for any compact subset K of D, and that there exist
positive constants L,, L,, L, and L, such that

IF(t’ r,%2,Dp, Q’ R)—F(t9 Z, 29 17’ Q’ R)’

SLy|2—Z|+ L,|[p—p|+L, ;Wt“qzl-i-llsi;‘:llﬁj—’?m

for all (t,x)e K,2,%2,0,7,Q, Q, R and R.
Let u(t, x) and v(t, x) be continuous and continuously diff erentiable

(3)
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in D once with respect to t and twice with respect to x, and satisfy
there the following inequalities :

(4) u(t, ©) v, ),
(5) F(t, 2,0, 0, Vg, Vo) SF (&, 2, %, Uy, Uy Ugs)-

If there exists a point (£°, 2°) € D such that u(t’, x°)=v(t’, %), then
(6) u(t, x)=v(t, ) n Sp(t% xv).

Proof. The method is an adaptation of that used by Besala [2].
Suppose that (6) does not hold, and let (¢!, x') be a point in S; (¢’ «°) at
which u(t!, 2" <ov(t, x)). Let ¢ be a downward directed broken line
joining (¢°, 2° to (¢!, ). There exists a point (Z, ¥) € ¢ such that u(Z, z)
=2, ) and u(t, x) <v(t, ) at all points lying on ¢ between (¢, ) and
(¢, ). Thus in a neighborhood of (%, Z) contained in S;(z°, 2°) there is a
point (7, &) with #<% at which u(, &) <v(f, %). We define the functions

P(t, ) =p"—|x—T—EE—-D)F, B(t, B) = (¢, e~ D,
where é=(&)",=(Z—&)/(t—1), ]x]:(i}l x)"?, and p, a are positive con-
stants to be specified below.

We consider the oblique cylinder Q={(t,x):i<t<7%,4 =0} with
centers of the bases at (Z, %), (¢, Z) and radius p which is chosen so that
QC Syt 2% and u(t, x) <v(t, x) on the base B situated on the plane
t=t. Introducing the function w(t, ) =v(t, ) —e¢(t, x), ¢ >0, and using
2), (3), (5), we obtain the following inequality :

(7) F(t, @, u, wty, o) ZF (X, €, W, Wiy Wy Woy) +ef,
where

f=—Lyp—ALpe-=¢-9| z & —B—E,(t—D)|

_LZ i I¢xi]—4’l’LL31/fe—a(t—'E)
=1

+8x|x—9~c——§(t—i)]ze“’“‘7’+7awze‘“““7’.
From the inequality
(8)  fze "¢ Plea—Lw*—4{2e+Lip 3} §il+n(Lot Lohr+8rp’
it follows that >0 for all sufficiently large «>0. Consequently from
(7) and (8), we obtain
F(t, x,w, w,, Wy, Wyp) F(L, 2, wy Uy, Uz, Uyp) in Q.

‘We choose ¢ so that u(t, z) Sw(t,x) on B. Since this inequality also
holds on the lateral surface of @, we can apply a modified version of
a lemma of Nagumo and Simoda [5] to conclude that u(t, x) Sw(t, 2) in
Q. Since ¢, %)>0, we have w(f, ) <v(f, ) which contradicts the
definition of (%, ). Q.E.D.

Now, we shall give an extension of Besala’s maximum principle
in unbounded regions [2]. Our result also extends a recent result of
Chen, Kuroda and Kusano [3] for linear parabolic equations with
unbounded coefficients. Let 4=[0,T]1x 2 be a cylindrical region in
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R**', where £ is an unbounded domain in R*® with boundary 22 and
closure 2. We denote by 9,4 the set {[0, T1x a2} U {(t=0)x 2}, the
parabolic boundary of 4.
Theorem 2. Assume that F(t,xz,z,p,Q,R) belongs to the class
P(d) and satisfies the inequalities :
(9) F(,z,24+v,9,Q,R)—F(,x,2,p,Q, R)
=Lylog (z+1D+1P(xf+ D"y,

(10)  |F(t,2,2,p,Q R)~F(t,2,2,0,Q, BISLzP+ D" 3|4~

FLyflog (2P +1) + 11Xz + 1 37 [1y—Fey

i,5=1
for all (t,x)ed and all z,y(y=0),p,Q,Q, R, B, where L,>0, L,>0,
L,>0, p>0 and 2 are constants.

Let u(t,z) and v(t,x) be continuous in 4, continuously differen-
tiable in 4 once with respect to t and twice with respect to x, and such
that
[€h)) w(t, x) <v(t, x) on 6,4,

12) F(t, 2, %, Ugy Uy Ugy) = F(E, X, V, Vg, Vi Vi) in 4,
13) u(t, x) <M, exp {kllog (xf+ 1)+ 11" 2+ D)} in 4,
14) v(t, £)= — M, exp {kllog (zf+ 1 +11(zf+ 1"}  ind
for some positive constants M,, M, and k. Then it holds that
@15) u(t, ©) <v(t, x) in 4.

Proof. We confine ourselves to the case 1>0. The case 1<0 is
treated similarly. Consider the function

w(t, x)=exp {2ke’*[log (2 + 1) + 11*( 2+ D"}, 6>0
and define g(t, x) as follows:

9(t, ®)=Ly[log ([ +1) +11( 2+ 1w + Ly« + 1) fi‘ |wa,|

+ Lyllog (|2 + 1) + 1] *( 1) ~i1 |Waa,|— | Wl

L=

It is a matter of easy computation to verify that
9(t, v)<ke'[log (2[4 1)+ 11"+ 1)*(H — 2c0)w(t, x)
in (0,071 x 2, where
H=8nL,(2+ 11)*2ke + 1)+ 4n(2+ )(L,+ TLy) + Lik™".
Hence, taking §=H /z, we have g(t,x)<0 in (0,671 X Q.
Let us consider the functions
(@, ) =u(t, ) — M,h(t, ©), R, x)=v(t, )+ M,h(t, x)

in [0,671x 2,, where 2,=2 N{x|<p}, p>0, and

h(t, )=w(t, x) exp {—Ekllog (o*+ 1)+ 11(0*+ 1)*}.
Then, using (9) and (10), we have the inequalities:

F(t, %, w, Uy, Uy Us)
<F(t,x, b, B}, b, W)+ Ly[log (2 + 1D + 11¥( 2z +1)*M,h

— oM, ||+ Li|zP+ DM, 35 B
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+ Lllog (2 + 1)+ 11" (o + 1My 37 1hecs

F(t7 xy ’l), vt’ vz, vxx)
=F(t, z, W, b, B, 1,,)— Lyllog (|2 + D) + 11|+ 1)*M,h

M, || = L2+ DM, 33 ||

—Lyllog ([ + 1) + 1] *(2f+ DM, iZ N Raasls
2 )=

from which, in view of (12), we see that
F(t,x, h? 0, b2, RL)—F (L, 2, b, B, R, BL,)
=M, +M,) exp {—kllog (o’ + 1) + 111"+ D g (¢, 2) <0
in (0,67'1x£2,. From (11), (13), (14) and a lemma of Nagumo and
Simoda [5], it follows that A'(f, ) < h*t, x) in [0,67'1Xx 2,.

Let (t*, *) be an arbitrary point of [0,6-']x 2. Then (t*,x*) is
contained in [0,67'1x 2, for all sufficiently large p, and we have
h'(t*, x*) < hA(t*, x*). Letting p—oco, we see that the inequality u(t, x)
=<v(t,z) holds throughout [0, '1x 2. If ¢ '<T, then it suffices to
repeat the above procedure a finite number of times to arrive at the
required conclusion (15). Q.E.D.

Remark. It is easy to extend our results to the weakly coupled
parabolic system

Fe(t, @, (), ug, us, us,)=0, a=1,.--,N.
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