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32. On Certain L*well Posed Mixed Problems for
Hyperbolic System of First Order

By Taira SHIROTA
Department of Mathematics, Hokkaido University

(Comm. by Kinjiréo KUNUGI, M. J. A., Feb. 12, 1974)

1. Introduction and Theorem. Let P be a x,-strictly hyperbolic
2p x 2p-system of differential operators of first order defined over a
C=-cylinder R'xQCR"*'. Let B be a pXx2p-system of functions
defined on the boundary I" of R'x 2. We consider the following mixed
problems under certain conditions:
Px,Du=f xeR'X2 (x,>0),

B@)u=g xel (2,>0),
u=~hn on x,=0
0 0 0
where v-lD:( , PIPI )
ox, 0w, ox,

For the sake of simplicity of descriptions, we may only consider
the case where 2={x,>0}, by the localization process. Then our as-
sumptions are the following :

(I) @ The coefficients of P and B are real, belong to C=(R!'x Q)
and constant outside some compact set of R'x 2.

p) For P, it satisfies the # condition with respect to I" and for
fixed real (#, 7, ¢) there is at most one real double root 4 of |P| (x, 7,0, )
=0 where x ¢ I'. Furthermore it is non-characteristic with respect to
I' and it is normal, i.e.

|P|(x,0,0,)+#0
for any real (¢, 1) 0.

) The p row-vectors of B(x) are linearly independent, where
zel.

(IT) @ If the Lopatinsky determinant R(x,, 7y, ¢,) =0 for a real
point (x,, 7y, 0,) such that there are no real double roots 2 of
| P| (29, T4y 39y A) =0, then

| R (2, 70— 175 39) | =>0(Y) (r>0).
Furthermore if there is at least one real simple root A(x,,z,,c,), the
zero set of R(x,+1r,0) in some neighborhood U(x,, z,, g,) is in the set
{r=0}.

p If R(xy, 1y, 0,)=0 for a real point (x,,z,,0,) such that there are
real double roots 2 of | P| (2, 7,, g4, ) =0, then

[R(2y, 7y— 17, 00) | > 0(7"%) r>0).
Furthermore if there is at least one real simple root 2, the rank of the
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Hessian of R(x,r, o) at its zeros in some U(x,, 7y, a,) is equal to

codim. of {R(z, r, ¢) =0} in R*-1,
Where the zero set of R(x,z,0) in some U(x,, 7,, 0,) is preassumed to be
a regular submanifold of R?".

1) Moreover, if there is at least one non-real root 2 of
| P (24, 745 59y ) =0 for the point (x,,z,, g,) which satisfies the condition
p), then for some smooth and non-singular matrix S(x,z—1y,0) with
y=>0 defined on some U(x,, z,,0,), one of the corresponding coupling
coefficients by 4(, 7,0) is real whenever ¢ and 2ji(x,t,0) are real (For
definitions, see §2).

(III) Any constant coefficients problems frozen the coefficient at
boundary are L*-well posed.

Then we have the following

Theorem. Under assumptions (1), (II), (III), the mixed problem
1s L*well posed.

The aim of the present note is to describe the outline of our proof
of the above assertion. Here we use essentially the conception of
reflection coefficients ([11, [2]) and modifying Kreiss’ consideration ([4])
we make use of the micro-localization of the characterization for L*-
well posed mixed problem of order two ([1], [3] and [7]).

2. The outline of the proof. Considering the assumption (I) let
S(x, z—1y,0) (>0) be a smooth, non-singular matrix defined on some
neighborhood U(x,, 7y, 6,) such that

S-'PS=ED,—A(x,c—1iy,0)
where

N
)

it

—

=] 2z , iel, |I|=n,

A are real for y=0, and Im 2} (Im 4;)>0 (<0) respectively if y>0.
Next for ¢,=rz,(x, ¢)
An(®, 70, 0)= (a(x’oo’ ? a(x,lo, a)) '
Here we may restrict ourself to the case where the eigenvalue of
A (x,7,0) are described by the following form in some U(x,, 7y, g,) ;
Ai=ax,{, 0)¢'\/C—b(x, ¢, 0) ('\/TZ]-),
a(x,8,0), b(x,{,0) are real when { is real, b(x,,0)#0, ry=1,(%, 0y,
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r={417,(%,0) and z,(«, ¢) is real and positive.
Furthermore A%; have only non-real eigenvalues for any y>0 and the
ones of Aj;; have positive imaginary parts.

Let BS=(V{, Vi, Vi, Vi, Vin, Vo). Where Vi are (p X )-matrices,
Vi, Vi are p-vectors and Vi, are (pXxs)-matrices respectively
@Cr+424+2s=2p).

1 0
Let Suz(lﬁ—huC—a , 1), a=a(x,0,0)

14 hy€
EZT
S'= SII )’
B,

where &;; are the functions derived from A (x,r—1%y,0). Furthermore
we denote B-S-S' by
Vi, Vi, Vi Vi Vi Vi (@, 7, 0).

Then from our assumptions we obtain the following Lemmas. In
particular from (I) y), (II) ) and (III), we see the following

Lemma 2.1. If for real (x,, z,, a,) there exist no real double roots
A, then there is neighborhood U(x,, 74, 0,) wWhere

i) For some V;,; the determinant

|V;’ V:{ly M) V;,i—-l’ V?:—,u V;:i+19 D] V':,sl¢0

where Vin=Viy, -+, Vo), s=p—y, Vi, are p-column vectors (Here
after let i=1.).

ii) For some V3, it belongs to the linear subspace L(V{,, - -+, Vi)
spanned by the vectors Vi, -+, V.

iii) The column vectors of Vi belong to L(V{, Vs -+, V). But
ii) and iii) are only valid at the points € U(x,,ty, 0,) such that the
Lopatinsky det. |Vi, Vi (@, c,0)=clc—1(x,0)) =0 (¢c£0) and where
z(x, o) ts real whenever Vi present.

From (II) p and y) we see the following

Lemma 2.2. Let (x,,7,,0,) be a real point such that there exists a
real double root 2. Let |V, Vi, Vinl (@, &, 0) =0, where we consider ¢
as a new variable instead of . Then

i) ¢=0.

ii) Let {"*=y, then

|V, Vi, Vinl=Cly—y(z, 0) (c#0)

in some U(xy, 7y, 0,), Where y(x, s) may take complex values.

Under the assumption of Lemma 2.2 we see the following Lemmas.

Lemma 2.3. 1) The coupling coefficient

. — IV;’ VI_I’ Vﬁll
buul®y, —1i7, o) ———————| Vi Vi, Vi (45,

=0G"")  (>0).

and let

— 17, dy)
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.e a . . + 4 +
i) Let Q@,¢,0) be Sut0ubun pon ¢ i VI Vi Vil pppep
O+ Qb Vi, Vi Vil
(au an)__ -1
=Oq .
a21 a22

Now from Lemma 2.3 and (I1I) we obtain the following
Lemma 2.4.

D |V, Vin Vial#0.

ii) Vie L(Viyp on {=y(x,0)=0.

iii) Vi e L(V{, Vi) on {=5(x,0)=0.

iv) Va—QVie L(VY, Viw.

From (II) p), 7), (III) and the definition of @ we see the following

Lemma 2.5. i) The above defined Q(x,l,0) takes only real
values, when ¢ is real.

il) ¢=0, Q(«,0,0)=0 are equivalent to R(x,&,o)=0 for Im {<0.

iii) —Q(x,0,0)>0.

From Lemma 2.4 we obtain the following

Lemma 2.6. For (x,,0) belonging to some U(x,, 7y, 6y),

Ut +(CKin+KiwU + KUy
9=V, VE, Vil Ui+ QUi+ €Ki+ KD Ur
Ui+ Kl Us + KUt
+ViuUn,
where u=Uy, Ur, Uy, Ug, Uy, Unp. Moreover the components of
K and Ki}; are zero, whenever {=0 and n(x, ¢)=0.

From Lemma 2.1 we obtain an a priori L*-estimate in the case
where there is no real double root 2. On the other hand if there is at
least one real double root 2, we see from Lemma 2.5 and by some modifi-
cations of Kreiss’ method that the problem (D, —Apu=/f, v’ +Qu =g)
has a priori estimate

(D —Awulo,, + {912, = Cr [ %], (C>0)

where supp # C U(x,), spectrum of u with respect to g, -+, %,
CU(zy,0,). Then from the method of the proof of the above estimate
and from Lemma 2.6, we obtain a similar estimate in this case. Here
we use the fact that the components k& of K{y;, Kii; has the following
form: in some U(x,, z,, g,)

kfw, ¢, 0)=Fk,0,0)+Lk(x,0,0)+0(LP),

|k(x,0,0) <K |Q(x,0,0)| (K>0)
which follows from the last assumption of (II), ().
Furthermore our assumptions are valid for the dual problem and hence
a priori estimate for that problem is also obtained. Thus our proof is
complete ([6]).

Remark. The conditions (I), (II), (III) are invariant for certain
coordinate transformations. Hence Theorem is applicable for problems
defined on any smooth R!X 2.
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