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76. On Symbols of Fundamental Solutions
of Parabolic Systems

By Kenzo SHINKAI
University of Osaka Prefecture

(Comm. by Koésaku YO0SIDA, M. J. A., June 11, 1974)

Introduction. The calculus of multiple symbols which has been
developed in Kumano-go [1] enables us to construct the fundamental
solution of parabolic equations only by symbol calculus (see C. Tsutsumi
[4]). The purpose of the present paper is to show that a formal funda-
mental solution of a parabolic system has an asymptotic expansion in
a class of pseudo-differential operators (§ 2) and to construct a funda-
mental solution with the same expansion (§3). The method of con-
struction is the same as one used in C. Tsutsumi [4] for single equations.

1. Notations and a lemma. We shall denote by ST, where — oo
<m< + oo and 0<6<px1, the set of all M XM matrices p(x, &) with
components p,;(x, &) e C*(R" X R?) which satisfy the inequality

[D{515) (@, OIS C,gEH™ 11218
where (&>=1+([£P" and p{,(x, §)=0:D5p,(x,8). We denote by
|p(x, &)| the norm of the matrix, that is,

|p@, O)= sup [P, OHyl/ly|

and define semi-norms |p|,,» by

[D|m,x= max sup |pig(x, &)| &) mrelal=dldl,
la|+181sk (x,8)

Then S7, is a Fréchet space with these semi-norms. By &Sy, we de-
note a set of all matrices p(¢; x, &) € ST, which are continuous with
respect to parameter ¢t for 0<t<T. By w-&; (S, we denote a set of
all matrices p(¢, s; @, §) € ST, which are continuous with respect to pa-
rameter ¢ and s for 0<s<t<T with weak topology of S, defined as
follows (see H. Kumano-go and C. Tsutsumi [2]): we say {p,(, &)};.,
CSr, converges weakly to n(z, &) € 87, if {p,(x, §)}7, is a bounded set
of S», and p{%,(x, &)—p{g(x, &) as j—co uniformly on R7 X K for every
@, B and compact set KC R

When p,(x,8) e S™,v=1,2,...,7, we denote by p,(x,&)op,(x,&)o
-« -opy(, &) the symbol of the product P.P;- - - P, of pseudo-differential
operators P,=p,(x, D,) which has the form (see Kumano-go [1])

(%, &)opy(, E)o - - - opy(2, &)
1.1) =03-f- . -fe—“ﬂ‘v“-'-”"“f""pl(x, g+ @+ y, E+7D). -
cop @Yt YL OAY - dy Ty - - dyp?
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and we also use the following notation:
[D.(, §)opy(a, &)o - + - op (2, &)1
1
lj+af+Tral =k aglagle - caf 7t
. 'p;tf-{ll—,(li}_ﬁ..--pa;:i)(x, é)pj,(a}+...+a§-1)(xy 5)
(cf. Nagase-Shinkai [8]). Then we have the following
Lemma. When p(x,§) €Sy, v=0,1,2, ---,7, we have
(i) D1(2, §)opy(®, E)o - - - o y(, §) € Sytmatetmy,
(ii) for every N

P, §)opy(, E)o- - - op,(2, 5)—:;: [0:(x, &)opy(@, E)o - - - opy(2, §)]

e Sm16+ma+--~+m,—(p-6)1v
Py

(1.2) pietr bt (x, p it P (a, )

1.3)

and
(i) (@ formula which plays a fundamental role in the proof of
Theorem 1)
[Do(, &)op,(2, §)o - - - op (2, O]
k
1.4) =2 % ;{1—, PO, &)y, &)o - - - oD@, &) ey
#=0lal=p .

For the proof of (i) and (ii), see Kumango-go [1]. The formula
(1.4) is derived from (1.2).

2. Asymptotic expansion of formal fundamental solutions. We
shall consider the following Cauchy problem

@.1) {6,u+p(t; z,D)u=0  in (0,T) xR}
Uls_o=1U.
under two conditions:
(1) p(t; z,8eYSy,)  for 0<t<T.

(ii) There exist a continuous function A(¢; x, &) >c¢>0 and positive
constants C and C, ; which satisfy

(2.2) |eyt,s; ®,8)|=C exp [—ftl(a;w,fs)da] for 0<s<t
2.3) [P ®, O)|SC, LKEY 1ML 2, 8) for 0t

Here ¢,(t, s; «, &) is the resolvent matrix of (2.1), that is,
elt,s; x, &)
o t 81 8j—1

=1+ 3 (=0 [ ds, [ dse o [ pis 2,0 plsy; 2, s,

The convergence of the right hand side of (2.4) and the estimate
lelt, s; ®,8)|=<C,exp [Ci(t—95)&D™ €, >0, C,>0

are easily verified.

The symbol w(t, 0; x, &) of a formal fundamental solution of (2.1)
is given “formally” by

w(t,s; x, &)

o0 t 'S1 $j—1
=1+ Zl (—l)f'f; dslj ds;- - -_[’ (815 @, &0+ - op(8y; X, £)dSy,
J= 8 8

<T.
T.

2.4

(2.5)
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and we have the following
Theorem 1. There exists an asymptotic expansion
w(t,s; x,8) ~eyt,s; ©,8)+e(t,s; 2,8+ - -
where e(t, s; x, &) is given by (2.4) and for k=1
ex(t, 852, 8)
0 13 S1 $j~1
=2 (—D’J dslj ds, - - I ots,; @, 80 - on(sy; @, OLids,.
J= s $ s
For every k=0 and «, B we have
@D [effy(ts 85 2, OIS Cp 14010000, exp | - [ 03 2, 0]

Here

(2.6)

WO, o, =Max {o?, @**+1e1+181} for k=1,
wo,0,0=1,
Wy, 0 p=max {0, o'} for |a|+|8]#0
and
w=f No; x,8)do.

Thus ex(t, s; x, &) e w-E7 (S;%*?) for £=0,1,2, - - -.

Proof. Since ¢,(t, s; , &) is the solution of the following ordinary
differential equation
2.8 %eo(t, 8;2,8)+pt; 2, 8eyt, 85 x,8)=0

with initial condition e/(s, s; z, &)=1, differentiating (2.8) with respect
to xz and &, we have (2.7) for the case k=0.
For the case k=1, by the formula (1.4) and the relation

t 81 S
2.9) ‘o% I 98 j , 95 f : [p(sDep(s)o- - - op(87.)]edS;...

= as, j “dsy e [ ®ep(s)o - op(s))leds,

for j=1,2, ..., we see e(t, s; x, &) is the solution of the following or-
dinary differential equation

d%ek(t, 8; 2,8 +0(t; , &ext, s; x, &)
1

=35 — PO @ e, w (s 85 %, 6)

v=1lal=v .

(2.10)

with the initial condition e,(s, s; x,&)=0. Differentiating (2.10) with
respect to x and &, and using (2.2) we have (2.7) for the case k=>1.
Remark 1. For a scalor operator, the above conditions (2.2), (2.3)
coincide with assumption (0.2), (0.3) in C. Tsutsumi [4].
Remark 2. When (2.1) is a Petrovskii-parabolic system, the above
conditions are satisfied with
At x, &)=cl&E™.

3. Construction of fundamental solutions. Theorem 2. Under
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the assumption (i), (ii) in §2, we can construct a symbol e(t,s; x, &)
e w-&3 «(SY,;) which satisfies the following conditions :

(i) e(t,0;x,D,)is the fundamental solution of (2.1), i.e. e(t,0; x, &)
satisfies the equation

d . . . _
a1y lar e(t,0; x,8)+p(t; x,8)o0e(t,0; x,86)=0 0<t<T.
e(0,0; x,&)=1I.
(ii) For sufficiently large N, let

3.2) ry(t, 85 2,8)=e(,s; x,8)— % ex(t, s; 2, 8).
k=0
Then
(3.3) (t—8)"'ry(t, s; x, &) € W-EY (St e~ DI+,
Proof. Let

N
Ju(t, s x,€)=kZ=0 ex(t,s; ,8)
and let

ay(t,s; 2,8)= —-(%—h(@ s; 4, 8)+pt; x, 8o fx(t,s; 2, §)>.

Then (2.7), (2.8) and (2.10) yield the estimate
(3.4 19§, (8, 85 @, )| S C, K™ rm WD =plal+3IB],
Take N such that m —(o—8)(N + 1)< —n and let ¢,(¢, s; %, &) =qy(¢, s; @, &)
and for j=2,3, .- let
o), 8; @, 8)

t 81 Sj—2
=j ds,f dssz qn(t, 815 @, E)oqy(s;, 855 @, E)o

oo qy(8yoy, 85 @, £)ds; .
Then as the proof of Proposition 3 in C. Tsutsumi [4], where the
calculus of multiple symbols plays an important role, we have

3.5)

(a) . ; (=90 m—plal+d18] - (p—8) (N +1
(3.6) lo$a, (8, 8 w,s)[éCﬂ,ﬂW<5> plal+3181=(p=8) (N +1)
Thus we can define ¢(¢, s; z, &) by
3.7 o(t,s; x,8)= _i‘l oi(t, 85, 8).
=

Since ¢(t, s; x, &) satisfies the integral equation

1
3.8) o, s; x,8)=qy(t,s; x,€)+j ay(t,0; %, 8)o0(0, s; %, &)do
and has the estimate

(39) |¢ggg(t’ S; x, 5)[éCa’p<§>m—plal+6lﬁl—(p—ﬁ)(N+1),
we have

t
(3.10) rx(t, s; x,s)-—-f Jn(t, 05 ,8)00(a,8; @, &)da

and (3.3).
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