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Let A and B be groups. If there are homomorphisms f and g
f f g fsuch that a sequence- >AB A ->B - is exact, then we

denote this collection by (A, B" f, g) and we say (A, B" f, g) t6 be well
defined. Let (A, B" f, g) and (C, D’fl, g) be well defined. If C and
D are subgroups of A and B, respectively, and if f=f on C and g=g
on D, then we call (C, D" fl, g) a subgroup o (A, B" f, g) and in this
case, we denote (C, D" fl, g) by (C, D" f, g). Furthermore, we call
(C,D" f, g) a normal subgroup o (A, B" f, g) i C<A and D<B, and
a Sylow subgroup of (A, B" f, g) if C is a Sylow subgroup of A (in this
case D is also a Sylow subgroup of B). We shall discuss the existence
of such Sylow subgroups (C, D" f, g) o (A, B" f, g). It is easy to see
that there are homomorphisms f and g such that (A,B" f, g) is well
defined iff there are groups M, N and homomorphisms a, a, fl, such

that sequences 1 --. M a -A >N-I and 1-N B=>M-.1 are
exact. This shows that the results given in this note are related to
an extension of groups.

Lemma 1. Let (A, B" f, g) be well defined. Let M and N be sub-
groups of A and B, respectively. Then (M, N" f g) is well defined iff
f(M) f(A) N and g(N) g(B) M.

Proof. Since (A,B" f,g) is well defined, A/g(B)f(A) and so
M/M g(B) -Mg(B)/g(B) f(M). Assume that (M, N" f, g) is well
defined. Then M/g(N) f(M). Hence M/g(N) -M/M g(B) where
this isomorphism is given by xg(N)-x(M g(B)) for all x e M. Hence
M ( g(B)--g(N). Similarly N f(A)--f(M). Conversely, let f(M)
N ( f(A) and g(N) M g(B). Then M / g(N)- M / M g(B)

Mg(B)/g(B)--f(M), i.e., M/g(N)-f(M) where this isomorphism is
given by xg(N)-.f(x) or all x eM. Similarly N/f(M)-g(N) where
this isomorphism is given by yf(M)-g(y) for all yeN. Hence
(M, N" f, g) is well defined.

Lemma 2. Let (A, B" f, g) be well defined and let (M, N" f, g) be
a normal subgroup of (A,B" f,g). Then (A/M,B/N’f,y) is well
defined, where f and are homomorphisms which are naturally in-
duced by f and g, respectively.

Proof. By Lemma 1, f(A) N--f(M). Hence f-l(N)--f-(f(A)
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N) =f-l(f(M))--Mg(B). Similarly g-l(M) =Nf(A). Hence a se-

quence >A/M F>B/N--dA/M--f>B/N Yisexact.
Lemma :o Let M and N be subgroups of groups A and B, respec-

tively, and let P<M and Q<N. If (A,B" f,g), (M/P,N/Q" f,y) and
(P, Q" f, g) are welt defined where f and are homomorphisms which
are naturally induced by f and g, respectively, then (M,N" f, g) is
well defined.

Proof. Since (P,Q" f,g) is well defined, f(A)Q-f(P) and
g(B) P-g(Q). Hence f(M) Q=f(M) f(A) Q--f(M) f(P)-f(P).
Similarly g(N)P=g(Q). Since (M/P,N/Q’f,y) is well defined,
Y / Q / f(M)Q / Q - g(Y)P / P. Hence N / f(M)Q - Y / Q / f(M)Q / Q- g(N)P/P- g(N) /g(N) P-- g(Y) / g(Q), i.e., N/f(M)Q- g(N) / g(Q) and
hence f(M)Q is a kernel of a homomorphism N--)g(N)/g(Q)given by
x-g(x)g(Q) or all x e N. On the other hand, for any x e N, g(x)
e g(Q) iff x e (N f(A))Q since a kernel o the homomorphism g" B-A
is f(A). Hence f(M)Q-- (Y f(A))Q. Hence f(M)/f(P) f(M)/f(M)
Q - f(M)Q/Q (N f(A))Q/Q-Y f(A)/Y f(A) Q Y f(A)/

f(P), i.e., f(M)/f(P)-Nf(A)/f(P) where this isomorphism is given
by f(x)f(P)f(x)f(P) or all x e M. Thus f(M)=N f(A). Similarly
g(N)=M g(B). By Lemma 1, (M, N" f, g) is well defined.

In the rest of this note we consider only the finite groups. For a
prime number p, a following result is well known (see [2, Lemma 2.1]).

Lemma 4. Let N<A and Sp a Sylow p-subgroup of A. Then
NSp and NS/N are the Sylow p-subgroups of N and A/N, respec-
tively.

Lemma 5. Let (A, B" f, g) be well defined. Let S be a Sylow p-
subgroup of A and T a subgroup of B. Then (S,T" f,g) is well

defined iff T is a Sylow p-subgroup of g-(S) and f(Sp)___T. In this
case, T is a Sylow p-subgroup of B.

Proof. Since (A,B" f,g) is well defined, IAI--]BI. Assume that
(S, T" f,g) is well defined. Then ISI=ITI. Hence T is a Sylow p-
subgroup of B and so of g-(S). Clearly f(S) T. Conversely, let
f(S)T and let T be a Sylow p-subgroup of g-(S). By Lemma 4,
Sg(B)/g(B) is a Sylow p-subgroup of A/g(B). On the other hand,
A/g(B) f(A) and this induces an isomorphism Spg(B) / g(B) - f(S,).
Hence f(S) is a Sylow p-subgroup o f(A). Furthermore, since the
isomorphism B/f(A)--g(B) is given by bf(A)-g(b) or all b eB,
g-(S)/f(A)-g(B) S. Therefore, i Ig(B)SI-p and If(Sp)l-p
then Ig-(S)l=p/q where q is an integer such that pXq. Hence
--p/. Thus pn-=IT/f(S,)I=Ig(B)S,I=Ig-(S)/f(A)I. Since T
f(A)and f(S)are Sylow p-subgroups o f(A) and since f(Sp)T
f(A), we have T f(A)=f(S). Thus T/f(S) is naturally embedded
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into g-(S)/f(A) and so embedded into g(B)S. Since those have
the same order, T/f(S)-g(B)S and this isomorphism is given by
tf(S)g(t) or all t e T. Consequently g(T)- g(B) S. Therefore,
by Lemma 1, (S, T" f, g) is well defined.

By the above result, if (A, B" f, g) is well defined and if S is a
Sylow p-subgroup o A then there is a Sylow p-subgroup T of B
such that (S, T" f, g) is well defined. We denote by n(A) and
n(A,B" f,g) the number of the Sylow p-subgroups of A and
(A, B" f, g), respectively.

Theorem 1. Let (A,B" f,g) be well defined. Then"
(1) If S is a Sylow p-subgroup of A, then the number t of Sylow

p-subgroups T of B such that (S, T" f, g) is well defined is independ-
ent of a choice of S and t--1 mod p.

(2) n(A, B" f, g)-- 1 mod p.
(3) n(A, B" f, g)--n(A)n(B)/n(f(A))n(g(B)).
Proof. (1) By Lemma 5, t is the number o Sylow p-subgroups

of g-(S) which contain f(S). Hence t-1 mod p (see [1, p. 152]).
We shall prove that t is independent o a choice of S. Let T be
a subgroup o B such that (S,, T" f, g) is well defined. Then. g(B) S
=g(T). Hence g-(S)--Tf(A). Now let be a set of Sylow p-sub-
groups of Tf(A) and (R) a set o Sylow p-subgroups of f(A). Let
/" -(R) be a map defined by z(T)= T ( f(A) or all T e . Then/ is
well defined. Let J e (R). There is a e A such that J--f(a)-(T

f(A))f(a). Since g(f(a)-Tf(a))--g(T)S, f(a)-Tf(a) e and

/(f(a)-T,f(a))--J. Consequently/ is surjective. Next let J1, J e (R).

Then there is a eA such that f(a)-Jlf(a)-J. Next let "/-1(J1)
-,a-(J) be a map defined by 6(T)=f(a)-lTf(a) or all T e/-l(j). Then
3 is well defined and bijective. On the other hand, f(S) is a Sylow
p-subgroup of f(A) and so f(S) e (R). Moreover, p-(f(S)) is a set o
Sylow p-subgroups o Tf(A) which contain f(S). Hence t

=n(Tf(A))/n(f(A)). Generally n(Tf(A))--n(T’f(A)) for any

Sylow p-subgroups T and T’ o B because Tf(A) and T’f(A) are iso-

Hence t is independent o a choice o a Sylow p-subgroupmorphic.

S of A.
(2)

holds.
(3)

By (1), n(A,B" f, g)--n(A)t. Since n(A)=_t=_lmod p, (2)

From the proo o (1) stated above,
n(A, B: f, g)--n(A)n(Tf(A))/n(f(A))

where (S,T: f,g) is well defined and a Sylow p-subgroup o
(A, B f, g). By [2, Theorem 2.1],

n(A) n(g(B))n(f(A))n(N )(g(T)) / g(T))
n,(B) =n(f(n))n(g(B))n(Nrf()(f(S,)) y(S))

and
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np(Tpf(A)) /n(f(A)) n(Nrf (f(S)) /f(S)).
Hence n(A, B" f, g)--n(A)n(B)/n(f(A))n(g(B)).

Theorem 2. Let (A, B" f, g) be well defined and let (P, Q" f, g)
be a subgroup of (A, B" f, g). If P is a p-subgroup of A (hence Q is
also a p-subgroup of B), then there is a Sylow p-subgroup (S, Tp" f, g)
of (A, B" f, g) such that (P, Q" f, g) is a subgroup of (S, T" f, g).

Proof. Let T be a Sylow p-subgroup of the group f(A)Q such
that Q___ T. Let M--f(A) T. By Lemma 4, M is a Sylow p-subgroup
of f(A). If S is a Sylow p-subgroup of A, then f(S) is a Sylow p-sub-
group of f(A) and so there is a eA such that f(a)-f(S)f(a)=M.
Hence a-Saf-(M). This shows that any Sylow p-subgroup of
f-l(T) is a Sylow p-subgroup of A. Let S be a Sylow p-subgroup
of f-l(T) such that PS. Then Sp is a Sylow p-subgroup of A.
Since g(T)g(f(A)Q)=g(Q)PS, Tg-I(S). Now let T be a
Sylow p-subgroup of g-(S)such that TT. Then f(S)T since
f(S)T. Hence, by Lemma 5, (S, T" f, g) is well defined. Fur-
thermore QT and PS. This completes our proof.

Theorem ’3. Let (A, B" f, g) be well defined, let (K, L" f, g) be a
normal subgroup of (A, B" f, g) and (ST, T" f, g) a Sylow p-subgroup
of (A, B" f, g). Then (K ( S, L Tp" f, g), (SK/K, TL/L" f, ) and
(SK, TL" f, g) are well defined where f and are homomorphisms
which are naturally induced by f and g, respectively.

Proof. K(S is a Sylow p-subgroup of K. Since L glTp is a
Sylow p-subgroup o L, L T is also a Sylow p-subgroup of g-l(K S)
L. Furthermore f(KS)LT. Hence, by Lemma 5, (KS,
LT" f,g) is well defined. By Lemma 4, SK/K and TL/L are
Sylow p-subgroups of A/K and B/L, respectively. Furthermore, by
Lemma 2, (A/K,B/L’f,y) is well defined and f(SK/K)TL/L
y-I(SK/K). Hence, by Lemma 5, (SK/K, TL/L’f, ) is well de-
fined. Therefore, by Lemma 3, (SK, TpL" f, g) is well defined.
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