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8. Universal Sentences Preserved under Certain Extensions

By Tsuyoshi FUJIWARA
University of Osaka Prefecture

(Comm. by Kenjiro SHODA, M. J. A., Jan. 13, 1975)

The purpose of this paper is to characterize the universal sentences
preserved under the formation of zero-element extensions. Here a
zero-element extension is defined as follows.

Let A=<A, {f:1§<p}, {r,[9<o}) and A* =A%, {f¥1§<p}, {r} |7<a}>
be structures of the same similarity type, where 4, A* are domains,
fe J¥ are n(§)-ary operations, and r,, r¥ are m(y)-ary relations. UA* is
called a zero-element extension of U if the following three conditions
hold :

(1) A* consists of all elements in A and an element not contained
in A which is denoted by o, i.e. A*=AU{o} and o2 4;

(2) For any £é<p and any a,, - - -, @y, € A%,

* —Je if fe(ay, - -+, Qneey) =0,
JE a"(e’)_‘{o if at least one of @, + - -, Gy, i8 0

(3) For any y<cand any a,, - - -, Gy, € A%, 7¥(ay, + + +, On(,) if and
only if either 7,(ay, : + -, @n(p) OF Oy="+ - =0y, =0.

Each of the well-known preservation theorems asserts that a
sentence is preserved under a given algebraic construction (or con-
structions) if and only if it is equivalent to a sentence having certain
formal properties which depend chiefly on occurrences of logical
symbols. However, the formal properties of sentences, which appear
in our discussion, depend largely on occurrences of individual variables
as well as occurrences of logical symbols.

Let L be a first-order language with or without equality. A struec-
ture U of the similarity type corresponding to L is simply called a struec-
ture for L. The domain of ¥ is denoted by D[¥U]. Let @ be any formula
of L which contains at most some of the distinct variables x,, - . -, 2,
as free variables, and let a,, ---,a, be elements in D[¥]. Then we
write A=0la,/x,, - - -, an/x,], if @, - - -, a, satisfy @ in A when the free
variables x,, - - -, 2, are assigned the values a,, - - -, a, respectively. If
A=0la,/2y, - - -, A/ 2,] holds for any elements a,, - - -, a, in D[U], we say
that @ is valid in %, and we write A =@. If A= holds for every struc-
ture % for L, we write =@. Let I" be a sentence or a set of sentences
of L. A structure ¥ for L is called a model of I" if A=1" or A= for
every @ inI'. We denote by M (I") the class of all models of I". If (")
is not empty, we say that I'" is satisfiable. Furthermore, let 4 be a
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sentence or a set of sentences of L. If N H(4), we write I'=4.
If '=4 and 4=1", we say that I' is equivalent to 4, and we write I'&4.
Hereafter, “structure” will mean “structure for L”, “formula” will
mean “formula of L”, and so on.

A formula of the form »(t, ---,t,) is called an atomic formula,
where r is an m-ary relation symbol and ¢,, - . -, ¢, are terms. If L has
the equality symbol =, a formula of the form t=wu is also called an
atomic formula, where ¢, u are terms. The terms ¢, - -+, ¢,, and ¢, are
called principal terms of the atomic formulas »(t, ---,t,) and t=u
respectively.

Let © be an atomic formula. If a variable ¥ occurs in all principal
terms of ©, we say that the atomic formula © is regular with respect
toy. If y occurs in O but it does not occur in at least one principal
term of ©, we say that the formula —0, the negation of the atomic
formula, is regular with respect to y. A formula is called a basic
formula, if it is an atomic formula or the negation of an atomic formula.

Lemma 1. Let 0 be a basic formula which contains at most some
of the distinct variables y,x,, ---,%,. And let A* be a zero-element
extension of a structure A, where D[A*]=D[AIU{o}. Moreover let a,,
-«+, 0, be elements in D[A]. Then the following hold :

(i) Assume that O is regular with respect to y. Then

2[* I:@[O/y) a’l/xly R} a/n/xn]-

(ii) Assume that y occurs in O and O is not regular with respect

toy. Then
A* = —1000/y, a,/ @y, - -+, W X4l

Proof of (i) First suppose © is atomic. Then y occurs in all

principal terms of ©. Hence we have
9/[* ':@[O/y’ afl/xl, A} a’n/xn]-

Next suppose 0 is the negation of an atomic formula ¥. Then ¥ occurs
in ¥ but it does not occur in at least one principal term of . Hence
A* = '_IW[O/?J, a’l/xl’ Ty an/xn]

and hence
A* |=@[0//.’h a’l/xu ] an/xn]*
Proof of (ii). Let ¥ be a basic formula such that =¥——6. Then
¥ is regular with respect to y. Hence by (i) of this lemma,
A* i:!lf[o/y, /%y, -,y an/xn]
Therefore we have
A* =600/ y, /By, -+ -, Qn/ X4l
This completes the proof.

A sentence of the form vz, -v2,(0,V . --\V8,) is called a disjunc-
tive universal sentence, where 0, --.,0, are basic formulas (and z,,
.+, %, are distinct variables). Let @ be a formula which contains at
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most some of the variables z,, - - -, 2, as free or bound variables. Let
X be a subset of {z,, ...,2,} and let y be a variable not contained in
{®, -+ -, x,}. Then we denote by @*-¢ the formula formed from @ by
replacing all occurrences of the variables in X by the variable ¥y. Note
that if @ is a universal sentence in prenex normal form, then @ @*-7,
Let
D=V, V2,0,V - -\VO,)

be a disjunctive universal sentence, where@,, - - ., 0, are basic formulas.
We say that @ is regular (or weakly regular), if the following condition
(+) holds for every non-empty (or unit) subset X of {z,, - - -, «,} and for
a variable y not contained in {x,, - - -, 2,}:
(%) If y occurs in OF¥\/ - .. \VOZ~Y, then there exists a formula 6F~v

(1<i<m) which is regular with respect to ¥.
Now we shall prove the following
Theorem 1. Let 3 be a set of regular disjunctive universal sen-
tences. Then M(2) is closed under the formation of zero-element
extensions.

Proof. If H(2) is empty, it is obvious that () is closed under
the formation of zero-element extensions. In the following, we assume
that H(2) is not empty. Let U be any structure in H(2), and let A*
be a zero-element extension of %, where D[U*]=D[A]U{o}. We shall
prove that U* e H(2).

Now let

@:vxl. . .Vx,n(@l\/ e \/@m)

be any sentence in ¥, where 6,, -.-,0,, are basic formulas. And let
{ay, -+ +, 4yy be any sequence of elements in D[A*]. To prove A* e H(2),
it suffices to show that
(ﬂ) 2[*|=(@1\/'"\/@m)[afl/xv "”an/xn]'
If o0 does not occur in <{a,, - - -, @,», we can immediately obtain (4). Now
we assume that o occurs in <a,, - -+, a,>. Let X be the subset of {z,
.-+, %,} such that x; ¢ X if and only if a;=o0. And let y be a variable
not contained in {x, ---,2,}. Then it is clear that (}) is equivalent to
(##) A* = (@il’—.v\/ e \/@7an”)[0/?/7 a’l/xv Tty a’n/xn]-
If y does not occur in OFYV ... VO, it is obvious that (##) holds.
Now suppose that y occurs in OF~v\/...\/0Z~v, Then by (%), there
exists a formula 0f~* 1<% <m) which is regular with respect to .
Hence by Lemma 1 (i), we have

U*=0Lv[0/Y, a,/ %,  + +, Gn/ X4
Therefore (##) holds also in this case. Hence we have (}), and hence
A*=@. Therefore we have that A* ¢ H(3). This completes the proof.

In order to study the converse of Theorem 1, we need the notion
of a reduced set of disjunctive universal sentences, which is sub-
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stantially the same ag in Definition 2 in [1; § 46].
Let 3 be a set of disjunctive universal sentences, and let

O=vx, - -V&,(0,V---\VO,)
be a sentence in X, where 0,, - - ., 0,, are basic formulas. We say that
@ is reduced with respect to X if m=1 or

Z'|=Vx1- * 'Vxn(@lv e \/@’Z-l\/@in\/ R \/@m)

does not hold for any i (1<i<m). 2 is said to be reduced if each
sentence in 2 is reduced with respect to 2.

The following lemma can be proved in the same way as in the
proof of Lemma 1 in [1; § 46].

Lemma 2. Let 3 be a non-empty set of disjunctive universal
sentences. Then, there exists a non-empty reduced set I of disjunctive
universal sentences such that 351" and any basic formule occurring in
sentences in I" occurs in some sentence in 2.

The next lemma is analogous to a part of Lemma 2 in [1; § 46].

Lemma 3. Let X be a satisfiable reduced set of disjunctive uni-
versal sentences, and let

v, - .Vxn(@l\/ e \/@m)
be a sentence in X, where 0,,---,0,, are basic formulas. Then for
each i (1<i<m), there exist a structure U in M) and elements a,,
<o, 0y tn D[] such that

(1) UE=0sla,/ 2y, -+ 5 On/ Tal
and
) A= —0,la /2y, -+, 0n/®a]  for all 1.

Proof. If m=1, it is obvious that (}) holds for any structure ¥ in
the non-empty class (¥ (X) and for any elements a,, - - -, a, in D[¥], and
(1) is vacuous. If m>1, the assertion can be obtained in the same way
as in the first part of the proof of Lemma 2 in [1; § 46].

The next theorem can be regarded as the converse of Theorem 1.

Theorem 2. Let X be a satisfiable reduced set of disjunctive uni-
versal sentences. If HM(2) is closed under the formation of zero-element
extensions, then every sentence in 2 is regular.

Proof. Assume that there exists some sentence @ in X which is
not regular. We shall prove that () is not closed under the for-
mation of zero-element extensions. Now let

(Dszl' : 'Vxn(@1\/ ce \/@m)y
where 6,, - - -, 0, are basic formulas. And let ¥ be a variable not con-
tained in {x,, - - -, @,}. Then by the definition of regularity of disjunc-
tive universal sentences, there exists a non-empty subset X of {z,, - - -,
2,} which satisfies the following two conditions:
(1) y occurs in some O~ (1<i,<m);
(2) For every j (1=<7<m), OF* is not regular with respect to ¥.
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Now by Lemma 3, there exist a structure ¥ in #(2) and elements

a, -+, 0, in D[Y] such that
gI'_—'@'Lo[afl/xu S} an/wn]

and
( h ) 21": _-l@j[a'l/xl, R} an/xn] for all .7.7&?:0-
Let U* be a zero-element extension of %, and let D[A*]=D[AIU {o}.
Then by Lemma 1 (ii), it follows from (1) and (2) that

91* = —'@ﬁ””[o/y, a’l/xl’ tt an/xn]
Moreover we have that for all 71,
(4h) A* = —07Y[0]Y, @,/ iy « + +, Un/ T4l
(For, if ¥ does not occur in 6F~¥ then (44) follows from (§). If y occurs
in @~ then by Lemma 1 (ii), (§4) follows from (2).) Hence U* =@*~v
does not hold. Therefore A* =@ does not hold, because @ =d*~¥. Hence
M(2) is not closed under the formation of zero-element extensions.
This completes the proof.

Theorem 3. Let @ be a satisfiable universal sentence. Then, @
18 preserved under the formation of zero-element extensions if and
only if it is equivalent to a conjunction of regular disjunctive uni-
versal sentences.

Proof. Since the “if” part follows immediately from Theorem 1,
we shall prove the “only if” part. Obviously @ is equivalent to a non-
empty finite set of disjunctive universal sentences. Therefore by
Lemma 2, there exists a non-empty finite reduced set 3 of disjunctive
universal sentences such that #&5. Hence @ is equivalent to the con-
junction of all sentencesin 2. Since H(P)=H(>) and it is closed under
the formation of zero-element extensions, it follows by Theorem 2 that
every sentence in 3 is regular. This completes the proof.

Theorem 4. A positive universal sentence is preserved under the
formation of zero-element extensions if and only if it is equivalent to a
conjunction of weakly regular positive disjunctive universal sentences.

Proof. It is obvious that a positive disjunctive universal sentence
is regular if and only if it is weakly regular. And obviously, every
positive universal sentence is satisfiable and is equivalent to a non-
empty finite set of pogitive disjunctive universal sentences. Hence the
theorem can be obtained in the same way as in the proof of Theorem 3.
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