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14. Propagation of Singularities of Solutions for
Pseudodifferential Operators with Multiple
Characteristics and their Local Solvability

By Sunao OucHI
Department of Mathematics, Tokyo Metropolitan University

(Comm. by Késaku YOSIDA, M. J. A., Feb. 12, 1976)

In this note we consider propagation of singularities of solutions for
pseudodifferential operators with multiple real characteristics and local
golvability. It has become clearer from recent investigations that
localization in (x, &)-space (micro-localization) is useful in order to study
regularity and solvability. Our results stated in this note are obtained
by micro-local considerations. Details will be published elsewhere.

Let 2 be a domain in R*. (x,&) denotes a point in 2 X (R*—{0})
and D=—Jl:—i_éa§' P(x, D) e L™(2) means that P(x,D) is a classical
pseudodifferential operators of order m. Let I" be an open conic subset
of QX (R*—{0}). We set L™(R,)={P(x, D) e L™(2); supp p(x, &) I},
where p(x, &) is the symbol of P(x, D).

Definition. An operator P(z,D)e L™(£2) has constant multiple
real characteristics, if the principal symbol p,(x, &) is decomposed into
(1) D= (Y™ (pH™2- - - (p)™,
where pt (1=1,2, .- .s) hag the following properties:

Each p* is real valued, positively homogenous in ¢ and grad, p*+0
on the characteristic manifold X ;={(x, &); p'(x, &) =0} and if j=#Fk,
2,02 =¢.

Hereafter we assume that P(x, D) € L™(2) is properly supported
and has constant multiple real characteristics. So in a conic neigh-
bourhood I of (x,,&) € 2p,={(x,&); pn(x, &)=0} we can factorize the
principal symbol as follows:

(2) Pn(2, &) =z, §)q(x, &),

where q(z, &) is real valued, positively homogenous of order 11in &, and
q(xy, £)=0, grad, q(x,, &)#*0 and a(x,& is real valued, positively
homogenous of order m—k in & and a(x, &) +0 on I'.

In order to micro-localize our study, we introduce a function
o(x, £)=0 positively homogenous of order 0 in ¢ such that ¢=1 in a
conic neighbourhood I',(I",CI") of (x,, &) and ¢=0 outside of I'.

As for micro-local regularity, we have

Theorem 1. Suppose that there are Bi(x,D)e L/(2) with the
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principal symbol bi(x, &) and G(x, D) e L*(2,I') whose symbol g(x, &)
equals to 1 on a conic neighbourhood I',(I",CI') of (x,, &) such that one
of the following conditions holds:
(3) G(z, D)P(x, D)=G(x, D)A (x, D)Q,(x, D)*+ B;,_,(x, D)
(mod L™%2, ")), k=2 and Im b},_,(x,&)#0 on > g0l
(4) G(x,D)P(x, D)=G(x, D)A (x, D)Q,(x, D)*+ B}, _(%, D)Q,(x, D)*"' 4+
B3, _,(x, D) (mod L™%2, "), k=3 and Im b3,_,(x, &)+0
on X[, where A (x,D)Q,(x, D)) is an operator with the symbol
a(x, ez, &) (resp. q(z, ez, £)).
Then (WF(u)—WF(f)),2,=¢ for every solution ue 9'(2) of
Pu=f.
As for propagation of singularities, we have
Theorem 2. Suppose that one of conditions holds:
(5) G(z,D)P(x, D)=G(x, D)A,(x, D)Q,(x, D)+ B;,_y(x, D)Q,(x, D)
(mod L™%02, 1), k=3 and Im b%,_,(x,8)+#0 on X, I,
(6) G(z,D)P(x, D)=G(x, D)A (v, D)Q,(x, D) + B;,_y(x, D)Q,(x, D)’
+ B}, _y(z, D)Q,(x, D) (mod L™*2,I"), k=4 and Im b} _(x,&)
#0on 2, 1,
Then (WFw)—WF(f)) NI is contained in X, and invariant under
the Hamiltonian vector field H, for every solution u € 9'(2) of Pu=f.
By making use of Leibnitz formula of pseudodifferential operators,
we have
Theorem 3. Let p,=(pY™(p?)™:. ..(p*)™ be as in Definition. Sup-
pose that one of conditions (7) and (8) holds:
1 & @
Set S=pm_, szv:l T Doms
(7) mp=2, Im S0 on X,

(8) mp=8, S=dS=d’S=...=d*'S=0 and
1 & &
I (m_— } m_) 0on 3,
m (Pm_, zﬁ__lizﬂaxia&p 1)F0on 3

Then (WF(w)—WF(f)NZ . =¢ for every solution uecD'(2) of
Pu=f.

Theorem 4. Suppose that one of the following conditions holds :
(9) my=38, S=0and ImdS+#0 on 24,
(10) mi=4, S=dS=0, Im d’S=+0 and

1 & 9 1 2 i
m—z— M1 — ———Pr=00n2 .
P 2'\/ -1 'LZ—]- axia& P 8 iyllv;‘l axia$¢axja$j b #

Then (WFu)—WEF(f)N23,, is invariant under the Hamiltonian
vector field H,;, for every solution u € 9'(2) of Pu=f.
Combining Theorem 3 and Theorem 4, we have

Theorem 5. If one of conditions (7), (8), (9), (10) and (11) below
holds on 3
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(11) characteristic manifold X, satisfies the Levi’s condition ([1]).

Then P is locally solvable.

Remark 1. For operators with simple -characteristics
Duistermaat-Hormander [2] and for operators satisfying the Levi’s
condition Chazarain [1] investigate propagation of singularities and ex-
istence of solutions. Matsumoto [3] proves local solvability under the
conditions (7) and (9) by the method different from ours.

Remark 2. Wecan give other conditions under which singularities
of solutions of operators propagate along the bicharacteristics or they
are micro-local hypoelliptic in the form of division of pseudodifferential
operators as in Theorem 1 and Theorem 2.
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