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130. Factorizations and Fundamental Solutions for
Differential Operators of Elliptic-
Hyperbolic Type

By Hitoshi KUMANO-GO
Department of Mathematics, Osaka University

(Communicated by Kosaku YosipaA, M. J. A., Nov. 12, 1976)

§ 0. Introduction. In this note we shall study an operator of the
form
0.1) L=Dy+A,®Dy*+---+A,#&  on[0, TIXR"
(m=1,0<T<o0), where A;t)=a,¢,X,D,) e B($Hon[0,T] (G=1, ---,
m) (For notations see, for example, Kumano-go [5]). We define the
symbol ¢(L)=I(, =, 2, &) for L by
(0°2) l=2m +a1(t’ Zz, 5)1"‘"1+ SRR o a/m(t’ Z, E)-
We call a symbol I/=2"+b,2""'+ - - - +b,, (b, € B,(S?) on [0, T']) the prin-
cipal symbol (or part) of L (or I), when we can write |-U'=> 7, 7,2""7
for r,€ B,(8"HY on [0, T], j=1, - - -, m.

The starting point of the present note is the following factorization
theorem, which can be proved by using Sylvester’s determinant.

Theorem 0. If the roots {t,(t,x, &)}, of 1=0 are separated into
two groups {ryx}m2, and {r}e2, (m=m,+m,) so that |t —tu|=C|&] (€]
=M) for any k, k' (C>0,M>0), then L is factorized into the form

0.3) L=L.L,+ Y Ry=Dr~!  on [0, TIX R
Jj=1

(which is denoted by L=L,L, on [0, T1), where R{ =) ¢ B,($~=), and L,
(J=1,2) are operators of order m, such that the principal symbols of
L; are [[#: A—17 (8, 2, §)).

In §1 we shall discuss the Levi condition for L, and construct the
fundamental solution E(t, s), which is represented by Fourier integral
operators, when L has the form L=L"L® (see Theorem 1.3). Then,
the Cauchy problem for L can be solved in the spaces H,, B, etc., and
the wave front set of the solution can be described through phase func-
tions. Our results are regarded in some sense as global versions of
those, obtained by Lax-Nirenberg [8] and Chazarain [1], [2], to R*. We
note also that our results can be easily (micro-) localized by considering
aEb for appropriate a, b ¢ B,($° and applying the asymptotic formula
for ¢(aE'b) given in [5], which states the canonical relation between «
and b.

§ 1. Main theorems. In what follows we assume that the principal
part U’ of [ has the form I'=1"I'"1® where the roots {c{*}72; of I’®>=0
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satisfy Im<»=C|¢|(&|=M) for C>0, M>0, and I has the form I©
=[[5-1@—2P)?" (m°=p,+ - - - +v,) for real valued z{ € B,(S") on [0, T]
such that ¢ —<P|=C|¢| (&|=M, j+5). Then, by means of Theorem
0, there exist operators L*’, L® and L{” of order m*, m’ and v;, whose

principal symbols are [, I and (2—z{")", respectively, such that L
has the form

1.1 L=L"LYLO=LLWL®...L® on [0, T1.
Now let {g,(t, s; @, £)}7.. be phase functions which satisfy
(1.2) at¢j-—-‘t§°)(t, x, V.’c¢j)=0 on [S, Ts], ¢J |,=3=x'$.

Such ¢, exist for T,=Min {s+4,, T} with some §,>>0, and satisfy con-
ditions: “i) ¢,—x-& € B,(SY, ii) |V, —&|S (X —ep) |&]+ Co, ii) |7,V o, —1 ||
<(A—¢g) for 0<e,<1, C,>0 (see [5]”.

Then, in the analogy of Chazarain [1], [2] (c.f. also [3], [7]) we give

Definition 1.1. We say that L satisfies the Levi condition (denoted
by “(L—C)”) on [0, T1x R, if for any s [0, T] and any a e $,(S*) on
[s, T,] we have
1.3) e~ [ (et ) ¢ B,(Smritk) onls, T, j=1,..-,7.

Theorem 1.2. i) L satisfies (L—C) on [0, TIXR™ if and only if
each LY satisfies (L—C) on [0, TIX R™. ii) L{” satisfies (L—C) on [0, T]
X R™ if and only if there exist R; ; € B, ($") on [0, T], k=1, ---,v;, such
that for Q;=D,—{"(t, X, D,) we have
1.4 LY=Q7+R;,Q/ 7+ - +Ry,, on [0, T].

Now we assume that L has the form as the special case
@a.5) L=L"YLO=L"L®...L® on [0, T
and consider the Cauchy problem for ¢o=(p,, -+ -, )’
1.6) Lu=0 on [s, T, DI~ |,.s=¢; G=1, -+, m).

We write IV =27 +-5{M2A™* "1 ... 40 and set

U=y, «++ Uy)'y F=(0,++,0, ) u=Q'u A=Sk=v),
=Q§ 1LYy, o CQSIST, 55, +1SESD)),
— Am-EDE L Oy, | (0 1<k<m),
(m=m*+m’, Dy=vi+ - tyy, 9,=0),

AP 0
. 7§0)(t» X’ Dw) 0
A= A » AP= 0% ’
0 o I~<i0(t, X, D)
A...0

. oo Iy=b{"(t, X, D) A~

=l 0 -y 4] @) =1+]|Ep),

-r, - . —I,

01:-0
B=(Bj,k; j’ k‘:l’ o ‘,7'+1): Bj,j-':( . . ‘1 ,
—ijj"'_Rj,l
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0 ...0
Bm+1=( ) A=i=n), B, =0 (otherwise).
1 0...0

Then, corresponding to (1.6) we have
1.6y LU=D,U—AU—BU=F on [s, Tl, Ul,s=,
where =, « - -, ¥m)' =G(8)p for some

1
Ge)=| " - 0 (954(t) € By(s"%) on [0, T1, j>k).
gjk(s) * 1

By the similar way to the method constructing the perfect diagonal-
izer in [6] (see also [10]) there exists N e B,($°) on [0, T] of the form

N~I+ iN‘-”, N"“’=(”5,‘,:° € By($7); ni’ =0
pe
except n,}:%f»,+1+k' (léjé’l‘——l ) and 7 mosw (Oéké#—]-))’

0<k+k=p—1
such that LN=NL, on [0, T], where

B, O
LU=D,U—AU—-B,U for Bo=( B, . )
0 0
Then, applying the results in [6] and [9] (or [4], [11]) for D,—A4{" and
D,— A", respectively, we can construct for L, the approximate funda-
mental solution in the sense of [6]

(Eh(t, s) 0

E(t,9)= ) e B,($) onls, T, (g*=x-8),

E¢+(t, s)

i.e., LE, e B,($~>) on [s,T,] and E,|,_,=I. Consequently, by solving
an integral equation with a pseudo-differential operator as the kernel
(see [4], [11]), we have

Theorem 1.3. For the problem (1.6) there exists the fundamental
solution E(t, s)=(H(t,s), -+, E,({,8) 0<s<t<T,<T), which has the
form: E(t, s)="the first row of Nt)E,(t, S)N_,(8)G(8)” +“E=(t, s)” for
some B e B($~=) on [s, T,] and satisfies

LE(t,89)=0 onl[s, T, Di7'Ey|,.s=6,, (4,1=1, - .-, m),

where N_,(t) (€ B,($%) on [0, T1) is the parametriz of N(t) which has the
form a(N_,(®)) ~I1—2 5. (—=1)*a(N () —D)*) on [0, T1.

The detailed descriptions will be published elsewhere.

. Egﬁ,(t, s)
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