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149. On a Pair of Groups and its Sylow Bases

By Zensiro GOSEKI
Gunma University

(Communicated by Kenjiro SHODA, M. J. A., Dec. 13, 1976)

Only finite groups are to be considered in this note. Any un-
explained notation and terminology should be referred to [1] and [2].
Throughout this note, let A and B be groups such that a pair (4,B: f, 9)
of groups is well defined, where f: A—B and g: B—A are homomor-
phisms and let |A|=|B|=p%. . -p:», where the p’s are different primes
and each ¢; is a pogitive integer. Suppose A is solvable. Then B is
also solvable. In this case, we shall call (4, B: f, g) solvable. By P.
Hall ([3]), the classical theorems about Sylow subgroups have been ex-
tended to the Sylow systems of a solvable group. With respect to
(A,B: f,9) which is solvable, we will give the following which are
analogous to P. Hall’s results. We denote by {S;}, ({T;}..) a set of Sylow
p~subgroups S;(T,) of A(B), i=1, - .-, n, respectively.

Theorem 1. Let (A,B: f,g) be solvable and {S;}, a Sylow basis
of A. Then there is a Sylow basis {T;}, of B such that for each i=1,
ceeym, (S, Tyt f, 9) ts well defined.

The set {(S;, T;: f, 9)}, given in Theorem 1 is called a Sylow basis
of (A,B: 1, 9).

Theorem 2. Let (4,B: f, g) be solvable, let (M,N: f, g) be a sub-
group of (A,B: f,9) and {(P;, Q;: f, 9}m with m<n a Sylow basis of
M,N: f, 9), where each P; has order a power of p,. Then there is a
Sylow basis {(S;, T;: f, 9} of (A, B: f, g) such that for eachi=1, - - -, m,
MNS, NNT,: £, g) is well defined and equal to (P;, Q;: [, 9).

Corollary. Let(A,B: f,g) besolvable and let {(S;, T;: f, 9)}n with
m<n be a set of Sylow p,~subgroups (S;, T,: f,9) of (4,B: f,9), i=1,
.-+, m, such that for each i,j=1,-.-.,m, 8,S,=8,S; and T,T,=T,T,.
Then there is a Sylow basis {(S;, Ts: f, 9} of (A,B: f,9) which con-
tains {(S;, Ti: s D}me

To prove those theorems, we prepare some lemmas. Let = denote
a set of primes and (M, N: f, g) a subgroup of (4, B: f, 9) such that M
is a z-subgroup (a Hall z-subgroup) of A. Then N is also a z-subgroup
(a Hall z-subgroup) of B. In this case, we shall call (M,N: f,9) a =-
subgroup (a Hall z-subgroup) of (A,B: f,9). The following is well
known.

Lemma 1. Let H be a Hall z-subgroup of a solvable group A and
MJA. Then HNM and MH|/M are Hall n-subgroups of M and A|/M,
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respectively.

Lemma 2. Let(A,B: f,9g) be solvable and {(S;, T;: f, 9}, a Sylow
basis of (A,B: f,9). Then, for any subset {t,---,%,} of {1,---,n},
S-S, Ty - -T2 f, 9) 18 well defined.

Proof. By Lemmal, f(ANT,...-T, and f(S,,---S;) are Hall
{s -+ +» D;,}-subgroups of f(A). Furthermore f(S,.--S)Sf(A)NT,,
-«.T,. Hence f(S;---S)=rANT,..-T,. Similarly 9T, ---T;)
=g9B)NS,,---8S,,. Hence our result follows from [2, Lemma 1].

Lemma 3. Let (4,B: f, g) be solvable, let H be a Hall z-subgroup
of A and K o subgroup of B. Then (H,K: f, g) is well defined iff K
18 o Hall z-subgroup of g~*(H) and f(HYCK. Inthiscase, H,K: f,q)
18 o Hall z-subgroup of (A,B: f,g).

Proof. Let M=¢g(B)NH. Then M is a Hall z-subgroup of g(B).
Let T be a Hall n-subgroup of B. Since g(T) is a Hall n-subgroup of
g(B), there is b € B such that g(b) 'g(Thg(b)=M. Thus b'TbZg~'(M).
Hence any Hall z-subgroup K of ¢g~'(H) is a Hall z-subgroup of B.
From this fact and Lemma 1, it follows that f(H)=f(4A)NK and g(K)
=g(B)NH if f(H)CK. Hence the “if” part holds. The “only if” part
holds clearly.

Using Lemma 1 and Lemma 3, we obtain the following lemma and
remark by the same way as in proofs of [2, Theorem 2] and [2, The-
orem 3], respectively.

Lemma 4. Let (A,B:.f,g) be solvable and (P,Q: f,9) a n-sub-
group of (A,B: f,9). Then there is a Hall z-subgroup (H,K: f, g) of
(4,B: f,9) such that (P,Q: f, 9) is a subgroup of (H,K: f, g9).

Remark. Let (4, B: f, g) be solvable, let (M, N: f, g) be a normal
subgroup of (4,B: f,9) and (H,K: f,9) a Hall z-subgroup of
(4,B: f,9). Then (MNH, NNK: f,9), (MH/M, NK/N:f,g) and
(MH,NK: f,9) are well defined where f and § are homomorphisms
which are naturally induced by f and g, respectively.

Proof of Theorem 1. For each ¢=1, :--,n, set z,={p,|j+14} and
H;={S;|j+#1ty. Then each H, is a Hall r,-subgroup of A. By Lemma
3, there is a Hall #;-subgroup K,; of B such that (H,, K,: f, g) is well
defined. Set T';=(";.; K;. Then {T}, is a Sylow basis of B (cf. Proof
of [1, Theorem 4.8.5]). Furthermore S;=(";.; H; and so

f(Si)gg f(Hj)EjQi KJ=T¢§Qi 97V (H )=97'(S).

Hence, by Lemma 3, (S,, T,: f, 9) is well defined.

Proof of Theorem 2. Set 3,={1,...,m} and X,={m+1,-..,n}.
Furthermore set H,=<{P,|j+1i, j € 2>, K;={Q,|j#1, je€ ), m={p;|]
+1i, je 2} and II,={p,|j+#1, e 2,U2;}. Then, by Lemma 2, (H;, K;:
f, 9) is well defined and a Hall #;-subgroup of (M, N: f,g9). By Lemma
4, there is a Hall II,-subgroup (H¥,K¥: f,9) of (A,B: f, g) such that
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for ¢ e X\, it contains (H,,K,: f, g9) and for i ¢ ,, it contains (M, N : f, 9).
Set S;=(;: Hf and T,=(";.; K. Then, by the same way as in the
proof of Theorem 1, we have that (S,, T;: f, 9) is well defined. Fur-
thermore {S;}, and {T;}, are Sylow bases of A and B, respectively.
Hence {(S;, T;: f, 9}, is a Sylow basis of (4,B: f,9). Since S;NM
=P, and T,NN=Q, for ¢ ¢ X, this completes our proof.

Proof of Corollary. Let H=S,---S,, and K=T,.--T,. Then
(H,K: f,g) is well defined and a subgroup of (4,B: f,g). Further-
more {(S;, T;: f, 9}n is a Sylow basis of (H,K: f,9). Now our asser-
tion follows at once from Theorem 2.
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