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102. On the Theory of Surfaces in the Affine Space.

By Buchin Su.
Mathematical Institute, Tohoku Imperial University, Sendai.

(Rec. June 20, 1928. Comm. by M. FUJIWARA, M.LA., July 12, 1928.)

In connection to an interesting investigation on closed convex
surfaces due to Prof. T. Kubota? the main object of this note is to
treat the surfaces, called affine moulding surfaces, having oo! system of
curves which lie on parallel planes and are at the same time curves of
contact of the enveloping cones with the surface. A special class of
the affine moulding surfaces are defined as affine surface of revolution.
For the latter we show that our definition is equivalent to that
considered by Dr. Siiss.?

1. The equation to the affine moulding surface may be easily
deduced. In fact, take the curves on parallel planes (‘‘parallel curves”
say) and its conjugate system (‘‘ meridian curves ’’ say) as parametric
curves v, u; and let (¢ (w), 7(v), {(¥)) be the curve (I curve say) on
which the vertices of the enveloping cones along v=const. lie. Then
the surface is given by the equations :

x=exp(——g¢ dv) (SE ¢exp(S¢ dv)dv+ Ul),
y=exp(— S¢ dv) (Sv ¢exp(s¢ dv)dv+ Uz),
z=exp(—s¢ dv) (gc ¢exp($¢ dv)d'v+ Ua),

where ¢=(aé+by+cC—v)7!, a, b, ¢ being the (constant) direction cosines
of the parallel planes ; and Ui, Uz, Us are functions of u alone satisfying
the relation

a U1+b U2+C U3=0 .

In what follows we will denote the surface in consideration by

[a, & U].

Putting
o fon _ a ay ag
T= ((12 ﬁZ T2 )9 T=(181 ﬂ2 l83 )’
a3 fBs T3 n T2 73

we can prove the formula
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[a, T(®), U] =T[T(a), & T-(U)].

Now we define the affine deformability of two surfaces with
respect to the quadratic form in affine geometry in the same manner
as that with respect to the line-element in elementary geometry. We
can prove

Theorem. When the I'-curve is a space-curve, only the surface
fa, S¢§), Ul and those obtained from it by unit affinity are affine
deformable to [a, &, U], where

i 14+ ca cib cec k
S= cxa 1+cb e ke |,
csa csb 1+ee ks !

¢, C2, cs and ki, k2, ks being arbitrary constants with the relations:
acy+bea+cc3=0 , aky1+bka+ cks=0.

It is remarkable that S is unimodular and forms an Abelian group.

For the case where the I'-curve is a plane curve, some analogous
theorems may also be established.

Further we can prove

Theorem. If the affine normal of the meridian curve of an affine
moulding surface coincides with the affine surface-normal at the same
point, then the surface must necessarily be a quadric.

2. The affine surface of revolution is defined by the condition
that the affine surface-normal of an affine moulding surface falls in the
osculating plane of the meridian curves. This class is identical with
those considered by Dr. Siiss from quite a different standpoint, or in
other words :

Theorem. If the affine surface-normals of a surface all intersect a
given straight line, then the surface must necessarily be an affine surface
of revolution, and conversely.

From our definition we can deduce the general equation to the
affine surface of revolution from which many properties of the surface
follow immediately. Moreover, we can deduce some characteristic
properties of the surface in consideration. Among them the following
seems to be somewhat interesting.

Theorem. If one branch of Darboux’s curves always lie on parallel
planes, then the surface must necessarily be an affine surface of revolution.

If the last theorem be taken as a definition of the affine surface of
revolution, then we can also deduce the properties of these surfaces.



