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By Matsusaburd FUJIWARA, M.I.A.
Mathematical Institute, Tohoku Imperial University, Sendai.

(Comm. January 12, 1929.)

Let Jo (x) be the Bessel’s function of order zero, and consider the
system of functions consisting of

¢ @, )=y'zlz Jo(Ax), (A=0, 2>0).

This forms a system of generalized orthogonal functions in the sense
that I have defined in the previous paper in these Proceedings, 2 (1926),
that is,

M{o@ Do, 1)} =5y, @Gn=1for1=p, =0 for i-+p)
.1 (T
where M {f(w)} denotes hst f@)dx for T-—oo.
0

This fact follows immediately from the asymptotic formula

vz Jo@)=1"2 cos (—}—x) + 0(%)
and the following

Lemma. If f(x), g(x) are integrable in every finite interval in
0, ), and M {f (w)} exists, then M { g(x)} =M { f (x)} , provided

that ¢ (@) = F(@) +o(%).

As a generalization of the almost periodic functions of Bohr, I
have treated in the previous paper a class of functions (F'), uniformly
approximable by a linear combination of functions in the system

{go (x, l)} for t =0, and have deduced Parseval’s formula for the
class (F).

Recently Prof. Wiener has deduced in his important paper, the
spectrum of an arbitrary function, Proc. London Math. Society, 27
(1928), the Parseval’s formula for the almost periodic functions very
ingeniously by applying his theory of the spectrum of arbitrary func-
tions. I wish here to remark that Wiener’s theory can also be appli-
cable to the class (F).
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Let f(x) be a function satisfying the following conditions:

(A) M {|f(@)?|} exists, where M { % } denotes lim Elfrh(x)dx
-7
for T— oo,

B) g(t)=M] {f(w)f_'(x + t)} exists uniformly in ¢ (—o < t <®),
where f denotes the conjugate complex function of f.
Then after Wiener we can prove:

1) Rw) = %j g(® -Sl—rly—t dt exists and is non-decreasing and of
limited variation.

@ Re=2{R@+0)+Ru—0)}.

Therefore R (u) can have only discontinuous points of the first kind.
Let 4, 42, ...... be all discontinuous points on the interval (0, «), and
put
R(+0)=a¢, R4 +0)—R%—0)=ax-
Then
(8 ax>0, and R(x) existsand <g(0) = M{|f @) [2}.

If in addition to (A), (B), the condition:
(C) g (@) is continuous at t =0,
be assumed, then we have further

4 R(»)=g(0); and >ax isconvergent, < R(«).
G) If r@= (Real part of ¢ (t))—Z az cos 4, t, then ‘JR{ @) 2} =0.

If f(x) be assumed to be almost periodic, then the conditions
(A), (B), (C) are satisfied, and g (t), consequently 7 (), is also almost
periodic. Whence follows 7(f) =0, thatis:

(6) Real part of g (t) = > axcos Act.
(7) S ax=Real part of g(0) =M {|f@)|2}.

® R@) =A§uak + {0 if ud=4.

From this formula Prof. Wiener has deduced the Parseval’s formula.
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Now returning to our case, let F(x) be a real function belonging to
the class (F). Then it can easily be proved that

G@®) =M {F@) F @w+t)}, for t>0

exists uniformly and is uniformly approximable by a linear combination
of functions { cos At } .

If we put
fl@) =F@ for x=0, =+F(—=x) for <0,
and 9@ =M { f@F @& + 1)},
then M{IF(x)Iz}*—-ﬂR{If(x)]z},

g@)=G@® for t=0, g)=G(—1t) for t<O0;

for f(x), g(t) the conditions (A), (B), (C) hold good, and g (f) is almost
periodic. Therefore all the theorems (1)—(8) are valid.

Since in our case g () is real, we have from (6)

arl2 = M{g (t) cos A t}=M{G (t) cos A t}

—1tim-L (" costtdt[tim L ("F@) F+1d
= lm—T—,uocos T [Slglocs‘fo X X w]

. S .. 1T
= lim = F(a:)da;[hm—j F(x+t)coslktdt]
Jo TJ)o

1 rS . l x+ T _
= lim —UOF(x)dx[hm TL F (u) cos 4, (u a:)du],
) ailz= M{F(x) cos A x }2+ M{F (x) sin 4, x}z,

for the order of limits is interchangeable by the uniform convergence

of —‘IS;j:F(x) Fx+t)dzx.

Since

$(x, ) =1v7lx Yo(lz) =7 2 sin (%—/Ia:) +0(%),
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where Y, (x) denotes the Bessel’s function of the second kind, we have
by the lemma

Mig@ )¢@ n} =0, M{F@)¢@,d}=0,
M{F@) ¢, A} = M{F@)cos Az} + M{F @) sin Az},
and M{F@)¢ @&, )} = M{F@)cos Az} — M {F ()sin Az} .
From (7), (9) we have finally the Parseval’s formula
Sa=SM{FEe@, W)

=gO=M{IF@|2}.



