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43. On the Normal Stationary Process
with no Hysteresis.

By Kiyosi IT0.
Mathematical Institute, Nagoya Imperial University.
(Comm. by S. KAKEYA, M.LA,, April 12, 1944.))

§1. Let (2, P) be a probability field and 9 a system of real
valued random variables. M is called to be normal or of the Gaussian

type, if, for any x;(w)eIM, i=1,2,...,n, the random variable (ml(w),
2 w), ...,w,,(w)) is subjected to an n-dimensional (sometimes perhaps
degenerated) Gaussian distribution. This condition is equivalent to the

property that, for any x(w)eM, and for any weal a; ﬁia,—x,-(w) 18
=

normally distributed. Let xi(w), 1=1,2,...,m, yio), 7=1,2,...,n, be
elements in a normal system M. Then the non-correlatedness of xyw)
and yi(w) for any, 1,5, 1 <1 m, 1 <5< n, implies the independence
of (2:(@), 2(w), -+, wn(w)) and (i), ¥dw), -+, Yu(w)).

Let x(t, ), —co <t <o, be a stochastic process. If the system
of x(t, w), —o <t< oo, is normal, then the process will be said to
be normal. If the (conditional) probability law of x(f, ) under the
condition that x(f;, w), 2(t;, ), -.., 2(t,, ») should be given depends only
on the value x(¢,, w) for any & <<t,<<--- <t, <t, we say that x(¢, v)
has no hysteresis or is a simple Markoff process. This terminology is
applied to the case of a stochastic sequence x(k, »), k=0, £1, +2, ....

In this investigation the author owes much to the suggestions
given by Mr. T. Kitagawa and Mr. M. Ogawara.

§2. The form of the correlation function.

Theorem 1. Let x(k, w) be a mormal stationary (in the sense of
A. Khintchine) sequence. A mecessary and sufficient condition that
x(k, @) should have mo hysteresis is that its correlation function p(k) is
of the form &, —1<a< 1.

Proof. In order to avoid trivial complications we assume
E,(2(k, 0))=0, and E,(2(k, 0)?)=1. If we define (f(v),g(w)) by
E’w( f (w)g(a))), the closed linear subspace determined by the set a(k, w),
k=0, +1, +2, ..., is considered as a Hilbert space, where orthogonality
implies (stochastic) independence (Cf. S 1).

Sufficiency. For the proof it is sufficient to show that the con-
ditional probability law of z(k, ») under the condition that x(k—7, w)
=¢;, 1=1,2, ..., n, depends only on &,

We put y(k, w)=ux(k, w)—ax(k—1, w). Then we have
E,(y(k, o)u(k—1, w)) =t —ad* '=0, i=1,2,.... Since the sequence is
normal, y(k, ) is independent of (w(/c-—l, w), 2(k—2, w), ..., w(k—n, w)).
Therefore the probability law of ylk, ») is invariant even if we add
the condition: x(k—1, w)=§;, ©=1,2,...,n. Therefore the probability
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law of a(k, ») i.e. of ax(k—1, w)+y(k, ») under the same condition
depends only on &;.

Necessity. We fix a natural number » arbitrarily. Let L denote
the linear manifold determined by the set x(—i, w), ¢=1,2, ..., » and

‘ﬁia,w(—i, o) the orthogonal projection of (o, w) into L. Now we put
W (0, 0) =3 az(—1, &) +y(o)

y(w), being orthogonal to L, is independent of (x(—l, ), 6(—2, w), ...,
2(—mn, w)). We consider two conditions (A) 2(—%, w)=a;, t1=1,2,...,n,
(B) 2(—1, 0)=a;, 2(—1, 0)=0, 1=2,8,...,n. The expectation of %(0 )
is equal to gaﬁ under (A), while it is a? under (B). Since the sequence
has no hysteresis the two values must be coincident, from which

follows that a;=0, i=2,3,...,n. Thus the identity (1) becomes (0, w)
=aqa(—1, w)+y(w). Therefore we have

@) Pp(1)=E,(w(0, w)a(~1, v))
=aB,(2(—1, o)) + E,(y(o)e(—1, »)) =0,

Consequently we can see that 2(o, w)—p(1)2(—1, »), being equal to y(w),
is independent of x(-n, w), i.e. that Ew(ac( -, w)(x(o, w)—p(Da(—1, w)))
=0, and so that p(n)—p(1)p(n—1)=0. Since p(0)=1, we have p(n)=a",
n=0,1,2,..., where a=p(1), and so —1<a=<1l p(n), as an even
function, is equal to «™ for any integer n.

Theorem 2. Let x(t, w) be any normal stationary continuous (in
the strong topology in LA(%, P)) process. The mecessary and sufficient

condition that it should have mo hysteresis is that its correlation func-
tion p(z) is of the form e %!, a = 0.

Proof. We prove only the necessity, since the sufficiency can be
shown in the same manner as before. By Theorem 1 we have clearly

m|
pe)=p(%) >0 and p(lg-)=p(1)‘“‘=e M (a=—loga20). By

the continuity of the process we obtain that of p(c) and so p(z)=e ",
§3. The form of the sequence (or process).
Theorem 8. Any normal stationary sequence with no hysteresis is
expressible in one of the following three forms and its converse is also
true.

3) 2k, w)=x(w), k=0, +1, 2, ...
4) w2k, 0)=(—1)n(w), k=0, +1, +2,...
In these cases 1(w) denotes a normally distributed random variable.

(5) ﬂ'}(k, w)= ﬁ akﬂ”y(n’ ‘") y k=0, :I:]-: +2, ...,

where —1<a<l and yk,w), k=0,x1, £2, 18 an independent



No. 4.] On the Normal Stationary Process with no Hysteresis. 201

sequence of random variables subjected to the same Gaussian distribu-
tion and is expressible by x(k, ) as follows :

%) ylk, w)=a(k, 0)—ax(k—1, w).

Proof. We may assume E',,,(w(k, w))=0 and E‘,,(w(k, w)2)=1 with
no loss of generality. By Theorem 1 the correlation function p(k) is
equal to of, —1<a<1. In case a=1, a(k, ) is of the form (3),
since E,,,((x(k, ) —x(0, w))2)=2—2p(k)=0. Similarly we obtain (4) in
case a=—1.

Suppose that —1<<a<<1l. We define y(k, w) by (5). The pro-
bability law of w(k, ») is a Gaussian distribution. But we have, for
k> h,

E,(y(k, wYy(h, ) = plle—h) —aplle— h—1) —apll— h+1) + ook —h)
=gt — g g1 fh+1y 2 k~h

—ard
=0.

Therefore y(k, ), k=0, £1, £2, ..., is an independent sequence.
From (5') we deduce, by the principle of recursion,

wlle, ) =y(k, )+ axll—1, w)
= myln, )+~ N—1, ).

n=-N
But E‘,,((a"*N Hy(—N-—1, w))2)=a2"‘+N *D tends to 0, as N— . Thus
we obtain (5).
The converse proposition is evident.
Theorem 4. Any continuous stationary process with mo hysteresis
18 expressible in one of the following two forms, and its comverse s
also true.

(6) a(t, w)=u(w), —o <t < o,
where 2(w) is a normally distributed random variable.

13
@ ot o)== dyts, 0),
where y(t, w) i3 a brownian motion, i.e. a temporally and spatially

homogeneous process with no moving discontinuity, and is expressible
by «(t, w) as follows:

() Y(t, 0)—y(s, )=t w)— (s, ©) +a j:x(r, W),

and the integral in (7) is to be understood as a Riemann-Stieltjes
integral in the sense of the strong topology in LX2, P).

Proof. We may assume E.,,(oc(t, w))=0 and Ea,(w(t, w)2)=1 with
no loss of generality. By Theorem 1 the correlation function is equal
to e, > 0. If a=0, then the process is clearly expressible in (6).

Suppose that a>0. We define y(t, w) by (7). Making use of
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the identity E'm(w(t, w)x(s, w))=p(t——s)=e‘“"“", we can prove, by easy
calculations,

® Byt o)-ys0)=0 (<1,
©  Ef(yt ) —y(s, 0)})=24(t—s) (s<?), and
10)  E(1t, 0)—y(s, ) (yls, o) ~p(u, 0))) =0  (w<s<t).

Since the process x(t, w) is normal, (10) implies that y(t, w)—y(s, @)
and y(s, w)—y(u, ») are independent and normally distributed. There-
fore the process y(t, w) is a brownian motion.

The right side of (7) is clearly equal to

¢ ¢
S e~ g o(r, w)+a g e~ p(r, w)dz
¢ ¢
=[e"*¢"(z, w)]‘_.,,,——aj e~ *p(r, w)dr+a s e~ ylz, w)dr
=x2(t, w) .

Thus we obtain (7).
The converse proposition is evident*.

* The cost of this research has been defrayed from the Scientific Expenditure of
the Department of Education.



