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Let {p.(x)} be a system of normalized orthogonal functions in
(a, b) and consider the series

1) io ¢,0,(@)
such that ioc% <o,

By the Riesz-Fisher theorem, the series (1) converges in the mean to
a function f(x) in L. As usual we denote by s.(x) and o.(x) the
partial sum and (C,1)-mean of the series (1) respectively. In this
paper we discuss the convergency of

@) Sla@—f@kn,  k>1,
and .
®) 3 |s@)=on@) [, k>1.

For the case of trigonometrical system, the former is considered by
Hardy and Littlewood” and the latter by Zygmund®.

As an application of our theory, we shall give an alternative
proof of the Rademacher®-Menchof¥ theorem regarding the almost
everywhere convergence of the series (1).

1. Convergency of the series é (8 —1)%n.
(1.1) In the series (1), we get )

r {f;ll(sn—f Fin}de < A i:ca log n®.
For,

Y-

5[ -pra=35 (L 5 8)=510

n=1 n=1 \ N v=n+l v=2 =1

L<adaiony,
n y=1
which is the required.

For the case of trigonometrical system, we have

)

Salogn~ [ " |f@+0+fe—1)-2/@) Pl2tdudt

ey

1) G.H. Hardy and J. E. Littlewood, Duke Math. Journ., 2 (1936), pp. 354-382.
2) A. Zygmund, Fund. Math., 30 (1938), pp. 170-196.

3) H. Rademacher, Math. Ann., 87 (1922), pp. 112-138.

4) D. Menchof, Fund. Math., 4 (1923), pp. 82-105.

6) A, B, ... are constants, not always the same from one occurrence to another.
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Thus (1.1) is a special case of the result due to Hardy and Little-
wood®.
12 If i‘lcf,logn< o, then %cngo,, is (C, 1)-summable almost
everywhere in (a,b).

This is evident from (1.1) by the XKronecker theorem. This
theorem is a classical result due to Weyl® and Hobson®. Moreover

Borgen® proved that i}lc",’,{log (log n)}? << o is sufficient for almost

everywhere (C, 1)-summability. On the other hand Chen® proved
that this is equivalent to the Rademacher-Menchof theorem in the
next section.
2. Proof of the Rademacher-Menchof theorem.
@ I i‘ic";.(log n)t< o, Then ﬁocu% s convergent almost every-
where in (a,b).

The method of reduction of (2.1) from (1.2) has been sketched by
Zygmund®. But for the sake of completeness we reproduce it with
some simplification.

If we put

A:=<n+a ~——nu , Si= > %sC®,, on=8iA%,
)~ Tk 2 A-0ps, A=SH

then we have ot l— gt = (i‘.) vALLe,0,)aAl

b n
and [L (o= otyrdo= (33 /(A5 P} o A3
Accordingly

i s'b (‘_7:_—1— gg)idﬁ;:i {é uZ(Aa-—l )202}/ 2(’!‘L+1)(A'r)2
=ble n+1 = \a n-y) CyJ & n

< B3 n— v+ DR [(nt 1

N

< B3 ST (n— v+ DKVl 1

<B i:% Vel 22_” (n—p+1)%aV[(n+ 1)+
+B§o vic? 2“ (n—v+ ]_)Z(aﬁl)/(n_{_ 1)2a+l

n=2v+1

< P+Q, say.

1) G.H. Hardy and J.E. Littlewood, loc. cit.

2) H.Weyl, Math. Ann,, 67 (1909), pp. 225-245.

3) E.W. Hobson, Proc. London Math. Soc., 12 (1912), pp. 297-308.
4) S. Borgen, Math., Ann,, 98 (1928), pp. 125-160.

5) K. Chen, Tdhoku Math. Journ., 29 (1928), pp. 125-150.

€) A. Zygmund, Fund. Math., 10 (1927), pp. 356-362.



No. 5.] On the Strong Summability of Series of Orthogonal Functions. 253

Then P<BSIAE0+1) %13 (n—v+ 1%  (12>a>1/2)

A
Ms 3

o0
Byt -2l < ) 210?; ,
e

=0

A3

Ms

Q<BHB

Thus we get

IA

oo o
u—2:z+lc€ 2 n2(a-l) g C‘2 2 03 .
n=2y+1 y=1

y=1

S (a““—a‘:,)zl(n+1)dw§Di_oloc’;’., where 1=2a>1/2.
In the analogous way, we get for a=1/2
b oo o0
j S (o5 —ot¥l(n+ D dr S B3 log .

Thus we proved the theorem :
21.1) If 1Za>1/2 then we have

[ Se-armtni<asa,
and for a=1/2,
Sb gﬂ(a%‘——a’;‘,)”/ n+1)de < B écﬁ logn.

Further we have

@12) If ﬁo(ag)z/(nﬂ)—»o, then o550, for a>—1/2, ¢>0
and sp,=o0(Vlogn) for a=-—1/2.

n
For, | S| =| 33854z |=33 o A3 475"
z

< VB VB A S om0 )3 as 4w
= 0(1/ ,ﬁ )O('l/ nRates ) —_ o(na+1/2+c) .
The remaining part is analogous.

Proof of the theorem. If 202 logn < oo, then by (1.2), (1) is

(C, 1)-summable. From (2.1.1.) and 21.2), s,=o(vlogn). By the
well known theorem, the series

Ld

n%l/logn%

converges almost everywhere, provided that io?.logn< o, Thus
”2_}007;%. converges almost everywhere, provided that i}’cf,(log n): < co,
3. Behaviour of the series f}lls,.-f [*n.
=
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(B1) If leu@)| <K, (n=0,1,2,...) and f~%cm, then

b oo oo
X 3 s —fl'nde < A 33| e ['n"*log n,

o / Rad
ad ([ Ser )" <B(S el log ),
where 1<p=Z2Z5q9<o, 1/p+1/g=1.

For, by Paley’s theorem,

S 1 (% _rre SRS
S0 Jsa=flldz <A~ 3 e |2
n=l1qJa n=1 N, v=n+1

The righthand side series is less than

o0 v—-1 )
<A Z}z le, 1"»”“2%1/’)1 <B 271 le, |7»" 2 log v .
-] .1. 00
Further {}:,; le, |?7v2 (log )} < C (le e, |”(log u)”/")l/ .

Accordingly (Sb él 8u—f|%nde Ve <cC (i}ll ¢, |P (log u)”/")w.

Thus we get the theorem.
Analogously we get

(32) If |p@)| <K (n=0,1,2,...), then

yb il | $—Ff|PIndx = D ill ¢, [Pn”2logn

and (. Stsu=rPinds) "= B (3] euls Qg myie)™",
where 1<pL25g< o, 1/p+1/g=1.

These results were given by Izumi and Kawata” under more severe
conditions.

4. Behaviour of glsn—an |*/n.
41) If |en@)| =K (n=0,1,2,...), then

fz gll 82— 0w |*nde < AnE:n"‘z leal?,

b o 1/ 0
and (I. S1sa=oultindz) * < B el
where, 1<pL2Lg9g<eo,  1fp+1ljg=1
FOI', sn_an=(z:} ch%)/*'”fi‘l)-

1) S. Izumi and T. Kawata Toéhoku Math. Journ 45 (1939), pp. 134-144,
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By Paley’s theorem,
b b n
[C1oa=ontrdo={ 1 G epln+1) o
S A e, 1.

Therefore j |su—onltde < A3 -1 (53 b0, 179

n-l n G+1

<At S 1
y= n=v

gBﬁiﬂ'*zlc,I"-u'quiv"‘zlc,, o,
Thus we get the first inequality of the (4.1). The remaining is
given by
26 [ < O 6, I
Thus we complete the proof of theorem.

Analogously we get
42) If |pu@)| =K, (0=0,1,2,...), then

b oo oo
| Ssa=onlrinde= cEw2 e,

had / o
(gb in Sp—0n Ip/ndx)l sz D(Ell Cn Iq)l/q R
whers 1<p=2s¢<e, lp+tljg=1.

These results were considered also by Izumi and Kawata? under
more severe conditions.

5. Behaviour of the sequence {s}.

For any increasing sequence {p,}, (C,1)-summability of {s,} is
considered by Zalewasser®?. He opened the problem : For any f(x)e L?
18 the sequence {spy} (C, 1)-summable for all {p,}, where ¢ x) s
tmgonometrical system. Regarding this problem we get

(6.1) If §_}102, converges, (C,1)-summability of {sp} s equivalent
to the convergency of {s, 2y}.

If ¢,30, then we put

¢V(x) = (cpp_lﬂ $"27,,_1+1+ o +pr ?py)/r» ,

where =, _nt-+G )2,

1) S. Izumi and T. Kawata, T6hoku Math. Journ., 45 (1939), pp. 212-218.
2) Z. Zalcwasser, Studia Math., 6 (1936), pp. 82-88.
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and consider the series i T () .

Since {¢.(x)} is a normalized orthogonal system and Zrﬁ< oo, the
(C, 1)-summability of Zr,,;b,,(w) is equlvalent to the convergency of

{t»} where ¢, is the v-th partial sum of Z‘r.,;b,,(w)" Thus we get

the theorem.
From this, Zalewasser’s problem will perhavs be negatively
answered, but the author could not conclude it.

1) S. Kaczmarz und H. Steinhaus, Theorie der Orthogonalreihen, (1935), p. 190.



