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(Comm. by S. KAKEYA, M.I.A., Dec. 12, 1944.)

1. Introduction®.

Let (£, Py)) be the population of a sample with the parameter
0e®. Let H be any subset of . By the hypothesis H, H< 0, we
understand the hypothesis “#e H”. If H consists of only one point,
it is called a simple hypothesis, and if H contains at least two points,
it is called a composite hypothesis. When 6; e @ — H, the simple hypo-
thesis 6, is called an alternative hypothesis of H.

Let K be any subset of 2. The test of the hypothesis H by the
critical region K is defined as the following rule of rejection :

(1) if the realized sample point « belongs to K, H is rejected, and
(2) if we K, H is non-rejected.

With regard to this test we may consider two types of error.
The error of the first type e; is that which is made by rejecting H
when it is true, while the error of the second type e, is that which
is made by accepting H when it is false.

er is measured by the probability Py(K), 0 ¢ H, say e(K, 0).

Definition 1. K is called to be regular, if e(K, ), 0e H, is in-
dependent of 0, as far as 0 runs over H. The common value is called
the size of K and is denoted by eil(K).

ey is measured by the probability P,(2—K), 6,e0—H, say
en(K, 0,).

Definition 2. K, is called to be the most powerful against an
assigned alternative 6, if K, is regular and if, whenever K is any
regular critical region with the same size as K, we have en(Ky, ;) <
en(K, 6y).

The main purpose of this note is to prove that Student’s method
of testing the hypothesis concerning the mean of normal populations
is the best one in a certain sense (Theorems 4 and 6). For the proof
we make use of Theorems 3 and 5 concerning the regularity of critical
regions, which are the immediate results from Theorem 1 and 2 due
to Mr. K. Yosida, to whom the author owes much in this research
and wishes to express his hearty thanks.

2. Theorems of Mr. K. Yosida.

For the later use we shall prove two theorems due to Mr. K.
Yosida.

Theorem 1. Let f(x), — oo <z < oo, be any real-valued bounded
measurable function, and ¢(x) be any function e Ly(— o0, ) whose
Fourier transform does not vanish on the real axis. Then the condi-
tion that the integral

1) Cf. Wilks: The Theory of Statistical Inference, Princeton (1937), chap. V.
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[ sa—ws(an)
is independent of « implies f(x)=const. almost everywhere.

Proof. Since the Fourier transform of g(x) does not vanish, we
make use of Wiener’s theorem? to find, for any h(x) € Ly(— o, ) and

for ¢> 0, a linear form % a;9(x—«;) such that
S:l @) 3] aig(e— o) | de e
Putting M=sup | f(x)|, we have
[ he—ar@io—" (S age-u-o) @)
<M|” Iho—0-S ago—u—a)| dy

=M{” W)~ S glo— o) | do < Me,
and
|7 rors@da— | (S agt—a)f@ds| < Me.

By the assumption we have

S:( S aiglz—a;—a)) f@)da =3 aitmg(w)f (x)da
=[" (Bage—w)r@ds.

Therefore
l rwh(x —a) f(x)dr— th(x) f(x)da l < 2Me

¢ being arbitrary, we obtain

j:oh(oc — o) f(@)dz= S:h(x) F@)de .

Put L(E)=| (f@)+M)ds. Then L(E)=|" Cee)(f@)+M)d,

where Cx(x) is the characteristic function of a set E of finite measure.
Since Cglx) € Ly(— o0, ), we see that

|" coto—a(r@-M)an={" Cutw)(re)+)ds

viz. that L(E) is a translation-invariant set function. L(E) is clearly
non-negative and completely additive. Furthermore we have L(E) <
2M|E| <<co. Thus we have L(E)=c|E|, which implies f(x)+M=c
almost everywhere.

1) N. Wiener: Tauberian Theorems, Ann. of Math., 33 (1932), Th. II.
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Theorem 2. Let f(x), 0 <<x<co, be any real-valued bounded
measurable function, and ¢(x) be any function e L,(0, ) such that

S:g(x)ac“dxée 0 for any real t. Then the condition that the integral

rlg(%>f (x)dx is independent of #, implies f(x)=const. almost every-

0o a
where.

Proof. Put y=logzx, B=loga, G(y)=g(e"), F'(y)=f(e"), and H(y)
=G@G(y)e!. Then the integral :

|” Hy-pFwa

in independent of 8 by the assumption. Itis clear that H(y) € Ly(— o0,c0),
Moreover we have

|” B@emay={" cpemery={ gaptiso.

Thus we can make use of Theorem 1 to show that f(x)=const.
almost everywhere.

3. Student’s test (1).

Let (R, G.p) be a one-dimensional normal population with the
mean « and the standard deviation B. Let w=(wi, ws ..., w,) be a
random sample of size n from this population. Then the population
of this sample is the product measure space (R, Gu)*, say (2, P).
In this case the the pair (g, 8) corresponds to 6 in §1. Now we con-
sider the hypothesis a=a,, which is clearly a composite hypothesis,
since B is not specified. Student’s test is that whose critical region is
determined by

K+={w; K2l >c} or K_={w; Kl <—c}
s s

where @ =1 N, = 1 S (w;—&), and ¢ is a positive constant.
n n

This is a regular critical region. Any regular region can be obtained
by the following

Theorem 8. In order that K is regular it is necessary and suffi-
cient that | K-S(»)|=c|S(r)|, where S(r)={0; 3 (w;—a)*=7"} and
| | means the spherical area of K-S(r). The constant ¢ is equal to
61(K )

Proof. Since the sufficiency is obvious, we shall prove only the
necessity. The regularity of K implies that e((K, ay, #) is independent
of 8, viz.

) XL{( 1/.2_1; ; )"exp {—Ziz%ﬁ}dwl . dow=e(K) .

We put
() r= (2 (=)’



No. 10.] On Student’s Test. 697

Then the above integral will be written as

®  am=(Ge) (D) G L kso .

Since we have
o n=2 ;¢ .
rrn- T ity =902 2['(1‘.+@i> X0,
0 2 2

We obtain by Theorem 2,

4) fr’}“ | K- S(r)|=const.
almost everywhere, from which follows |K:S(r)|=e(K)|S(r)| on
account of (3).

Theorem 4. K, is the most powerful against any alternative
hypothesis (a, 8) such that « > a, and K_ is the most powerful against
any alternative hypothesis (a, 8) such that a <a,.

Proof. We prove only the first part, since the second part can
be proved in the same way. Let K be any regular critical region of
the same size as K,. Then we have by Theorem 3

(5) |K-S(r)|=|K,-S(r)]|.
Let ¢=%§3w,-. Since 7?=3" (t;— B +n(F—ar)?, K, is determined
by the condition of the form :

(6) T2 - ¢,
r

We have, by a simple calculation,

1-eu(K, a, B)=Pu(K)= <1_/’§17;—B)”j:e){p { - ﬁi@z%z—_ﬂ)i}

na—ap) (E—ap)
“{;2 ) }dadr,

[0 o0l
K-S(

1—en(Ky, a, B)=P.o(K,)= (———.é];n—;l—)nj:exp { - :’i‘lz(;z:ﬁ}

j exp { Ma— agg (@—a9) }dadr ,
K, oS

where o represents the coordinate on the sphere S(r) and do is the
surface element of S(r).
Now we have, by (6) and a>> a,

exp{ a— a) (£ — ag) }da—S exp{

J )
K-St B K, S

=s exp{ nla—ao) (F—a) }da

2
(K-K, S0 B

n(a— a;l (% — ayp) } ds
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exp{ 1o — a0) (E— ) }da

- j K, K>S g
Sexp {MemA (|- k)-8~ | (K. ~K) - 50)])

=0 (by (5)).

Thus we obtain 611(K+, a, B) ,§ eu(K, o, B).

4. Student’s test (2).

Let (R, G,) and (R, G4) be one-dimensconal normal populations
with the mean « and p respectively and with the same standard
deviation y. We choose a random sample of size m: (@, %z ..., Tm)
from (R, G,) and a random sample of size %n: (y1, ¥», ---, ¥»n) from
(R, Gg;). Then the sample point is (1, X, «oey Xy Y1p Y2y -++» Yn)-

The population of the sample is the product measure space
(R, G,)" ® (R, Gg,)", say (2, P,,). In this case the triple (e, 8,7)
correspond to 4 in S1.

We consider a composite hypothesis “a=p". Sludent’s test for
this hypothesis is that whose critical region is

K, ={(@1, %2, ooy Tomy Y1 Yzy -+ Yn) 3 T—F > €V msE+ns?}
or

K—={(wl’x2’ cors Ly Y1y Yo ¢ ayn) X— y<CVm32+n32}
where o'c=—1— 2%, Z7=*1—2%-, Sx=~/ 1 S (s — %)%
m ) m
3y=~/%2(y,-—g7)2, and ¢>0.

Theorem 5. Let S(u, r)={(x1, By oo B Yoo Yoy +-er Yn)§ RTY

m-+n
S~ w4+ (yi——u)2=rz}. Then, in order that K is a regular critical

[

region for “a=(", it is necessary sufficient that the spherical area of
KS(u, 'r)(=lKS(u, r) I) is equal to ¢|S(u,7)|. ¢ is equal to elK).

Proof. We shall prove only the neccessity, since the sufficiency is
evident. By the assumption we have

@ a®=( 5 ) || e |- (S-S w-pr)
dxy oo Ay oo Yo .
Now we consider an orthogonal transformation
T2 (g oo Loy Y1y 00 Yn) —> (Uo, Uz, oo Umsn1) »

mr+ny

where u,=vVm+n U= Then we have
vV m+n

PRSI mtn—1

(2) 3 (@ — o)+ (Ui~ a)=(u—V m+n aff + Z‘ uz.



No. 10.] On Student’s Test. 699

Therefore by (1) we have

V;—ﬂr'soj exp {—— (uo——w/‘@Iﬁa)z }duo(h_%;;)mmd

1 min-1 )
5$ exp {— — ,}_. ug }dulduz QU1
K-H(uo) 2

B  eaX)=

where H(uo) is the hyperplane: wu,=const.
From (8) we deduce, by Theorem 1,

m-n-1

because

00 ~__l___ {__ u() } 'b‘uotd { fﬁ 0
S,ou/%r P\ g TP T, }AF ’

In the same way as in the proof of Theorem 3, we obtain from (4)

(5) l K- H(’M«o){(uo, Uy +-vy umm_l) ; m;:.iiluf=’r2}l

m+n—1
=e(K) [{(to, ---» Umsn-1) ; 3 wi=r4],

where | | denotes the (m+mn—2)-dimensional spherical area.
On the other hand we have

m+n—1

= w=3 (10— )+ 3 (ys — af — (uo— V' m+n af
=2V (@i~ af*+32 (s —aff — (m+n) (u—a)?
=2V (g —ulP+> (y;—w)

Therefore the set in the left hand side of (5) is nothing but S(u, r).
Theorem 6. K, is the most powerful against any alternative
hypothesis (a, 5,7) such that «>pf and K. is the most powerful
against any alternative hypothesis (a, 8, 7) such that « <<A.
Proof. We prove only the first part, since the second part can
be proved in the same way. We use the same notations as in the
proof of Theorem 5. A simple calculation shows that

i) ool
(oo ... ool e[

where o represents the coordinate on S(u,7) and ds is the surface
element on S(u, r). Since we have

m+ng =r2— " (z—j)
m+n
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K. is expressible in the form

K+={(x17 L2y ooos Xy Y15 Y2 -+ yn); 5—272 cl'r} .

Therefore in the same manner as in the proof of Thorem 4 we can
prove en(K,, a, B) < en(K, a, ) for any regular critical region K.



