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Abstract

In this paper we first investigate linear extendability of an isometric
embedding T : ¢/ — Y from an open subset U/ of a real Banach space X
into a real Banach space ) in the case where ) is either the space Cr(K) of
continuous real-valued functions on a compact space K, or is a strictly con-
vex Banach space. Then we obtain similar results for the case where ) is an
arbitrary real Banach space and T : &/ — ) is an isometry whose range
satisfies some additional conditions.

1 Introduction

The problem of determining conditions under which an isometry between two
normed linear spaces is affine has been studied by many authors and has its
roots in the famous Mazur-Ulam Theorem [10]. By the Mazur-Ulam theorem
every surjective isometry between two real normed spaces is affine. Using the
idea of [18], a surprisingly short proof of Mazur-Ulam theorem has been given
by J. Vdisdla in [16]. This theorem has been generalized by many authors by
relaxing the surjectivity assumption. For instances, in [3], Figiel proved that for
an isometry T : X — ) between real normed spaces X and Y, there exists a
linear map S : Y — X such that S(T(x)) = x for all x € X and moreover
the restriction of S to the linear span of T(X) has norm 1. In [4], the surjectivity
assumption was replaced by a weaker assumption that every direction in ) can
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be approximated by a direction between two points in the range of the isome-
try T. In [1] Baker proved that every isometry from a normed space into a strictly
convex normed linear space is affine. On the other hand, in [17] it was shown that
for a real Banach space X and a compact Hausdorff space K, if T : X — Cr(K)
is an isometry with T(0) = 0, then there exists a closed nonempty subset L C K,
such that the superposition Qo T : X — Cgr(L) is a linear map. Here Cr(K) is
the space of all real-valued continuous functions on K and Q : Cr(K) — Cr(L)
is the restriction map. For some related results, we may refer to [18] and [12].
By introducing the notion of metricoid spaces, a generalization of Mazur-Ulam
theorem for isometries between metricoid spaces was given in [7].

In [9] Mankiewiz considered the extension problem of isometries whose
domains are subsets of normed spaces and proved that every surjective isometry
between open connected subsets of normed spaces can be extended to a surjec-
tive affine isometry between normed spaces. The extension problem of isome-
tries on unit spheres of some normed spaces has been considered for examples in
[8, 15,19, 20]

Recently, by proving some Mazur-Ulam type theorems, in [5] and [6], Hatori
investigated the problem of linear extendability of surjective isometries between
open subgroups (or certain open subsets) of invertible elements of unital Banach
algebras see [5, Theorem 3.2] and [6, Theorem 3.1].

Motivated by the Backer’s and Villa’s results concerning (into) isometries, and
Harori’s work on linear extendability of surjective isometries between open sub-
groups of invertible elements in Banach algebras, in this paper we first
investigate linear extendability of an isometry from a certain open subset U/ of a
Banach space X into a Banach space ), in the case where ) is either the space
Cr(K), for a compact Hausdorff space K, or a strictly convex Banach space. In
the first case we show that there exists a closed subset L C K and a real-linear
isometry T : X — Cgr(L) which extends Qo T (up to a translation), where
Q : Cr(K) — CRr(L) is the restriction map, and in the second case where )
is strictly convex, it turns out that such an isometry T : &/ — ) extends to a
real-linear isometry from &  into ) up to a translation.

Imposing some additional assumptions on the range of a given isometry
T : U — )Y, where )Y is an arbitrary Banach space, we obtain similar results
for this case (Theorems 3.6 and 3.8).

2 Preliminaries

Let X and )Y be normed spaces and U be a subset of X. A mapping T : U — Y
is called an isometrical embedding or an isometry if |Tu — Tv|| = ||lu — v|| for all
u,v eU.

As we mentioned before, Mazur-Ulam Theorem states that any surjective isom
etry T : ¥ — ) between real normed spaces & and ) is real-linear up to a trans-
lation, that is, T — T0 is real-linear. A normed linear space ) is said to be strictly
convex, provided that for each a,b € ) the equality ||a + b|| = ||a|| + ||b|| implies
{a, b} is linearly dependent, or equivalently for nonzero elements a,b € ), the
equality ||a + b|| = ||a| + ||b|| implies that a = tb for some t > 0. For instances,
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inner product spaces as well as £, spaces for 1 < p < oo are strictly convex.
By Baker’s result [1], every isometrical embedding from a normed space into a
strictly convex normed space is affine. We recall that in a strictly convex normed
space ), by [1], for each a,b € ), %(u + b) is the unique point in ) with distance
equal to [|a — b|| from both a and b.

In a normed space X, a point a of the sphere S, = {x € X' : ||x|| =7}, 7 > 0,is
called smooth if there exists a unique f, € X* such that f,(a) = ||a|| and || fz]] = 1.
Mazur proved that the set of all smooth points in a separable Banach space X is
a dense G; subset of X (see [13, Proposition 9.4.3]).

For a compact Hausdorff space K we denote the Banach space of real-valued,
respectively complex-valued continuous functions on K by Cgr(K) and C(K) en-
dowed with the supremum norm || - || . For each t € K, the evaluation func-
tional at ¢t defined on these spaces will be denoted by ;. For each continuous
function f on K we denote the maximum set of modulus of f by M(f), that is
M(f) = {x € K: |f(x)] = [ fll-

Let X be a real or complex normed space and X" be the closed unit ball of
X" endowed with the weak-star topology. Let iy be the isometrical embedding
from & to Cr(A;") or C(A&;") defined by ix(x)(I) = I(x), for] € A} and x € X
There are some real or complex normed spaces X containing an element ey such
that for each x € X, the equality iy(x) = 0 on the maximum set M(iy(ep))
of iy(eg) implies that x = 0. Clearly if A is a commutative semisimple unital
complex Banach algebra with unit element e, then the maximum set M(i (e))
has this property. More generally, if B is a unital complex Banach algebra, A is
a closed semisimple commutative subalgebra of B containing the unit of B and
Xo is an invertible element of B with ||xo|| = ||x;!|| = 1 (for example unitary
elements in C*-algebras satisfy these conditions), then for the complex normed
space X = Axo, the element xg € X has the mentioned property. Indeed, for each
complex homomorphism ¢ on 4, it is easy to see that the map ¢ € X* defined
by ¢(xx9) = ¢(x), x € A, is an element of the unit ball of A* with ¢(xg) = 1.
Hence, since the maximum set M(iy(xg)) of iy (xo) contains all @, it follows that
for each x € A withiy(xxp) = 0on M(iy(xo)) we have ¢(x) = 0 for all complex
homomorphisms ¢ on A and hence x = 0.

3 Main Results

Given real normed spaces &’,) and an isometrical embedding T : Y — Y
where U is a certain subset of X', we investigate the extendability of T to a linear
isometry between X and ). We first consider the case where Y = Cr(K), for
some compact Hausdorff space K and then we investigate similar problem for
the case that the range of T is contained in a strictly convex real Banach space Y
or satisfies a property as a subset of an arbitrary real Banach space ).

The motivation of considering isometrical embeddings to Cr(K) comes from
Villa’s result [17] and Hatori’s result [5] and in the proofs we make use the ideas
of these papers. For stating the result, we need the following lemma concerning
smooth points of the spheres in Banach spaces.
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Lemma 3.1. Let X', be real Banach spaces and V be a nonempty closed subset of X
such that RV C V. Let T : V — Y be an isometric embedding satisfying T(0) = 0. If
a € V is a smooth point of the sphere S\, and f € Y* is a linear functional of norm one,
such that for all real r € R,

f(T(ra)) =rlal, (3.1)
then f(T(x)) = fa(x) holds for all x € V.

Proof. The proof is a minor modification of [13, Lemma 9.4.6] [ ]

Theorem 3.2. Let X be a real Banach space and U be a nonempty open subset of X
such that R\{0}4 C U. Then for each isometry T : U — (Cr(K),||.||x), where
K is a compact Hausdorff space, there exists a nonempty and closed subset L C K,
a function ¢ € Cr(K) and a linear isometry T : X — (Cr(L),|.||r) such that
T(u) = (T(u) — g)|1. holds forall u € U.

Proof. Fixing a point ey € U, there exists rg > 0 such that the closed ball B,,(ep) =
{x € U : ||x —ep|| < rp} is contained in Y. Since, by hypothesis R\{0}/ C U
replacing ep by 7€0 We may assume that 7o = 1 and consequently the convex
subset RTBy(eg) = {rx :r > 0,x € By(eg)} is contained in U/. We note that the
sequence {2} of elements of I/ converges to 0 and since T is an isometry on U,
{T(%)} is a cauchy sequence in Cr (K) and so converges to some g € Cg(K). Itis
now easy to see that the map S : &/ U {0} — Y defined by S(u) = T(u) — g for
u € U and S(0) = 0 is an isometry, as well. Hence replacing & by & U {0} and
T by S we may assume that U/ contains zero and T(0) = 0 (with this assumption
that U\ {0} is open in X).

Let V denote the norm closure of I/ in X'. Being an isometry, we can extend T
to an isometry, denoted again by T from V into Cg(K). We now define the map
T; : X — Cr(K) by

(0 a=20
T30 = { Ta-+ Jaleo) — T(lallo) o 20

Clearly T is well-defined, since for eacha € X, ||aley, a+ ||al|eo € ||a||B1(eo) C U.

We first claim that for each pointa € X', we have ,cg M(T(ra)) # @, where,
as we mentioned before, M(f) is the maximum set {t € K : |f(¢)| = ||f||x} of a
continuous function f on K. To prove the claim, it suffices to show that the family
{M(T(ra) : r € R} of compact subsets of K has finite intersection property. Let
1, "n € R be arbitrary. Without loss of generality we may assume that r; <
rp < ..<rypandr; = 0forsome 1 < i < n. Then for each t € M(T(rya) — T(r1a))
ifi <j <nthen

(rn —ro)llall =[IT(rna) — T(ra)lx = [(T(raa) — T(r1a))(t)]
<[(T(rna) = T(rja))(t)] + [T (rja)(t)| + [T (r1a))(t)]
<[|T(rna) = T(rja)llx + I T(rja)llx + [ T(r1a)[x
=(rn —r)llall +rillall = rillall = (ra —r1)]lal
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which shows that |T(rja)(t)| = rjlla|| = [|T(r;a)|x, thatist € M(T(ra)). Simi-
larly if 1 <j <1, then

(ru = r)llall =T (rma) = T(na)lx = [(T(raa) = T(r1a)) ()]
<[(T(raa)(®)] + [T (rja)) ()| + [T (rja)(t) — T(r1a))(t)]
<[ T(raa)llx + I T(rja)llx + [T (rja) — T(r1a)|x
=rullall = rillall + (rj = r1)llall = (rn — r1)]|al]

which implies that t € M(T(r;a)). Therefore, t € M(T(r;a)) forall1 < j <n,as
desired. Hence (,cg M (T (ra)) # @, as we claimed.

Leta € V be a smooth point of the sphere S, and f, € X be the functional
of norm one with f,(a) = ||a||. By the above discussion, there exists t, € K such
that for each r € R, T(ra)(t,) = €,r|a|| for some €}, € {—1,1}. Since for infinitely
many n € Z, €]} are all equal, it follows easily that there exists ¢, € {1, —1} such
that for each r € R, T(ra)(t,) = e,r||al|. Hence it follows from Lemma 3.1 that
fa(x) = €,T(x)(t,) for all x € V. Therefore, f, = €,0;, c T on V, thatis é;, o T has
a linear extension €, f, € X* (with norm 1).

We now consider the subset L of K as the closure of

Lo = {t € K: é; o T hasalinear extensionon X'}.

By the above argument, for every smooth point a € A which belongs to V), there
exists t;, € Lo such that |T(a)(t;)| = ||a]|. Asin [17], we consider two cases:
Case 1: Assume first that & is separable.

We note that V = U\ {0}, since 0 is in the closure of &/. Hence since U\ {0} is
an open subset of X’ and the set of all smooth points of X is a dense G5 subset of
X, it follows that the set of all smooth points of X’ contained in ¢\ {0} is a dense
Gy subset of V, as well. Let Q : Cr(K) — Cr(L) be the restriction map. Then
the definition of L shows that the equality

QoT(rv) =rQoT(v) (3.2)

holds for all » € R and v € V. Moreover, if a,b € V such thata +b € V, then
since for each t € Ly, é; o T has a real-linear extension on X we have

QoT(a+b)=QoT(a)+ QoT(b). (3.3)
Hence for each a € U, since a + ||alley, —||alleg € U C V we have

QoTy(a) =QoT(a+|aller) — Qo T(|lalleg) = Qo T(a) (3.4)

Setting T = Q o T, the above equality shows that T(a) = Q o T(a) for all a € U.
Now we show that T is a linear isometry from X" into Cr(L). To prove the
linearity of T, we apply a similar argument as in [5, Theorem 3.2]. Let c be a

nonzero element in X'. Then c + rey, ||c|]leo € U and ¢ + (r + ||c||)ep € U for all
r > ||c||. Hence by (3.3)

Qo T(c+reg) +QoT([lcllen) = Qo T(c+reg+ [|cfleo) =
Qo T(c+ |lclleo) + Qo T(reo)
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and consequently by (3.4)
T(c) = Qo T(c+reg) — Qo T(rep). (3.5)

We first show that T(a 4+ b) = T(a) + T(b), for every a,b € X. Since clearly T
is continuous we may assume without loss of generality that a # 0,b # 0 and
a+b#0.Since ||a + b|| < ||a]| + ||b]|, using (3.5) and (3.3) we have

T(a+b)=QoT(a+b+|alle+ [blleo) — Qo T(lalleo + [|blleo)
=QoT(a+ |lalleg) + Qo T(b+ [[blleg) — Qo T([lalleg) — Qo T(|[bfleo)
= T(a) + T(b)

Now we show that T(ra) = rT(a) holds foralla € X andr € R. Ifa = Oorr = 0,
then the equality is trivial. So assume that a # 0 and r # 0. The case where v > 0

is immediate from the definition of T and equality (3.2). In the case where r < 0,
since —a + ||a||eg, a + ||a||eo, 2||alle € U it follows from (3.3) that

QoT(—a+ |allen) +QoT(a+|lallen) =QoT(2]|alleo)
=Qo T(llalleo) + Qo T([|alleo)

and therefore

T(ra) = —r(QoT(~a+|lalleg) — Qo T([lalleo))
=—1(=QoT(a+ |alleo) + Qo T(|lalleo)) = rT(a).

which shows that T is linear.
Clearly for each pointa € &,

IT(@)lL =|Q o T(a+ llalle) — Qo T(llalle)]],
<||T(a+ llalle) — T(llalle)]|

=lla+ llalle = llalle]| = [lall.

Now if a2 € X' is a smooth point and ¢, € Lg and f, € X'* are as in the beginning
of the proof, then since a + ||a||eg, ||alleo € U and 6, o T = €,f, on U we have

IT(@) |l = |T(a)(ta)| =|T(a+ llalleo) (ta) — T(llalleo) (ta)]
=lea(fala +lalleo) = fa(llalleo))]
=|fa(a)| = [lal|

Therefore, for each smooth pointa € X, ||T(a)||, = ||a||. Hence in the case where
X is separable, since the set of smooth points is dense in X and T is linear we
conclude that T is an isometry from X into Cg(L).
Case 2: Now we discuss the general case that X’ is not necessarily separable.
The argument for this case is similar to the one given in [17]. Using the above
argument, for every separable closed subspace X of X, since Tx = T|ynx :
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U N X — Cr(K) is an isometry, there exists a closed subset L(X) C K, and a lin-
ear isometry Tx : X — Cgr(L(X)) such that Tx(u) = T(u)|px) forallu € UNX.
We recall that, by the above argument, Tx(a) = (T(a + ||allep) — T(llalleo))|rx)
holds for alla € X.

If X; and X, are two separable closed subspaces of X, then the closed sub-

space X1 + X; of X containing X; U Xj, is a separable closed subspace of & and
L(X; 4+ X2) € L(X1) N L(X2). Therefore, the family

{L(X) : X is a closed separable subspace of X'}
has finite intersection property, and thus the intersection
L =n{L(X): X is a closed separable subspace of X'}, (3.6)

is a nonempty closed subset of K. Let Q : Cr(K) — Cr(L) denote the restriction
mapand T : X — Cg(L) be defined by T(a) = Qo T(a+ ||alleo) — Qo T(||alleo),
a € X. Thensince T|x = Tx for each closed separable subspace X of X, it follows
that T is linear and T(u) = T(u)|; holds for all u € . So it suffices to show that
T is an isometry.

Clearly, for each element a € X, ||T(a)|| < ||a|. On the other hand, for each
closed separable subspace X of X’ containing a, there exists tx € L(X) C K such

that | Tx (a)(tx)| = ’TX(Q)HL(X) = ||a]|. Choosing a limit point ¢y € K of the set
{tx : X is a closed separable subspace of X' containing a}

we conclude that |T(a)(to)| = |T(a)||. = |la||. So we need only to show that
to € L. Assume on the contrary that fp ¢ L(Xp) for some closed separable sub-
space Xp of X containing a. Then there exists a neighborhood V of ty such that
VNL(Xg) = @. Being ty a limit point, there exists closed separable subspace
Y D X such that ty € V, which is impossible since ty € L(Y) C L(Xp). Thus
to € Land |T(a)(to)| = ||a||, thatis T is an isometry. ]

We should note that for a complex unital Banach algebra A, the general groups
A~ of invertible elements of A and exp(A) = {IT"_jexp(x;) : x1,...,xn € A,
n € N} satisfy the hypotheses of the above theorem.

Corollary 3.3. Under the hypotheses of Theorem 3.2, if K is a compact metric space,
then there exists a linear isometry S : X — Cr(K) such that Su|p = (Tu — g)|L and

(Su)(K) C co((Tu — g)(L)) for all u € U, where L is a nonempty closed subset of K
and g € Cr(K).

Proof. Let g € Cr(K), L C K and linear isometry T : X — Cgr(L) be as in the
above theorem. Then since K is metrizable, it follows from Borsuk-Dugundji The-
orem ([14, Proposition 21.1.4]) that there exists a linear isometry S : Cr(L) —
Cr(K) such that Sf|; = f and Sf(K) C co(f(L)) for all f € Cr(L). Hence the
isometry S = So T : X — Cr(K) has the desired properties. |



522 H. Khodaiemehr — E Sady

We now obtain an extension property for isometries into strictly convex real
Banach spaces or into real Banach spaces with additional assumptions on the
range of the isometry. We recall that for a real or complex normed space X, iy is
the isometrical embedding from X" to Cr(X;") or C(X]). To prove next theorem
we use the following two lemmas:

Lemma 3.4. Let U be a nonempty subset of a real normed space X, Y be a strictly convex

real normed space and T : U — Y be an isometry. Then for each a,b € U, with %b elU
we have
a-+ b) _ T(a)+T(b)
2 7 2 '

T(
Proof. Leta,b € U. Then since T is an isometry

1T~ T@) = 1752~ all = Sla— bl = 2 1T(a) ~ T(0)]

and similarly,

1120 1)) = 21T (@) ~ TV

Hence by the uniqueness property in strictly convex normed spaces we have
T(#) _ T(ﬂ)JZrT(b). -

The following Mazur-Ulam type theorem has been proved in [6]:

Lemma 3.5. [6, Lemma 2.1] Let X and Y be real normed spaces and U and V' be non-
empty open subsets of X and ), respectively and let T : U — V be a surjective
isometry. If a,b € U satisfy ta + (1 — t)b € U for every t € [0,1], then

a+b,  T(a)+T(b)
2 ) = 2 '

1

Theorem 3.6. Let X be a real normed space and U be a subset of X with a nonempty
interior such that R\{0}4 C U . Let ) be a real Banach space and T : Y — Y be an
isometric embedding. Assume that either

(i) Y is strictly convex, or

(i) U and T(U) are open, R\{0}T(U) C T(U) and U contains a nonzero element
eo such that i(x) = 0 on M(i(eg)) implies that x = 0 forall x € X.

Then there exists yo € Y and a linear isometry T : X — Y (which is surjective in
case (ii)) such that T(u) = T(u) — yo for every u € U.

Proof. If 0 is an interior point of U, then &/ = X and the theorem is trivial. So
we can assume that I/ has a nonzero interior point. Fixing a nonzero interior
point ey € U (with additional mentioned property in case (ii)), there exists rg > 0
such that the closed ball B, (ep) = {x € U : ||x —ep| < ro} is contained in
U. As in Theorem 3.2 we can assume that rp = 1, 0 € U (such that &/\{0} and
T(U)\{0} are open in case (ii)) and T(0) = 0. As before, we define T : X — Y
by T(a) = T(a + ||a|leo) — T(||alleo) for all a € X'. We should note that for each
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nonzero a € X we have ﬁ +eo € Bi(ep) C U and consequently a + |jalleg € U

foralla € X.

Since 0 € U and for each u € U we have —u € U it follows from Lemma 3.4
that in case (i), 0 = T(0) = T(u) + T(—u), thatis T(—u) = —T(u). In case (ii),
using Lemma 3.5 for nonzero elements u and —u + -u, n € IN, in i we have the
same equality. On the other hand, for each u € U, since Z € U foralln € N,

using Lemmas 3.4 and 3.5 once again, we get T(”;%) = T(M)ET(%) for all n € IN.
Hence tending n — oo since T is continuous we get T(u) = 2T(%). Continuity of
T easily implies that for eachr € Rand u € U, T(ru) = rT(u).

We should note that for each u,v € U with ‘32 € U (equivalently u + v € U)

(u+v) _ T(w)+T(v)

we have, by Lemma 3.4, in case (i) that T = ————— and consequently in

this case, for such u,v € U we have
T(u+v) =T(u)+ T(v). (3.7)

Using Lemma 3.5 in case (ii) we have T(*32) = w for all u,v € U with
tu+ (1 —t)v € U\{0}, t € [0,1]. In particular, since for each nonzero a € U in
case (i) and a € R"By(eg) in case (ii), a + ||a||eo, ||a]leo € RTB1(eg) € U we have
T(a—+ ||lalleg) = T(a) + T(||a|leg) and consequently in case (i)

T(a) = T(a+ llalleo) — T(llalleo) = T(a) (a € U) (3.8)

and in case (ii)
T(a) = T(a+ ||alleg) — T([lalleo) = T(a) (a € R Bi(ep)). (3.9)

Hence in case (i), T is an extension of T.

Now in both cases since for each nonzero a € X and r > |a||, a + reo,
lalleg € R Bi(eo), using the same argument as in Theorem 3.2 we can show
that T is linear. As before, in both cases, T is an isometry. Indeed, for eacha € X,
we have

IT@)]| = [|T(a+ llalleo) = T(llalleo)|| = [la+ llalleo — llalleo]| = lla].

which shows, by the real-linearity of T that T is an isometry.

To complete the proof, it suffices to show that in case (ii), T is surjective and
T(u) = T(u) forall u € U. Set V = T(U\{0}). We note that since in case
(ii), V is assumed to be open, there exists s < 1 such that BSO(T(eo)) c V.
Hence T(Bj(ep)) 2 Bs,(T(ep)). Therefore, for a point y € V, since HyH + T(eg) €

Bs,(T(ep)) there exists a point x € By(ep) such that ﬁoﬂ + T(eg) = T(x). Since, by

(3.9), T(ep) = T(eg) and T(x) = T(x), the linearity of T implies that y € T(X),
that is T is surjective.

Given u € U\{0}, set b = T(u). Then since T is surjective, there exists
v € X with T(v) = b. Since u + ||ulleg € R By(ep) we have T(u + |lulleg) =
T(u + ||u|leo), by (3.9), and hence

lulllleoll =[|T(u + lluelleo) — T(u)|| = | T(ue+ llulleo) — T(@)]
=|Ju + l[ulleo = of| = [[ix (u + ulleo — o) ¢
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Hence for each I € AT, ix(u — v)(l) is in the closed disk By, |, (I|[lix (e0)(1))-
Using the same argument for —u + ||u||eg, we conclude that for each I € A7,
iy(u—0)(l) is in the closed disk By, (¢, (—lu[lix (e0)(I)). Therefore, for each
I € M(ix(e)), ix(u—ov)(I) = 0, that is iy(u —v) = 0 on M(iy(ep)) and
consequently u = v, by the assumption on M(iy(eg)). Therefore, T(u) = T(u),
as desired. n

Remark. a) We should note that the assumptions R\{0}T () C T(U) and
existence of a point ¢g € U/ with the mentioned property in case (i) of the above
theorem, have been used to prove the surjectivity of T and equality T(u) = T(u)
for all u € U. However, without these assumptions T is a linear isometry with
T(a) = T(a) for alla € R* By (ep).

b) The proof of case (ii) in the above theorem can also be applied for complex
normed spaces with the same hypothesis on M(ix(eg)). In this case T is a real-
linear isometry. As we mentioned before, in subspaces of the form Axy where A
is a closed commutative semisimple unital subalgebra of a unital complex Banach
algebra B and x¢ € B is invertible with ||xo|| = ||x;'|| = 1, the maximum set of
iax,(x0) has the desired property. Hence case (ii) of the above theorem, can be
applied for appropriate subsets i/ of Axy.

Next corollary is immediate from Theorem 3.2 and case(i) of the above
theorem.

Corollary 3.7. Let B be a unital Banach algebra, A be a closed unital subalgebra of B
and xo € B be invertible. If G is an open subgroup of invertible elements of A and
T : Gxg — Y is an isometric embedding, where Y is either Cr(K) for some compact
Hausdorff space K or is a strictly convex real Banach space, then there exists yo € Y and
a real-linear isometry T : Axg — Y such that T(axo) = T(ax) — yo, foralla € G.

We should note that an interesting generalization of Mazur-Ulam theorem for
isometric embeddings T : X — ) between real normed spaces X and ) was
given in [3] and then imposing an additional assumption on the range (weaker
than surjectivity assumption) a Mazur-Ulam type theorem was given in [4]. In the
next theorem and corollary we give similar results for the case where the domain
of T is an appropriate subset of .

Theorem 3.8. Let X be a real normed space, U be a nonempty open subset of X such that
R\{0}A C U and Y be a real Banach space. Let T : U — Y be an isometric embedding.
Then there exists a surjective linear map S : Y — spanld such that S(T(u)) = u for
all u € U and the restriction of S to span T(U) has norm one.

Proof. The proof of this theorem is a minor modification of [3, Main theorem]. As
before we can assume that 0 € U, U\{0} is open and T(0) = 0. Furthermore, we
can extend T to an isometry, denoted again by T from the closure V of U to V.

Let X7, )’ stand for the linear span of U and T (U/), respectively. If dimX’ = 1,
then since RV C V it follows that V = X’ and so by [3, Lemma 1] there exists a
linear map S: Y — X’ such that ||S|| =1, S(T(x)) = x forall x € X”.

Now assume that X" is finite dimensional. Then since X" is a separable Banach
space, the set of all smooth points of X’ is a dense subset of X’ and as before the
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set of all smooth points of X’ contained in V is dense in V. As, in this case,
X" = spanld = spanV it follows that there are smooth points a3, ..., a, in V such
that X' = span{ay, ..., a, }. This easily implies that { f,,, ..., fa, } is a basis for (X”)*.
For every 1 < i < n, using the previous case, we can choose s; € V* with ||s;]| = 1
such thats;(T(ra;)) = r||a;|| for allr € R. Hence by Lemma 3.1, foreach1 <i <n
and v € V we have s;(T(v)) = f,,(v). Now consider the map S : Y — X’
defined by

S(y) =G (s1(y)ssn(y) (e,

where G : &’ — R" is the linear isomorphism defined by G(x) = (fs,(x), ...,
fa,(x)). Then S is a linear map whose restriction to )’ is continuous and for each
ve,

S(T(v)) = G~ (51(T(0)), s $u(T(0))) = G (fay (0), v, f, (0)) = 0.

By a similar argument as in [3, Lemma 4], we get ||S|y/|| = 1 and then the same
argument as in [3, Main Theorem] can be applied to complete the proof for the
general case that X” is not necessarily of a finite dimension. m

Corollary 3.9. Under the hypotheses of the above theorem , if for every unit vector
y € span T(U) there exist a,b € U and A € R such that

1
ly = A(T(a) = T@)] <3, (3.10)
then there exists yo € Y and a (real) linear isometry T : X — Y such that T(u) =
T(u) — yo for every u € U.

Proof. Assuming 0 € U, U\{0} is open and T(0) = 0 and extending T to an
isometry, denoted again by T from the closure V of U to ), we define T: X — Y
by T(0) = 0 and T(a) = T(a + ||alleo) — T(||alleg) for a # 0 which is clearly
well-defined.

By the above theorem there exists a surjective linear map S : Y — spani/
whose restriction to span T(U/) is of norm one and S(T(u)) = u forall u € U. The
hypothesis on the unit vectors in span T(I/) easily implies that the restriction of S
to the linear span )’ of T(U/) is injective (see the proof of unique theorem in [4]).

Let X’ be the linear span of . As S~1 : X’ — )’ is a (real) linear map and
S(T(u)) = u for all u € U which implies the same equality for all u € V, we
conclude that T(ru) = rT(u) holds for all ¥ € R and u € V. Moreover, ifa,b € V
such thata+b € V, then T(a + b) = T(a) + T(b). In particular, for eacha € U,
since a + ||a||eo, —||alleo € U C V we have T(a) = T(a + ||a|leo) — T(||alleg) =
T(a).

Now the same argument as in the proof of Theorem 3.2, shows that T is a
(real) linear isometry. [ ]
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