Periodic solutions for second order Hamiltonian
systems with general superquadratic potential*

Yiwei Ye Chun-Lei Tang'

Abstract

In this paper, we study the existence of nontrivial solutions and ground
state solutions for the second order Hamiltonian systems:

i(t)+ A(H)u(t) + VE(tu(t)) =0 ae. te|0,T],
where A(t) isa N x N symmetric matrix, continuous and T-periodicin ¢. Re-
placing the classical Ambrosetti-Rabinowitz superquadratic condition by a

general superquadratic condition, we prove some existence theorems, which
unify and improve some recent results in the literature.

1 Introduction and main results
Consider the second order Hamiltonian systems
i(t) + A(Hu(t) + VF(t,u(t)) =0 a.e.t €[0,T], (1.1)

where A(t) isa N x N symmetric matrix, continuous and T-periodic (T > 0) in t.
F:[0,T] x RN — R satisfies the following assumption:
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(A) F(t,x) is measurable in t for every x € RN and continuously differentiable
in x for a.e. t € [0, T}, and there exista € C(R*,R"), b € L'(0,T; RT) such
that

[E(t, %) < a(|x[)b(t),  [VE(Lx)] < a([x[)b(t)

forall x € RN and a.e. t € [0, T).
Under assumption (A), the energy functional associated to problem (1.1) given
by
T T
= / ()2dt — = [ (A(E)u(t), u(t))dt — / F(t, u(t))dt
0

0

is of class C! on H%, where

H} = {u:[O,T] — RN

u is absolutely continuous,
u(0) = u(T) and u € L?(0, T; RN)

is a Hilbert space with the norm defined by

]| = (/ )| dt+/ |2dt)1/2.

It is well known that the critical points of ¢ are weak solutions of problem (1.1)
(see [1]).

The existence of periodic solution of problem (1.1), where A(t) = 0, was stud-
ied in Rabinowitz [2] under the following superquadratic condition:

(AR) There exist p > 2 and L > 0 such that

0 < uF(t,x) < (VF(t,x),x), V|x|>L, ae. t€]0,T].

Since then, this condition has appeared in most of the studies for superquadratic
problems, see [1, 3, 4] and references therein. A more natural condition than
condition (AR) is that:

(Fy) F(t,x)/|x|*> = +oo as |x| — oo uniformly for a.e. t € [0, T].

Although the (AR) condition is quite natural and important not only to en-
sure that the Euler-Lagrange functional ¢ has a mountain pass geometry, but also
to guarantee that the Palais-Smale sequence of ¢ is bounded, it is somewhat re-
strictive and eliminates many functions. For example, the function

F(tx) = |xPIn(1 + [x?),  V(tx) € R x RN

is superquadratic at infinity, but it does not satisfy condition (AR) for any u > 2.

For this reason, in recent years, some authors tried to weaken condition (AR).
We refer the readers to [5-16]. Fei [5] studied problem (1.1), where A(t) = 0,
replacing the (AR) condition by

lmin (VE(t,x),x) — 2F(t,x)

in 2P >0  uniformly in ¢,
X|—00 X
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for some B > 1. This result has been generalized in [6, 9, 10], where the existence
of periodic and subharmonic solutions of problem (1.1) was established by using
Rabinowitz’s generalized mountain pass theorem and the local linking theorem
related to it. See also [8, 15, 16]. On the other hand, Schechter [12] assumed the
local superquadratic condition: there is a subset E C [0, T] with meas(E) > 0
such that

lim inf F(t,x)

[x|=eo |x[2

>0 uniformly for a.e. t € E,

instead of (AR). By means of a Nehari type argument, Szulkin and Weth [13]
proved the existence of a ground state solution of problem (1.1), i.e., solutions
corresponding to the least energy of the action functional ¢ of problem (1.1). They
made the following assumptions:

(A1) F € C(Rx RN,R), VF € C(R x RN,RN) and F is 27t-periodic in .
(A2) F(t,x)/|x|> = +o0 as |x| — co uniformly in ¢.

(Az) |VE(t,x)| = o(|x]) as |x| = 0 uniformly in ¢.

(Ag) s+ s71(VF(tsx),x) is strictly increasing for all x # 0 and s > 0.

Theorem A (see [13, Theorem 29]). Suppose that F satisfies (A1)-(As). Then prob-
lem (1.1), where A(t) = —Iy, has a 27t-periodic ground state solution.

Very recently, Chen and Ma [14] considered the case that 0 lies in a gap of
o(B), where B := —d?/dt?> — A(t), i.e.,

(Ly) A:=sup(c(B)N(—0,0)) <0< A :=inf(c(B) N(0,+00)).

They obtained a ground state solution of problem (1.1) under conditions (A3),

A3) and:
By F(t,x),y) # (VF(t,y),x) forany t € R, if |x| # |y| and (x,y) # 0

F(t,x),y)(x,y) > 0 uniformly in ¢.

/—\
/—\/\/\

t,x)] <a(l+|x|*1) forsomea > 0and A > 2.
By) F(t,x) > Oforallx € RN, 2(VE(t,x),x) > F(t, x) forall x € RN\ {0}.

(
(
(
(
(
(Bs) F(t,x) = F(t,y) and (VF(t,x),y) < (VFE(t,x),x) uniformly in ¢, if |x| = |y|.
Theorem B (see [14, Theorem 1.1]). Suppose that F : RN x R — R is continuous,
T-periodic in t and continuously differentiable in x. Assume that (Ly), (Az), (As3)
and (By)-(Bs) are satisfied. Then problem (1.1) has at least one ground state T-periodic
solution.

We should mention that in [14], the authors applied a variant generalized
weak linking theorem for strongly indefinite functionals developed by Schechter
and Zou [17], which was used to investigate the existence of ground solutions for
Schrodinger equations, see [18, 19, 20]. This approach is not very satisfactory, be-
cause working with a family of perturbed functionals makes things unnecessarily
complicated.
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In this paper, using an approach different to that of [13, 14], i.e., the general-
ized mountain pass theorem of Rabinowitz, we can prove the same result under
more generic conditions, which unifies and improves Theorems A and B.

Theorem 1.1. Assume that assumptions (Lg), (A) and (Fy) are satisfied and:
(F2) |VF(t,x)| = o(|x|) as |x| — O uniformly for a.e. t € [0, T].
(F3) Foreach (t,x) € [0,T] x RN,

VF(tsx),x) . . ..
>( (S ) )zszncreasmgzns>0.

Then problem (1.1) has at least one T-periodic ground state solution.

Remark 1.1. It is important to note that condition (F3) holds for functions F in
Theorem B. Indeed, assumption (B7), together with (A3) and (B;), implies that

g(s) =

For s1, 55 € (0, +00) with s1 # sp, using (B1), we get

is strictly increasing in s > 0.

(VE(t,sx),x)

(VE(t,51x),82x) # (VF(t,82x),81%), Ve [0,T], x € RN\ {0},

so that,

(VF(t,s1x),x) y (VF(t,s2x),x)

5 5 = g(s2)

g(s1) =

forallt € [0,T] and x € RN\ {0}. Hence ¢ must be a strictly monotone mapping
on (0, +c0). It follows from (Aj3) that

|\VE(t,sx)||x|  |VE(t,sx)

| x> =0 (s = 07),
s |sx|

8(s)] <

which implies that

lim g(s) =0. (1.2)

s—0*t

Moreover, using (B;), we obtain

(VE(t,sx),x)

; (sx,sx) = (VF(t,sx),x)(sx,x) >0

g(s)[sx|* =
for all (t,x) € [0, T] x RN and s > 0, which yields that
g(s) >0, Vs>0.

This, together with (1.2) and the monotonicity of g, shows that g is strictly in-
creasing in s > 0.
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Remark 1.2. Theorem 1.1 unifies and extends Theorems A and B.

e Comparing with Theorem A, the strictly increasing assumption is removed
and the range of the matrix A(f) is expanded. Hence our result applies to
more general situations. We emphasize that the strictly increasing assump-
tion plays an essential role in their argument. In fact, the starting point of
their approach is to show that for each w € E\ {0}, there exists exactly one
point s;, € R such that s, w belongs to the Nehari manifold

N ={uecE\{0}: ¢ (u)u=0}.

The uniqueness of s; enables one to define a map 7 : E\{0} — N
with m(w) = spw, which is important in the remaining proof.
If s — s~ 1(VF(t,sx),x) is not strictly increasing, then s,, may not unique
and their argument collapses.

e As stated in Remark 1.1, (By), jointly with (A3) and (B,), is stronger than
(F3). Besides, the conditions (B3), (Bs) and (Bs) in Theorem B are com-
pletely removed. Therefore, Theorem 1.1 greatly improves Theorem B.

There are functions F satisfying our Theorem 1.1 and not satisfying Theorems A
and B. For example, let

[ 5Pl —1xP+d =,
F(t,x) = { 0, x| < 1.

When the global condition (F3) is replaced by the local one:
(Ey) Por every (t,x) € [0, T] x RV, there exists M > 0 such that

. (VEF(t,sx),x)
s

St

is increasing in s > M.

We can establish the existence of nontrivial solution of problem (1.1) by using the
local linking theorem due to Luan and Mao (see [7]).

Theorem 1.2. Assume that assumptions (A), (Fy), (F2) and (Fy) are satisfied. If 0 is an
eigenvalue of —d?/dt> — A(t) (with periodic boundary condition), assume also

(Fs) F(t,x) >0(or F(t,x) <0), V|x| <rte]|0,T|forsomer > 0.
Then problem (1.1) has at least one nontrivial T-periodic solution.

Remark 1.3. There are functions F(¢, x) satisfying our Theorem 1.2 and not satis-
tying Theorems A, B and 1.1. For example, let

2In |x| — [x|> + 2 x| > 1
F t, = |x| 37 -
w0 ={ Xl <1

It is easy to verify that F(t, x) satisfies all the conditions of Theorem 1.2. But it
does not satisfy Theorems A, B and 1.1, since for t € [0,T] and x € RN\ {0},
s — s 1(VF(t,sx), x) is nonincreasing on (0,1/|x|).
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We shall prove more general results than Theorems 1.1 and 1.2.
Theorem 1.3. Assume that assumptions (L), (A), (Fy) and (F,) are satisfied and:
(F;) There exists 6 > 1 such that

F(t,sx) <O0F(tx), V(tx)e[0,T] xRN, sec[0,1].

Then problem (1.1) has at least one ground state T-periodic solution.

Remark 1.4. Condition (F;) is originally due to Jeanjean [21] for a semilinear
problem on RN. Later, it was used in Liu and Li [22] to obtain infinitely many
solutions for p-Laplacian equations setting on a bounded domain. To the best of
our knowledge, there are few works concerning Hamiltonian systems with this
assumption.

Theorem 1.4. Assume that assumptions (A), (Fy) and (F,) are satisfied and.:
(F;) There exists @ > 1and C, € L*(0, T; R") such that
F(t,sx) < O0F(t,x)+ Cy(t)
forall (t,x) € [0,T] x RN and s € [0,1].

If 0 is an eigenvalue of —d?/dt* — A(t) (with periodic boundary condition), assume also
(Fs). Then problem (1.1) has at least one nontrivial T-periodic solution.

Remark 1.5. If (F;) holds, then for each (t,x) € [0,T] x RN, s — F(t,sx) is
increasing in s > M. Indeed, suppose that M < a < b, we have

F(t,bx) — F(t,ax)
= [ ((VFE(t, bx),bx) — (VF(t,ax),ax)) — (F(t,bx) —F(t,ax))}

B (VF(t,bx),x) @ (VF(t,ax),x)
= 2 [/M TdT — /M —————7dt

b a
- /ab (VF(t,T Tx), %) _ dT] g <(VF(t,b bx),x) (VF(t,aax),x))
_ / <(VF(t,bbx),x) - (VF(t,aax),x)) -
+2/ ( tbx x) (VF(t,TTx),x))TdT
g ((VF(t,b bx), x) (VF(t,aax),x))

> 0.
Particularly, using assumption (A), we see that

C.(t) =14 sup F(t,y) — inf F(t,y) € L1(0,T;R™).
ly|<M yl<M
With this C.(f) and 6 = 1, it is easy to check that (F;) holds. Similarly, (F3)
implies (F;). Therefore, Theorems 1.3 and 1.4 generalize Theorems 1.1 and 1.2,
respectively.
The paper is organized as follows. In Section 2, we state some preliminaries
and discuss the (C)* condition. In Section 3, we prove the main theorems.
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2 Preliminaries

Since the embedding of H% into C(0, T; RN ) is compact, there exists a constant
C > 0 such that

lullo < Cllull, ~ ¥u € Hy, (2.1)

where [[ul|os = max;c o1 ().

By the spectral theorem for compact self-adjoint operators on a Hilbert space,
the differential operator u — —ii — A(t)u has a sequence of eigenvalues (counted
in their multiplicities)

MS A< <A<

with A, — +oc0 as n — oo, and the corresponding system of eigenfunctions
{en :n € N} (—é, — A(t)en, = Aye,) which forms an orthogonal basis of H% Set

nm=#{ilA; <0}, n"=#{i|\;=0}, A=n +n°

and

H_zspan{ell...,en,}, Hozspan{en7+1l...leﬁ}, H+=Span{eﬁ+1,---},

Then one has
Hy=H"PH PH,

and there exists 6 > 0 such that
T T
| alat— [ (At > olul? 22)
0 0
foru € H" and
T T
| tulat— [, war < =s)ul? (2.3)
0 0
foru € H™ (see[1, p. 89]). For u € H}, we always write u = u™ +u~ + u®, where
ut € H* and u° € HO.

In order to find the critical points of ¢, we shall show that ¢ satisfies the (C)*
condition. Let X be a real Banach space with X = X! @ X? and Xé C X{ C---C
X/ such that X/ = Unen Xl,,] = 1,2. For every multi-index & = (aq,a2) € NZ,
denote X, = X,}Cl @Xﬁz. We say o < B <= a1 < B1, a2 < B2. A sequence (a,) C
N2 is admissible if, for every a € N2 there is m € N such thatn > m = a, > a.

We say that ¢ € C!(X, R) satisfies the (C)* condition if every sequence (u,, ) such
that (a;,) is admissible and

uzxn e Xlxnl Sup qo(urxn) < OO, (1 + ||u1)¢n||)||(PI(u“n)|| - 0
n

contains a subsequence which converges to a critical point of ¢.
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Lemma 2.1. Suppose that assumptions (A), (Fy) and (Fy) hold, then ¢ satisfies the (C)*
condition.

Proof. Let X = H}, X! = H*, X?> = H- @ H and define

X! = span{eni1, - ,eatn}, VnEN,
X2=X? VneN.

Then

- Ux, j=12

neN

Set (uq,) be a sequence in H such that («,,) is admissible and satisfying

Uay € Xuy, €1:= SUP @(ua,) <00, (14 ||ua, []) 9" (ttay, )| = O.
n

Hence, with u, := u,,, we have

T
lim sup <%(VP(t, ), ) — E(t u,,)) dt —
0

n—o00

lim sup (go(un) — %(go'(un),un>> <c. (2.4)

n—oo

Arguing indirectly, assume ||u, || — oo. Take w, = u,/||u,||, going if necessary to
a subsequence, we get

wy, —w  weakly in H%,
w, — w  strongly in C(0, T; RN). (2.5)

If w = 0, inspired by [21, 23], we choose a sequence (s,) C R such that

¢(Snitn) = 513[8)1(} ¢(sun).

For any m > 0, taking v, = v/2mw,, one has
v, =0 in C(0,T;RY) (2.6)
by (2.5). Now for n large enough, v/2m||u,||~! € (0,1), we deduce

@(snttn) > @(vn)

T
= m- ; Ivnlzdt——/ t)ou, Oy dt—/ F(t,v,)dt,
0
which implies that
T T
lim inf g (sytts) > m /0 F(t,0)dt > m — a(0) /0 b(t)dt

by (2.6) and assumption (A). Since m is arbitrary, we have

lim ¢(syuy) = +o0.

n—oo
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Noticing ¢(0) < +o0 and sup ¢(u,) < c1, we see that, for n sufficiently large,
n
sy € (0,1), and

T T T
0 0 0
= (@ (snltn), Snitn)
= s a4 (suy)
- M ds S:ano "
= 0.
Therefore, using (F;),
T/
/ (E(VF(t,un) i) F(t,un)> dt
> L dt— = [ cond
= _9 0 F(tzsnun) t_% 0 *(t) t

/OT (%(VF(t,Snun),Snun) — F(t,snun)) dt

1 T J
—%/O C.(H)dt

1 /T/1, ., 1

1 /T p
—5 | cna
_ 1(su)—i/Tc:(t)dt
= ¥t T og Jy &

a contradiction with (2.4).
Ifw # 0, theset O = {t € [0, T] : w(t) # 0} has positive Lebesgue measure.
For t € ()4, one has |u,(t)| = o0 as n — oo, so that, using (Fy),

F(t,u,(t
|(u‘n<n2>(|—z)) [wa(t)2 = 400 as 1 — co.
It follows from Lebesgue-Fatou Lemma (see [24]) that
F(t, E(t,
J
w#0 ||un|| w#0 ’u”|

On the other hand, assumptions (A) and (F;) imply that there exists L > 0 such
that

F(t,x) > — m[gz(]a(s)b(t), Vx € RN and ae. t € [0,T]. (2.8)
s€(o,

Hence we obtain

4

T
/ F(tr un)d maXse|(o,L) a(s) fo b(t)dt

2 t=>— 2
w=0 |[n|] [ 140 ]
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which yields that

lim inf / F (t’”’;)dtzo. 2.9)
w=0||unl]

n—00 || "

By the continuity of A(-), we deduce that there exists a constant G > 1 such that

T T
/0 (A(t)u,u)dt' <G /0 uldt, Vue HL (2.10)

Note

1 , 1T, 1 /T T
o(itn) = = ||t ——/ 1] dt——/ (A(t)un,un)dt—/ F(t,un)dt, Vn € N.
2 2 Jo 2 Jo 0

Dividing both sides by ||u,]|? and letting n — co, we obtain

1 1 /T, 1 /T ) T F(t,uy)
- = Z wdt+—/ A(t)w, w)dt + lim dt
2 J, lwPde g [ A@ @t + lim [
T
> 1(1—G)/ jw|?dt + lim (/ + )F(t’—”’;)dt
2 0 n—oo \ Jw=0 Jwz0) ||unll
1 T ) F(t,uy)
> —1—G/ w|2dt + lim tn) gy
Z 2( ) 0 |wl =00 J1-£0 10, ||

:+OO

by (2.10), (2.9) and (2.7). This is impossible.

In any case, we deduce a contradiction. Hence (u,) is a bounded sequence in
Hi. Arguing then as in [1, Proposition 4.1], we conclude that the (C)* condition
is satisfied. n

To end this section, we state the local linking theorem due to Luan and Mao.

Proposition 2.1. ([7, Theorem 2.2]). Suppose that ¢ € CY(X,R) satisfies the
following assumptions:

(p1) X # {0} and @ has a local linking at 0 with respect to (X1, X?), i.e., for some
Yo > 0,

p(u) >0, Yuec X with ||u| <r,
p(u) <0, Yuec X* with ||ul| <r.
(¢2) @ satisfies (C)* condition.
(¢3) @ maps bounded sets into bounded sets.
(p4) Foreverym € N, ¢(u) — —ooas ||ul| — oo on X}, @ X>.

Then ¢ has at least one nonzero critical point.
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3 Proofs of the theorems

Since F(t,x) may be replaced by F(t,x) — F(t,0), without loss of generality, we
may assume that F(f,0) = 0 forall f € R.

Proof of Theorem 1.3. The proof will be divided into several steps.

Step 1. Note that (F;) corresponds to the special case of (F;) with C,(t) = 0.
As in the proof of Lemma 2.1, we conclude that, under assumptions (A), (F;) and
(F}), ¢ satisfies the (C) condition, i.e., (1) has a convergent subsequence in Hr.
whenever {¢(u,)} is bounded and (1 + [Juy||)||¢’ (un)|| — 0 as n — oo.

Step 2. There exist constants «, p > 0 such that

¢(u) >a >0, VueH'()oB,. (3.1)
Applying (F,), for 0 < € < /4, there exists L1 > 0 such that
|VE(t,x)| <e|x|, V|x|<L; andae.t€|0,T]. (3.2)
Hence
IF(t,x)| <e|x[>,  V|x|<Ljandae.tec[0,T]. (3.3)

Now for u € H' with |lu|| < L;/C, we have, using (3.3), (2.2) and (2.1),

0. 2 T
o(w) = ZlulP= [ F(tu)a
4 2 T 2
> CllulP—e [ JuPat
2 0
> 9 fulP.
So, choosing p = L1/C and & = 6p? /4, it follows that (3.1) holds.

Step 3. Lete € H* with |le] = 1and H = H~ @ H° @span{e}. Then there
exists €1 > 0 such that

meas {t € [0, T] : |u(t)| > e1||ul|} > €, Vue H\{0}. (34)

Indeed, if this does not hold, we have, for any positive integer n, there exists
u, € H\ {0} such that

1 1
meas{t €10, T]: |un(t)| > —HunH} < -
n n
By the homogeneity of the above inequality, we may assume that ||, || = 1 and
meas{t € [0,T] : |uy(t)| > %} < %, Vn € N. (3.5)

Noting dimH < oo, it follows from the compactness of the unit sphere of H that
there exists a subsequence, say (i), such that u, — ug for some uy € H. Hence,
using the equivalence of the norms on H, we have u, — ug in 12, ie,

T
/0 \up — up|?dt -0 as n — oco. (3.6)
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Evidently, ||ug|| = 1. So there exist constants dq, d» > 0 such that
meas {t € [0,T] : |up(t)| > di} > ds. (3.7)

Otherwise, one has
1
meas{te [0, T] : |ug(t)] 2;}20, Vn € N,
which yields that
T T
0< / uolPdt < Tlluoll% < = — 0
0 n

as n — oo. Thus, up = 0, a contradiction with the fact ||ug|| = 1.
Now forn € N, let

1
No={t€[0,T]:|up(t)| >dr}, An= {t €0, T]:|u,(t) < E}'
and A, = [0, T]\Ay. By (3.7) and (3.5), we obtain, for n sufficiently large,

1_d
meas(Ag [ | An) > meas(Ag) — meas(A) > dy — - > 2

2
Therefore, for n large enough,
T
/ lup — up|?dt > / |y — uo|?dt
0 NN An
1 2
> / (dl — —) dt
NN An n
dZ
> Zl -meas(Ag () An)
d2dy
-_ 8 7
which contradicts (3.6). Hence (3.4) holds.
It follows from (F;) that
Fltx) > %]-"(t,o) —0, Y(tx)e0,T]xRY,
that is,
(VF(t,x),x) —2F(t,x) >0, VY(t,x) €[0,T] x RV, (3.8)
For (t,x) € [0,T] x RN and s > 0, we have
d (F(t sx VF(t,sx),sx) — 2F(t,sx
4 (Bl _ (TFs0 s 22009 59
By (F2),
lim 5% _ (3.10)
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From (3.10) and (3.9), we deduce that
F(t,x) >0, V(t,x) € [0,T] x RV, (3.11)
Now, for u € H, take
Qu = {tc[0,T]: Ju(t)] = exfull} -
By (Fp), for M = Gsl_3, there exists L, > 0 such that
F(t,x) > M|x|>, V|x| > Lyandae.tc[0,T]. (3.12)

Hence, for u € H with ||u| > L, /e, we obtain
() < _§||u—||2+1/T|u+|2dt—1/T(A(t)u+ u+)dt—/TF(t w)dt
4 - 2 2 Jo 2 Jo ’ o
< 1/T|u+|2dt+9/T|u+|2dt—/ F(t,u)dt
— 2Jo 2 Jo Q-
< St P =M [ jupae
G
< Slwtl = M- &flu* - measO,
G
< St = M- glul?
G
< = lull® (3.13)
by (3.12), (3.11), (2.10) and (2.3). Let

Qz{sezogsgsl}@{ueH_@Ho:||u|| gsl}.
Then we have
0Q=0:1JQ21J Qs
where
Q= {uecH @H: |u <si},
Qy_:sle@{u eH PH: |u| gsl},
Q3:{se:0§s§sl}@{ueH_@H0:||u|| =51}.

By (3.13), one has
¢(u) <0, YueQlJOs
for s; > L, /¢e;. It follows from (3.11) that

T
p(0) < 2l P - [ Ftwdr <o, vuen @

which implies that
p(u) <0, YueQ.
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Thus we obtain
p(u) <0, YueadQ

for s; >max{p, Lp/¢€1}.

As shown in [25], a deformation lemma can be proved with the weaker con-
dition (C) replacing the usual Palais-Smale condition, and it turns out that the
generalized mountain pass theorem (see [26, Theorem 5.29]) holds true under
condition (C). Hence, by the generalized mountain pass theorem, there exists a
critical point u* € Hk such that ¢(u*) > a > 0.

Step 4. Now suppose that 0 ¢ o(B), then H’ = {0}. To get ground state so-
lution, we denote by K the critical set of ¢, i.e., K = {u € H% 2@ (u) =0,u # 0},
and adapt the argument of Jeanjean and Tanaka [27], where an asymptotically
linear problem in definite case is considered. Set

m =inf{¢(u):u € K}.

For any u € K, using (3.8), we obtain

rr
o) = 9) = 3lg' ) = [ |3(TF(w,0) ~ Fltw)| di 0.

Hence, 0 < m < ¢(u*), where u* is the nontrivial critical point found before.

Suppose that (u,) C K such that ¢(u,) — m. Then (u,) is a Cerami sequence.
By Step 1, (1) has a convergent subsequence. Without loss of generality, we can
assume that

u, —u in Hy,
u, —u  inC(0, T;RN).

If u =0, one has ||u,||c — 0as n — oo, so that, there exists N > 0 such that
ltnllo < L1, V> Ny

Note
5 T
0 = {g/(un), 1) = 5|12 —/0 (VE(t,un),u)dt,  Vn e N.
Using (3.2) and (2.1), we obtain

2 T
i IP < 5 [ VB )

2¢ [T
< 5|l
2¢
< STl ool oo
2e o +
< S TCunllljuyll,  Vn = Ni.

Similarly, one has

_ 2¢ B
|2 < STC |l |l 'm0 2 N
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Hence, we obtain

4
ETC?||uy|2,  Vn > N

a2 = o 112 + sy |12 <
5

As ||uy|| # 0 and ¢ is arbitrary, this is a contradiction. Hence, u # 0, a nontrivial
critical point of ¢. By (3.8) and Fatou’s lemma, we deduce

m = hgg‘fq’(”n)

= liminf (go(un) — %<§0/(un),un>)

n—oo

T
= liminf B(VF(t, Uy ), uy) — F(t, un)} dt
0

n—o00

Vv

/oT B(VF(t,u),u) - F(t,u)] dt
= ¢(u)

m.

v

Therefore, u is a nontrivial critical point of ¢ with ¢(u) = m. This completes the
proof. n

Proof of Theorem 1.4. We shall apply Proposition 2.1 to the functional ¢ associ-
ated to problem (1.1). We only consider the case where 0 is an eigenvalue of
—d?/dt* — A(t) and

F(t,x) >0, V|x| <randt € [0,T]. (3.14)

The other cases are similar.
(1) ¢ maps bounded sets into bounded sets.
It follows from (2.10) and (2.8) that

1 /T T
o(u) = E/ Pt — = / P, u)dt — /OF(t,u)dt

T
< g f) a5 [ J
< 2/ jaldt 5 [ uPdt + max a(s) [ bloja

< 2 b(t)dt
< Sl + maxa(s) [ o0

for u € H, so (¢3) holds.
(2) @ has a local linking at 0 with respect to (X!, X?).
Combining (3.3) with (2.2) and (2.1), we have, for u € X! with ||u|| < r, :=L;/C,

) T
o(w) = Slul?~ [ Fwa
012 /T 2
> —u||c—e u|“dt
> Slul?—e [ |u

0 2
>
> Zllul?,
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which implies that
p(u) 20, uweX!, |ul <r.

Foru =u~ +u’ € X> = H- @ HY satisfying ||u|| < r2 := r/C, using (3.14), (2.3)
and (2.1), we obtain

o, T
olw) < —Slu P = [ Etudt
S, _
< 5l

which implies that
p(u) <0, wueX? |ul <n.

Hence, (¢1) holds with ryg = min {ry,7,}.
(3) Finally, we claim that, for every m € N,

p(u) - —oo as |jull —>ooonX,%1@X2.

Indeed, it follows from the equivalence of norms on finite-dimensional space
X1, @ HO, there exists c; > 0 such that

ul] < calulp,  Vu € X, P H
Applying (F; ), there exists L3 > 0 such that

E(tx) > %C%(G +6)|x[2, Vx| > Lsand ae. £ € [0, T].

By assumption (A), one has

|F(t,x)| < rr[1ax]a(s)b(t), V|x| < Lzand a.e. t € [0, T],
s€|0,Ls

which implies that

F(t,x) > 233(G +0)|xf? — (G + )13 — max a(s)b(t),

SG[O,L:},}
Vx € RN and a.e. t € [0, T].

Combining this with (2. 10) and (2 3), we obtain, for u € X!, @ X2,

o) = 2/ it — ( (), u)dt — /TF(t w)dt

T
< w1t + +2 / wt ut _/
< 5l / i+t~ it~ [ F(t
- 1
< =Sl + St P - 3G+ 0) B+ ca

N -

_ T
< ——H 1>+ ||u+\|2 (G +0)(Ju™3+ [u’]3) + 3

2
< —Euu—n%;nwuz S(G+8) [t |P = 2(G+ )P +cs

S, _yp O
< =l = Sl l? = 5(G + )l + e

1
2
52
< _Z
2 + s,
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where c3 = ¢3(G +6)L3T/2 + maXge|o,1,] fo t)dt. This implies that
¢(u) — —oo as |ju|| — oo on X, P X~

Therefore, Theorem 1.4 follows from (1)-(3), Lemma 2.1 and Proposition 2.1. =
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