On the remarkable Lamperti representation of
the inverse local time of a radial
Ornstein-Uhlenbeck process

Francis Hirsch Marc Yor

Abstract

We give a description, in terms of “pseudo-stable increasing process”,
of the Lamperti process associated with the inverse local time of a radial
Ornstein-Uhlenbeck process. Following Bertoin-Yor, we also express, in two
particular cases, the law of the perpetuity associated with this inverse local
time.

1 Introduction

This Introduction consists of three first Subsections 1.1, 1.2, 1.3, which are de-
voted respectively to the presentation of the necessary prerequisites about the
Lamperti correspondence, the pseudo-stable increasing processes, and the radial
Ornstein-Uhlenbeck processes. We then state an identity in law (12), between two
subordinators, which is the main object of this paper.

In Subsection 1.4, we indicate the organization of the remainder of this paper,
which aims at understanding (12) in depth.

Finally, in Subsection 1.5, we stress the necessity of a precise determination of the
constant involved in the different definitions of the local times.
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1.1 Some preliminaries about the Lamperti correspondence

In 1972, Lamperti [10] established an extremely interesting correspondence be-
tween:

e on one hand, real-valued Lévy processes (&, t > 0),
and,

e on the other hand, Feller processes (X,,u > 0) taking values in (0, 0),
which furthermore satisfy the scaling property:

1
Ve>0, (Xeewu>0) "2 (c Xz, > 0) 1)

where (X, ,, u > 0) denotes the Markov process X starting at y.
Likewise, (Gt, t > 0) denotes the Lévy process starting at 0, and fora € R,
1
(Ear,t > 0) 12

o0
In the particular case where: / exp(¢s) ds = co a.s., Lamperti’s correspondence

(a+§t,t > O)

may be presented very simply in the form of either of the following identities:

exp(8at) = Xexpaa,r O 108(Xu) = Glogx,H,s 2)
t u
where: A; = / exp(&ss) ds, and: H, = / L do.
0 0 Xx,v

Put simply, Lamperti’s correspondence expresses the fact that the independence
and homogeneity properties of the increments of the Lévy process (¢, t > 0)
translate, via (2), into the scaling property (1) of the process X.

In the particular case where (§;,t > 0) is a subordinator, the law of the perpe-
tuity:

T=1() = [ exp(-G)

has been of great interest for a number of “real-world” problems, and many prop-
erties of this law have been obtained; see, e.g., Bertoin-Yor [1, 2], Salminen-Yor
[18], Khoshnevisan et al. [8]. We refer also to recent papers by Patie (e.g. [12])
and Kuznetsov et al. (e.g. [9]). In fact, for at least fifteen years, every month has
seen the publication of at least one paper on this subject in the Probability jour-
nals. Among other results, the law of 7 is characterized by its integral moments:

E[Z"] = n>1, 3)

(1) - D(n)’
where (®(s),s > 0) is the Laplace-Bernstein exponent of (;, ¢ > 0):

Elexp(—s&i)] = exp(—t ®(s)).
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In fact, quoting Bertoin-Yor [1] again, the relation (3) may be complemented as
follows: the standard exponential variable e may be factorized as:

law)

e 7. R )

with 7 and 'R independent, and R (or rather its law) is characterized by:

E, (Xit) = E[exp(—tR)], t>0. ()

(Vx > 0, P, indicates the law of the process (X, ),>0, while PP is a generic prob-
ability.)
Combining (3) and (4), the integral moments of R are seen to be given by:

E[R"] = ®(1) - - - D(n). (6)

More generally, for every p > 0, Bertoin-Yor [1] show the existence of a ran-
dom variable R, taking values in IR, such that:

E, (%f) = E[exp(—tR;)], t>0. (7)

Actually, (7) is the starting point of our recent paper [7] in which we consider,
more generally, functions f on (0, 00) such that, for every x > 0, the function:

t— Ex[f (X))

is a completely monotone function on (0, o), and (X ) is even replaced by a more
general Markov process.

1.2 Pseudo-stable increasing processes

In [7], we considered a particular class of Lamperti processes which we called
pseudo-stable increasing processes. A pseudo-stable increasing process of index
a € (0,1) and parameter A > 0, is the (0, c0)-valued process:

(XJ(C’f‘L’,A); x> 0,u>0):=((x* +Arf["))“; x>0,u>0)

where (Tt(“),t > 0) denotes the a-stable subordinator started at 0, defined from
the Bernstein function F,(s) = s*:

Elexp(—s Tt(“))] —e ', s>0,t>0.
Clearly, (XJ(fL’,A)

sociated subordinator is denoted ({;’g“’A),t > 0). The next theorem describes the
Lévy measure and the Laplace-Bernstein exponent of &(®4).

; x> 0,u > 0)isan increasing Lamperti process, whose as-
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Theorem 1.1 ([7] Theorem 7.1). 1. Let v(®") be the Lévy measure of & "), Then:

AIX

V) = r g

ev/zx (ev/zx . 1)—tx—1 do.

2. Let F, ) be the Laplace-Bernstein exponent of ¢ (@A) Then:

o Ll (s +1))

sz,)x(s) =A F(OCS) ’

s > 0.

1.3 Radial Ornstein-Uhlenbeck processes

Let d be a positive integer and (Bt((s), t > 0) be a 0-dimensional standard Brownian
motion starting from 0. For u > 0, the R%-valued Ornstein-Uhlenbeck process with

parameter y is the solution to:
t
ult =B~ [ ul as. (8)
0

Now, consider Z; = |Ut(5’” ) 2, where | - | denotes the Euclidean norm in IR°. Then,
(Zt,t > 0) is a nonnegative solution to:

t t
ztzz/ \/st,BS—Zy/ Zods+ 61 9)
0 0

where (Bs,s > 0) denotes a standard real-valued Brownian motion starting from
0. Of course, equation (9) makes sense for any real number § > 0. Hence, we
adopt the following definition.

Definition 1.1. For every real numbers 6§, y > 0, the radial Ornstein-Uhlenbeck
process of dimension & and parameter y is the process:

RM = Z, >0
where (Z;,t > 0) solves equation (9).

We refer to Pitman-Yor [15] and the references therein for further background
and motivation for the study of these processes. The solutions to equation (9) are
known, in mathematical finance, as Cox-Ingersoll-Ross processes, but the study
of (9) has been a very natural topic to discuss families of diffusions with the addi-
tivity property (Shiga-Watanabe [17], Pitman-Yor [13][15]). By definition, for an
integer 6 and u > 0, we have:

R = Ui,

and if ¢ is a positive real number and u = 0, the solution to equation (9) is
BESQ)(0) (the squared Bessel process of dimension ¢ starting from 0). Hence-

forth, we shall denote by (Rg(s),t > 0) the Bessel process of dimension ¢ starting
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from 0. Thus, R(®) may be viewed as R(®0),
In the sequel, we restrict ourselves to the case 0 < § < 2, and we set x = 1 — g € (0,1).

Consequently, we change slightly our notation replacing 6 by a. Thus, R(“ 2
(resp. R ) will be set for R( (resp R ) We shall denote by Ll ’V)
(Lg ’”),t > 0) (resp. LW := (LE ),t > 0)) “the” local time at 0 of R(“#) (resp.
(). Of course, these local times are defined up to a multiplicative constant.
Finally, we denote by I(®#) := (I(’W) I > 0) (resp. IW .= (I(“) [ > 0)) the
(ap)

inverse local tlme at 0 of R(H) (resp. R®), i.e. the inverse function of  —» L,

(resp. t — L ) (As a mnemonic for the fact that these processes are inverse
local times, we use [ for their time parameter, just as, e.g., (¢;,/ > 0) denotes It6’s
excursion process ...) These inverse local times are subordinators without drift,
and we denote respectively by A®“#) and A® their Lévy measures. According to
Pitman-Yor [15], the following representations hold.

Theorem 1.2 ([15]). 1. The process I\*) is an a-stable subordinator whose Lévy mea-
sure 1s:
AW (dv) = Cuo %1 do,

where Cy denotes a positive constant, which depends on the choice of normalization
of local time.

2. The Lévy measure of I(41) is

A\ H j —_ C 7[ ull—u)o j
(dv) ! (sinh(yv)) © ¢

1.4 A mere coincidence?

Inspection of the expressions of v(*4) in Theorem 1.1 and A(*#) in Theorem 1.2,
yields the identity:

p(@Ae) — Alap) (10)

with Y )
_ . —1—a @ - =
Ao = (C,Xf(l o) o ) and ji = >—. (11)

Expressed in terms of processes, (10) may be phrased as:

p@re) 12 a(a ) (12)
The following question is now natural: what is the status of the equality (10) or
its equivalent (12)? Is it a mere coincidence? One of the aims of this paper is
to answer this question (as might be expected, it is not a “mere coincidence”,
whatever this may mean ...).

This led us to the following organization:
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e In Section 2, we state an integral relationship between the local times L(*)
and L®), and we deduce therefrom a relationship between the correspond-
ing inverse local times.

e In Section 3, we prove that the Lamperti process associated with the sub-

ordinator: (2ua Il(“’” ),l > 0) is a pseudo-stable increasing process of index
«. This allows to recover Theorem 1.2 from Theorem 1.1, and to explain the

equality (10).

o In Section 4, we express the Lamperti process associated with (Il(“’y ),l > 0)
as some power of a time changed pseudo-stable process.

e Finally, in Section 5 we present some results of Bertoin-Yor [1] concern-
ing the laws of some perpetuities associated with the subordinators I(®#),
which are closely related with those discussed in the previous sections.

1.5 On constants C,, C,, Cy, ... 0<a<1)

As the reader shall soon discover, it is necessary in order to state our results pre-
cisely, to determine exactly which local times we consider. This care was also
needed in, e.g., Biane-Yor [3] and Pitman-Yor [14]. In particular, such precisions
are essential when proceeding with various values of the parameter «.

2 Anintegral relationship between local times

2.1 A general result

We start with a general result (see also, for instance, Chaumont-Yor ([5, Exercise
6.11]). In the sequel, the local times which are being considered, are defined via
Meyer-Tanaka formulae for continuous semi-martingales (see Meyer [11], and
Revuz-Yor [16, Chapter 6, Theorem 1.2]).

Proposition 2.1. Let (U, t > 0) be a continuous semi-martingale with Uy = 0. Let ¢ :
R+ — Ry be an increasing continuous function with ¢(0) = 0, and let h : Ry —
(0, 00) be a strictly positive, continuous function, locally with bounded variation. We set:

V() = h(t) Uy, t>0

and we denote by LY (resp. LV) the local time at 0 of the continuous semi-martingale U
(resp. V). Then:

t
vV _ u

Proof. By definition of the local time via Meyer-Tanaka formulae, one has:

t
| = /0 sgn(Us) dUs + LY
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where the function sgn is defined by:
sgn(x) =1 if x>0 and sgn(x) =-1 if x <0
(see, e.g., Meyer [11] for a first occurrence of this convention). Consequently:
o(t) 1
Upin| = /0 sgn(Us) dts + Ly
t
_ -1 u
_ /O sgn(V) d (((s) 7 Ve) + L
t t
= [ sen(vo) () Ve = [ (1)) 2 Vil dits) + LY,
(to avoid any confusion, let us insist that x ! means 1/x). Hence, we get:
Vil = h(t) [Ug(e|
t t t
_ /0 sen(V,) dV; — /0 (h(s))~" Vi dh(s) +/0 h(s) dLl
t
+ [ (n(s) 7" V] dhs)
t t
= [[sen(v) ave+ [ (s azd,

which, by identification, yields the desired result. n

2.2 Arepresentation of R(%H)

The following proposition is well-known (see e.g. Pitman-Yor [13, formula (6.b),
p- 454]). Nevertheless, for convenience of the reader, a proof is now proposed.

Proposition 2.2. We set, for u > 0,

Then:

Proof. We set:
_ 2t [pl@) ]
Zi=e2 R, |

and we recall (see Subsection 1.3) that 6 = 2 (1 — «). Then we have:

(Rﬁ””)z —2 /Ot R dB +6t.

Hence,

t t
zt:2/ VZse H dﬁey(s)—Zy/ Zyds +6t.
0 0
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We set:

i f s enlt) ~1/2
Bt :/0 e ¥ dBe,(s) :/0 (14+2uu) dp..

Now, (Et,t > () is a Brownian motion and:

t - t
ztzz/ \/st,Bs—Zy/ Zods+ 6t
0 0

It then suffices to use the weak uniqueness of solutions to (9). ]

2.3 Thelocal time at 0 of R(®#)

20
Definition 2.1. The process ([RE“)} , t> O) is a continuous semi-martingale,
whose local time at 0 is called the local time of the Bessel process R™*), and is denoted
2
by L®) . The process <[RE“’” )] Lt > 0) is also a continuous semi-martingale,

whose local time at 0 is called the local time of the radial Ornstein-Uhlenbeck process
R®1), and is denoted by L(®#).

2
Remark 2.1. In Donati-Martin et al. [6], it is shown that <[R§“)] : , 1> 0) is a

submartingale, and the authors define the local time at 0 of R(®) as the increasing
2u
process in the Doob-Meyer decomposition of [R(“)} . It is easy to see that the

local time L(*®) as defined in Definition 2.1 is twice the local time as defined in [6].
In particular, by [6, Proposition 3.1],

t
LE“) =4(1—a)alime 2179 / Lioe) (Rga)> ds.
0

e—0

As a consequence of Definition 2.1, Proposition 2.1 and Proposition 2.2, we
obtain:

Proposition 2.3.
(L™, ¢ = 0) (law) (

Remark 2.2. The local times we consider here are also diffusion local times for the
concerned diffusions, in the sense of Borodin-Salminen [4].

/ e g1 ).
0 eu(s)) =

2.4 Theinverse local time of R(®H)

Now we introduce the process [n) = (Il(“’”),l > 0) (resp. 1@ = (Il(“),l > 0)),
(a,

which is the right-continuous inverse of the local time: t — L, ) (resp. t —

LE“)). These are subordinators without drift.
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Proposition 2.4. The process %) is an a-stable subordinator whose Lévy measure is:

AW(dv) = Cuv™ 1 do (13)
with ——
Ce =T (14)
We also have:
1™, 1> 0) "2 (&1 >0) (15)

with

- [ "

=T Tar

In formula (15), (Tl(“),l > 0) denotes the a-stable subordinator defined in Subsection
1.2.

Proof. From Donati-Martin et al. [6, Proposition 3.2] and Remark 2.1, the Laplace-
Bernstein exponent of [ (@) ig:
27%71T(1 —a) g
[(1+a) ’
which yields (15), (16). Now, (13), (14) follow therefrom, since the Lévy measure
of T(®) is:

4

—a—1
F(l—oc)v do. n

@ (dv) =

Proposition 2.5. Set:
t —u
— (@)
Hyp(t) = /0 (1+2p1) " a
and let Ky, be the (continuous) inverse of Hy . Then:
() (law) (1 ()
(1, 120) 27 (o tog (1+2un ), 1=0).

Proof. By Proposition 2.3, we may set:

t eu(t)
L — /0 e M LY = /0 A+ 2uu) AL,
Therefore, by change of variable,

(@)

L
L = /o "1+ 2 )7 dl = Ha (Li%) '

Taking inverses, we get:
-1

B = (19 oe,)  (Kuull)
(where, here, 0~1(u) = inf{t; 0(t) > u}). Now,
-1 1
(a) — 1@ — — (a)
(L®oes) = (e ol 2 108 (1+2p1),

and the desired result follows. n
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3 The Lamperti process associated with 2pa I(*#)

Theorem 3.1. Let T*#) := 2ua I™*) and denote by Y\“1) the Lamperti increasing
process associated with 11, Then:

(AJEj’i;”),- x>0,u>0)= ((xl/”‘ + 2uad, Tl(fx))“; x>0,u>0)

where Ay is defined in (11) by: Ay = (Co T(1 — ) a‘l_”‘)l/“, and C, is defined in (14).
Thus, with the notation in Subsection 1.2, Y *#) is the pseudo-stable increasing process:

X(@w2uada) gy
1 TA-w) \Y* 1«
A= <2F(1 n oc)) =5 G 17

Proof. We keep the notation of Proposition 2.5. We may assume that:
(i) _ 1 (a)
Il ]/l 1Og (1 + Z‘M IK/XM( ))
Then, one has:
— femY gr= [ @ "
A = / op (1) = [ (1+2u1) )" @

— /OK'X'”( ! (1 + 2u 11(“))“ (1 + 2u IZ(IX))_LY dl = Ko u(t).

Therefore, the inverse function of t — A; is Hy ;. This entails, by the definition,

that:
Vit = (1+201)"

By Proposition 2.4 and (11),

(1,1 >0) "2 (&1 > 0)
with
Co = [C,X I(1—a) oc_l] e = Ay
Hence,
(i, 0= 0) = (1 + 2m, 1), > 0),
and the desired result follows from the Markov property. n

Remark 3.1. We set, asin (11), yt, = 1/2a. Then Theorem 3.1 entails that the Lam-
perti process associated with I(®#«) is the pseudo-stable process: X(®*«), Conse-

quently, we have:
(law)

(o)1 > 0) ") (@@ | > ),
This is the equality (12), and the “coincidence” (10) is thus explained.

Now, we shall deduce Pitman-Yor’s result (Theorem 1.2) from both Theorem
1.1 and Theorem 3.1.
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Theorem 3.2. 1. Let A% be the Lévy measure of I\#). Then:

(o) u 1+a (1-a)
o,u _ uil—a)o
AWM (do) = C, (751 T v)) e do,

with C, defined in (14).

2. The Laplace-Bernstein exponent of 1% is:

with
~  I'(l—ua)
“T ATt a) (1%

Proof. 1) By Theorem 1.1 and Theorem 3.1, the Lévy measure A of Tlwk) jg
given by:
(2pars )"

A (do) = F(1 =)

ev/zx (ev/tx - 1)—04—1 do.

We deduce therefrom:

(a,p) _ (ZV‘X/\IX ! 2uv (2p0 _ 1\—a—1
AWM (do) 2un T(1—a) e’ (e 1) do
att! (AIX)“ H e ot (1-a)v do.
I'(1—«a) \sinh(uov)
Now, by (11),
a+1 «
A
I'(1—a)

2) By Theorem 1.1 and Theorem 3.1, the Laplace-Bernstein exponent O(H) of
T is given by:
Wl (s +1)

) = 2pre) =T

Hence,

and, by (17),
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4 The Lamperti process associated with I(®#)

Theorem 4.1. Set:

t o
Mo p(t) = /0 (1+2p )™ " a

and let Ny, be the (continuous) inverse of My,,. Then the Lamperti increasing process
Y(@k) gssociated with 1) is given by:

)1/2]4

(Yggfi;?‘); x>0,u> 0) = <x (1—1—2;111(\?2““/3() sx>0u> 0),

2
Thus, [Y(‘W)] " s a time changed pseudo-stable process of index .

Proof. By Proposition 2.5, one has:

. t ¢ 1/2
B @)Y g = o)
Ao Lo (i) a= [ (e ) a
Kapu(t) T
_ /O s (1 + 2]/[ I](“)) 2 dl = M“,y o KIX,,M(t)

Therefore, the inverse function of t — A; is Hyy 0 Nyy. This entails, by the
definition, that:

() _ () )M
o = (12l )
The desired result follows easily. n

5 The laws of some perpetuities associated with I(*#)

In this section, we study some relationship existing between results in the previ-
ous sections, and the discussion of Bertoin-Yor [1, Section 3]. We keep the same
notation as before. In particular, y, = 1/2a.

51 Thelaw of Z (I(“W))

In this subsection, we shall determine the law of the perpetuity Z, := 7 (I (""P‘“)> ,

associated with the subordinator: I{*#«). We denote by R(*) the corresponding
random variable defined via formula (5), namely:

(@,
Yl,t

E !1)} = E[exp(—t R™)].

By Remark 3.1,
F(a(s+1))

P (s) = Fup,(5) = (M) = s
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where A, is given by (17). Therefore, by formula (6),

I'(a(n+1))

Vn>1, E[(RW)"] = (c,)" T(a)

with ¢, = (A4) ™" Let 7, denote a gamma variable with index «, i.e:

P(y, € dt) = r(la) e tte 1t dt,
One has:
vn>1, E[(7.)"] = r(“&l; D)
and therefore
RO 2 (0) 7 () 19)

We now introduce some further notation. If X is a positive r.v., we denote by X
the r.v. whose law is defined by:

ELF()] = B | i f0]

(We call X the length biased perturbation of X.) We also set: T, = Tl(“). Then, by
Bertoin-Yor [1, Lemma 6], there is the factorization:

—_——

e=(7a)" ()™ (20)

By identification, from (4), (19) and (20) we then obtain:

law
:Z’-“ (:) CIX (TDC)_DC.

52 Thelaw of Z (I(l_“rﬂw))

In this subsection, we shall determine the law of the perpetuity Z, := Z (I (1_“'?‘“)> ,

associated with the subordinator: [(1=%#«), By Theorem 3.2,

I(a(s—1)+1)

QU= (5) = Cig (o)™

['(as)
We set:
&= [uCia (u) ]
Then,
and

Vn > 2, q)(l—zx,ya)(n) _ (Cl )—1 (1’1 — 1) F(IX (n - 1))
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Hence, by formula (3):
Vn>1, E [(z;)”] = (c)"T(an+1) = (c,)" E[e™].

Consequently,
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