On the existence of infinitely many periodic
solutions for second-order ordinary p-Laplacian
system*

Qiongfen Zhang X.H. Tang

Abstract

By using minimax methods in critical point theory, some new existence
theorems of infinitely many periodic solutions are obtained for a second-
order ordinary p-Laplacian system. The results obtained generalize many
known works in the literature.

1. Introduction

Consider the periodic solutions of the following ordinary p-Laplacian system

%(|u(t)|i’—2u(t)) — L) u(t)|P2u(t) + VF(t,u(t)) =0, ae.t €R,  (L.1)
wherep > 1, T >0, F : R x R"” — R is T-periodic in ¢ for all u € R", VF(t, u)
is the gradient of F(t, u) with respect to u. L € C(R, IR”Z) is a positive definite
symmetric matrix.

Throughout this paper, we always assume the following condition holds.
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(A) F(t, x) is measurable in ¢ for all x € R" and continuously differentiable in x
for a.e. t € [0, T], and there exista € C(RT,R*), b € L'(0, T; R ") such that

[E(t, %) < a(lx[)b(t), |VE(tx)] < a(|x])b(t)

forall x € R" and a.e. t € [0, T].
When p = 2, problem (1.1) becomes the following second-order Hamiltonian
system

i(t) — L(t)u(t) + VF(t,u(t)) =0, ae. t € R. (1.2)
When L(t) = 0, problem (1.2) reduces to the following Hamiltonian system

ii(t) + VF(t,u(t)) =0, ae. t €R. (1.3)
Taking L(t) = 0 in problem (1.1), then we have

%(m(t)w—zu(t)) FVE(Lu(t) =0, aeteR. (1.4)

Recently there are many papers concerning the existence of periodic solutions
or homoclinic solutions for problems (1.2) and (1.3) via critical point theory. Here
for identifying a few, we only mention [1,3,10,14-16,19,20,22]. However, there
are not so many results about p-Laplacian systems. In [17], by using the dual
least action principle in variational method, Tian and Ge obtained an existence
result, which generalized Theorem 3.5 in [8]; in [4], Jebelean and Morosanu ob-
tained two existence results by the least action principle and the Mountain Pass
Lemma under nonlinear boundary conditions; Mawhin [6] got some existence re-
sults using the Schauder’s fixed point theorem; the authors in [2,11] generalized
problem (1.3) to differential inclusion systems, and got some existence results
by the nonsmooth critical point theory; Pasca and Tang [12] obtained a result
on the existence of infinite subharmonic solutions for sublinear differential in-
clusions systems with p-Laplacian by minimax methods in critical point theory;
in [7], Manésevich and Mawhin discussed a general vector valued operator, and
got some existence results by the topological methods; a multiplicity result was
obtained in [5], where the nonlinearity VF(t, x) was assumed to be bounded; by
using the Saddle Point Theorem in critical point theory, Xu and Tang [21] gener-
alized the results of problem (1.3) of [19] and obtained some new results; Tang
and Xiao [18] investigated homoclinic solutions of a more general ordinary p-
Laplacian system and obtained a new result.

In [9], Ma and Zhang generalized the main result of [1] to p-Laplacian system
(1.4) and established the existence of infinitely many periodic solutions for (1.4)
by minimax methods in critical point theory. More precisely, they obtained the
following main theorem.

Theorem A. (See [9].) Suppose that F satisfies assumption (A) and the following con-
ditions:

(H1) F(t,x) > 0forall (t,x) € R x R";
(H2) lim, % = 0 uniformly for a.e. t € [0, T};
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(H3) liminf, F‘(xﬂff) > 0 uniformly for a.e. t € [0, T);

(H4) There exists a positive constant M such that imsup,| _, \(XI*) < M uniformly
forae. t €10,T|;

(H5) There exists My > 0 such that iminf|,|_, (VF(tx)‘ny PECLY) > M, uniformly
forae. t €0,T);

where r > p and y > r — p. Then problem (1.4) has a sequence of distinct periodic
solutions with period k;T satisfying k; € N and kj — co as j — oo.

Motivated by the above papers, we consider the existence of periodic solu-
tions for problem (1.1) and obtain the following theorem.

Theorem 1.1. Suppose that F satisfies (A), (H1), (H2), (H4), (H5). Moreover, assume
that the following conditions hold:

(L) L € C(R, IR”Z) is positive definite symmetric T-periodic matrix for all t € R and
there exist constants c; > ¢1 > 0 such that

cr|x|P < (L(8)|x|P~2x,x) < ca|x|P forallt € Rand x € R";

(H3)" liminf|y|_,c |(xt‘;f) > 2 uniformly for a.e. t € [0, T].

Then problem (1.1) has a sequence of distinct nonconstant periodic solutions with period
k;T satisfying kj € N and k; — oo as j — oo.

Remark 1.1. The existence results of problem (1.3) have been generalized to p-
Laplacian system (1.4) or differential inclusion system. However, similar gener-
alization of problem (1.2) cannot be found in the literature due to the difficulty
made by the matrix L(¢). In order to overcome this difficulty, we need other con-
dition such as (L).

Remark 1.2. We point out that Theorem 1.1 generalizes Theorem A. From (H3),

we know that liminf, ﬂ%";{) is bounded from below uniformly for a.e. [0, T],

without loss of generality, we can choose a positive constant such as % such that
F(tx)

liminfy e 77 <> % uniformly for a.e. t € [0, T], that is our condition (H3)".

If we use other conditions to replace (H4) and (H5) in Theorem 1.1, then we
obtain the following theorem.

Theorem 1.2. Suppose that L satisfies (L) and F satisfies (A), (H1), (H2), (H3)" and
the following conditions:

F(t,x)
|x[P

(H4)" There exists a positive constant My such that limsup,,, < M uni-

formly for a.e. t € [0, T|;

(H6) There exists f € L}(0, T;R™) such that (VF(t, x),x) — pF(t,x) > f(t) for all
x € R"andae. t € [0,T);

(H7) lim|,,o[(VE(t, x),x) — pF(t,x)] = +oo forae. t € [0, T].
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Then problem (1.1) has a sequence of distinct nonconstant periodic solutions with period
k;T satisfying kj € IN and kj — o0 as j — oo.

Theorem 1.3. The conclusion in Theorem 1.2 is the same if conditions (H6) and (H7)
are replaced by the following conditions, respectively:

(H6)" There exists ¢ € LY(0, T; R™) such that (VF(t,x),x) — pF(t,x) < g(t) for all
x € R"and a.e. t € [0, T];
(H7)" limy 5o [(VE(E x), x) — pF(t,x)] = —c0 forae t € [0,T].

Remark 1.3. Our results also hold true even if L(t) = 0 or p = 2, from this point,
our results generalize many results in the literature. As far as we know, existence
results of periodic solutions for problem (1.1) cannot be found in the literature.
Besides, under the conditions of our theorems, all the periodic solutions we ob-
tain in this paper are nonconstant.

2. Preliminaries
Let k be a positive integer and W;’Tp be the Sobolev space defined by

1,

WkTP = {u : R — R"| u is absolutely continuous, u(t+kT) = u(t) and

il € LP(0,kT;R")}

with the norm

]| = (/ ]pdt+/ |pdt)1/p.

Define the functional ¢; on W;’Tp by

1 kT

= L a1 + (L) () P-2ue dt— [ F(t,u(t))dt WP
qvk(u)—p/o [ (8) 7 + (L&) (t) [P~ ua(t), u(t)) /O (£, u(t))dt, u € Wer'.

It follows from [8] and assumption (A) that the functional ¢y is continuously
differentiable on WI}TP and

< @p(u),v >= /OkT[(Iu(t)W‘zu(t),v(t)) + (L(E) |u(t) [P2u(t), o(t) -
(VE(tu(t)),o(t))]dt (2.1)

foru,v € W,:’TP. It is well known that the solutions of problem (1.1) correspond to
the critical points of the functional (pk

Foru € WkT et = 2 f t)dt and 7(t) = u(t) — i, then it follows from
the Proposition 1.1 in [8] that

[0 := max [u(t)] < ((RT)7P + (KT)V9)||u]| = diull, (22)
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where di = (KT)~Y/7 + (kT)V4 and if & [ u(t)dt = 0, then

7] | = 1(H)| < (kDY u|| 10, 2.3
|| tén[o%lu()l_( )|k e (2.3)

and

lll7, < (KT)P [l

Lpr (2.4)

where %4—% = 1. Let WI}TP ={u € WI}TP ii = 0}, then W;’Tp = W,:’TPGBIR”. We
will use the following lemma to prove our main results.

Lemma 2.1. (See [13].) Let E be a real Banach space with E = X; @ Xp, where X is
finite dimensional. Suppose that ¢ € C1(E,R) satisfies the (PS) condition, and

(a) There exist constants p, a > 0such that ¢|ap, nx, > &, where By := {u € E|[ |lu]| <
p}, OB, denotes the boundary of By;

(b) There exists an e € 9By Xy and L > p such that if Q = (B N Xy) @{re| 0 <
r < L}, then ¢lyn < 0.

Then ¢ possesses a critical value c > « which can be characterized as

— inf h(u)),
c }ggrrbfleagqv( (1))

whereT = {h € C(Q,E)| h = id on 9Q}.

It is well known that a deformation lemma can be proved with the weaker
condition (C) replacing the usual (PS) condition. So Lemma 2.1 holds true under
condition (C).

3. Proofs of theorems

Proof of Theorem 1.1. The proof is divided into three steps. In the following, C;
(i =1,---) denote different positive constants.

Step 1. The functional ¢y satisfies condition (C). Let {u,} C W;’Tp satisfying
(14 |lun )| @) (un)|| = 0asn — oo and @i (u,) is bounded, then, there exists a
constant C; such that

()| < C1, (14 luall) 14 ()| < . 31)
From (H4), there exists M3 > 0 such that
F(t,x) < M|x|" forall |[x| > M3 and a.e.t € [0, T]. (3.2)
By assumption (A), for |x| < Ms3, there exists C; = max|y|<p, a(|x|) > 0 such that
|[F(t,x)| < Cab(t),
which together with (3.2) implies that

F(t,x) < M|x|" + Cab(t) forallx € R" and a.e. t € [0, T|. (3.3)
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By (3.1) and (3.3), we have
kT kT
pelin) + [ Fu)dt < Cot [ (M (O] + Cab(e)d

kT
_ C1—|—Czk||b||L1+M/0 I (1) it

kT
— G+ M / i ()" it (3.4)
0
On the other hand, from (L), we have
kT 1 kT . 5
pr(un) + [ Pt = [ (O + (Lt (0172 (8), i ()l
1 kT
> 2 [ B +ealun(0)])a
> min{l,c—l}nunnp
P p
= Cyllun|l?. (3.5)
By (3.4) and (3.5), we get
kT
Callwa |V < Co+-M [ fma(0)]"d, (3.6)

From (H5), there exists My > 0 such that
(VE(t,x),x) — pF(t,x) > M|x|! for |x| > Mgand a.e.t € [0, T]. (3.7)
By assumption (A), for |x| < My, there exists Cs = max |y <, a(|x|) > 0such that
(VE(t, %), %) — pE(t, )] < Cs(p+ Ma)b(t), 68)
Thus, from (3.7) and (3.8), we have

(VE(t,x),x) — pF(t,x) > My|x|' — MiM} — C5(p + M4)b(t) for x € R"
and a.e.t € [0,T],

which together with (3.1) implies that
(P+1C1 > pox(un)— < @i(un), un >
kT
- /0 (VE(t ttn), ) — PE(E )] dt

kT kT
> My [ fun(B)]"dt = Cs(p+ My) [ b(e)dt — My MKT
0 0
kT
= My [ (bt - C.
0

Hence, fOkT \un (t)|Mdt is bounded. If 4 > r, we have

r/u

/OkT un(£)[7dt < (kT) =)0 (/OkT Iun(t)l”df) :
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which together with (3.6) implies that ||u,|| is bounded. If 4 < r, then from (2.2),
we get

kT . e (KT r/p - . kT
[ e < s ([ (o) < e ([ o)

Since p > r — p, it follows from (3.6) that ||u, || is bounded too. Therefore ||u,|| is

r/u

bounded in W;’Tp . Hence, there exists a subsequence, still denoted by {u,}, such
that

uy — ug weakly in WIS’TP, (3.9)
u, — g strongly in C(0,kT;R"). (3.10)
u, — g strongly in L¥(0,kT; R"). (3.11)

From (2.1), we have
< @ (tty), Uy — ug >
= [ 0120000 6) = () + (Lt (1708, 0 () = w6
- /O (TR tn (), 0 () — 0 (6)). (3.12)
From (3.1) and (3.10), we have

| < @ (), un —ug > | < ||@p(n)]||||un — uo|| = 0 asn — oo. (3.13)

By (L), we know that ¢; < ||L|| < ¢, which together with the boundedness of
{u,} and (3.11) implies that

kT B
/0 (L(E) 1t ()P 2 (8), e () = wo (£))dt < L[ [an |5 |1t — ]| r — O @572 — 0.

It follows from (A), (3.10) and the boundedness of {u, } that 19
/0  VE( 1y (1)), 10 (£) — 1o ()t — 0 as 1 — oo,
which together with (3.12), (3.13) and (3.14) implies that
/OkT(|un(t)|P_2un(t),un(t) —1p(t))dt — 0 asn — oo. (3.15)
It is easy to see from the boundedness of {u,} and (3.10) that
/OkT(|un(t)|P_2un(t),un(t) —up(t))dt — 0 asn — oo. (3.16)

Let p(u) = L([o" [u(t)|Pdt + [y [i(t)[Pdt). Then, we have

kT
< ¢ () g — g > = /0 (Jti (£)[P 21t (), 11 (£) — s (£) )t

kT
+ / (it (8) |7~ 214 (£), 1 (£) — i (£))dt (3.17)
0
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and

kT
< ¢'(uo),un —ug > = /O (0 (£)[P~2110(t), 1in (1) — ti0(t))dt

kT
[ ()72 (8), s (1) — wo(t)a.~ (3.18)
It follows from (3.15) and (3.16) that
< ¢'(un),uy —up >— 0 asn — co. (3.19)
From (3.9), we get
< ¢'(ug), un —ug >— 0 asn — oo. (3.20)
By (3.17), (3.18) and Holder’s inequality, we have
< (Pl(un) - (P/(MO)/un —up >
kT kT
= [ QO 26 6) o)t + [ (26,00 (1) — w0 (1))
kT kT
— [ o (®)17 2o (1), (8) — o))t — [ (Juo (1P 2o (8),ma (1) — mo 1))t
= el ol — [ P2 (1), ()~ [ ()72 (), w8
— n 0 0 n n\t), 40 0 n n\t), 40

kT

kT
— [ Uto(®) 2o (1), i)t = [ (uo(®)]" 2o (8), ma(t))dt

-1 . =1y ..
> fun |17+ uoll” — Clunll7y " luollr + [lstalI175 [0 1)
-1 . =1y .
—(lluollFy " [unllLr + [lol|]y " llttnllzr)
> unll” 4 luo 1 = Clnllf + latal17)P~D7P (ao17y + NatolI7,)*

—(Iluoll 7y + llaolIF,) W=D P ([faenl|F, + Nl )7
o[ P+ [foto 1P = (et 1P~ [ssoll + llaso 1P~ leeu])
(1P~ = NP~ 1) ([t | = llet0]l)-

Hence, from (3.19) and (3.20), we obtain

0 < ("= = NuolIP=) (Nl | — lfuoll) << ¢ (un) — ¢’ (uo), tn — o >— 0
as n — oo.

That is ||u,|| — ||ug|| as n — oco. Since W]}’Tp has the Kadec-Klee property, we have

Uy — Up in W]}’Tp . Therefore, the functional ¢y satisfies condition (C).
Step 2. From (H2), for any € = ¢(k) > 0, there exists § > 0 such that

F(t,u) <elu|? for |u| <danda.e. t € [0,kT]. (3.21)

For u € WI}TP and ||ul|F = p]f = 9 then it follows from (2.3) that
(kT)

B

b 2
lullf < (kT) 7 ||i|l?, < (kT) 7 ||ul]? = &,
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which implies that |u(t)| < 4. Then from (L) and (3.21), we have

kT
orln) = % / (H)|Pdt + = / (1)1~ 2u(t), u(t)dt — [ F(t,u)at
0 0
1 kT ” ” kT by
> — 1(t t+ — t t— t t
> 2 [ ] +p/0 cilu(t)ldt— [ elu(t)
. [1
> m1n{—,—}||u||P—kT85p
PP
= Cyl|u||P — kTes?. (3.22)

Lete =¢(k) € (0 ), then from (3.22), we have

Cy
7 2(kT)P
@ (1) > Capl — kTes? > —4pf =a>0

forallu € W%’p and ||u|| = pk. This implies that condition (a) of Lemma 2.1 holds.
Step 3. From (H1) and (H3)’, there exists C; > % such that

F(t,u) > Cylulf forallu € R"and a.e.t € [0, T}, (3.23)
Thus, from (L) and (3.23), we have

oe(u) = %/OkT(L(t)]u]p_zu,u)dt—/OkTF(t,u)dt

k T
— ;/(()W 20, u)dt — k/ F(t,u)dt

< Czk/ u |Pdt—k/ ColulPdt

for all u € R". Since C; > %, we obtain

¢r(u) <0 forallu € R". (3.24)

Let W,yj — span{er} + R", where e, = (k~!sin(k~1wt)), w = 27t/T. Since Wy
is finite dimensional, there exists a constant d > 0 such that

T 1/p T 172 —
(/ |x|Pdt) > d (/ |x|2dt) , Vxe WY (3.25)
0 0

From (3.23) and (3.25), we have
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pr(u + rex)
1 kT kT
— —/ |re’k(t)]pdt—/ F(t,u + reg(t))dt
pJo 0
1 kT 5
+E/0 (L(t)|u + rex(£) [P~ (u + reg(t)), u + reg(t))dt
1 i kT 1 o kT
< Zk Prpwp/ | cos(k wt)|pdt—|——/ 1+ reg (£)|Pdt
p 0 p Jo
kT
—/ Cylu + re(t)|Pdt
0
L —2pta ' ! €2
< k¥ rpwp/ ]cos(a)t)]pdt—k/ Cr— 2 ) |u+ res(B)|Pdt
p 0 0 p
T C2 T p/2
< —kQWJWwp—hW<Fb———)(/,hb%%ﬂﬂﬁﬂ)
p p/ \Jo
T c T p/2
< -—k—%ﬂﬂrmup—-hﬂ’(c7—-3) (/‘(h42+42k1u)ﬁd{)
p p/ \Jo
2\ P/2
< %k‘zr’“rpwp—kdp <C7—%) <T|u|z+%) , Vr>0,ueR".

25/4T(2—p)/(4p)w1/2
If k > Gz then we have
y

¢r(u+re) <0, forallr > 0and u € R". (3.26)
From (3.26), we can choose two positive constants r; > px and rp > pi such that
or(u+reg) <0, forallr > ry and ||ul| > 7. (3.27)

Set
~ 1,
Q= {redl 0 <7 <ri e € W } D {u € RY| [Ju]] <2},

then we have 0Q; = Qqx U Qar U Q3r, where
Que = {u € RY| [Jul] <2},
=1,
Qo = {u +reg [|ul| = 12,7 € [0,11], e € W'},

<1,
Qs = {u+reg| [|ul| <rpr =116 € WkTp .

By (3.24) and (3.26), we get

p(u) <0, u€dQr = QulJQulJ Qs (3.28)
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Furthermore, for all u + rey € Qy, from (H1) and (L), we have

@ (u + rey)
1 (kT kT
— —/ |re-k(t)|Pdt—/ F(t,u + reg(t))dt
pJo 0
1 kT 5
o ) (b rer(BP 2 (ut rep(1)) e -rec(6)d
1 kT Cy kT
< —rp/ |ék(t)|Pdt+—/ 1+ ey (1) [Pt
p Jo p Jo
1., kT 1 2p=1lc, (kT .
< K / | cos(k~1wt)|Pdt + / (|l + rPkP| sin(k~wb)|?)dt
0 0
L _opt1 T 2" e, 1 [T
< k¥ erP/ | cos(wt)[Pdt + ul|? + PP / | sin(cot)|Pdt
0 0
p—1
- %k_zpﬂrp“’“z 2(|jull” + k1)
T 2r—1¢
< ;rpr—k z(rg—l—rfT).

25/4T(2-p)/(4p),1/2

Then by Lemma 2.1, for any positive integer k > (G- DV Enaiz

¢ has at least

one critical point uy in WkTp, and the corresponding critical value cj satisfies

(r5 +r1). (3.29)

Similar to the proof of [9], let uy, be a ki T-periodic solution, we can prove that
there exists a positive integer ko > ki such that uy, # uy, for all kk; > k.
Otherwise, @i (ug,) = kor(ur,) — oo as k — oo, which contradicts to (3.29).
Repeating this process, we can obtain a sequence {ukj} of distinct periodic solu-

tions of problem (1.1). From (3.24), we know that uy; is nonconstant. The proof
is complete. n

Proof of Theorem 1.2. The proof of Theorem 1.2 is the same as that of Theorem
1.1 except for the proof of the boundedness of {u,}. So, here we only prove that

: .l . . .

{u,} is bounded in WkTP' Otherwise, going to a subsequence if necessary, we can

assume that ||u,| — coasn — . Setz, = ﬁ, Zn = Zyn + Zp, then ||z, ]| = 1.
n

Hence, there exists a subsequence, still denoted by {z, }, such that

. 1,
zn — zg weakly in WkTP'

zn — zo stronglyin C(0,kT;R").

Then, we have
Zn — Zp. (3.30)

From (3.1), we have

lim [(@f (un), un) — pi(un)] = —pCi,

n—o0
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which implies that

lim kT[(VF(t, Up ), Un) — pE(tuy)] = pC. (3.31)

n—oo J0

From (H4)’, there exists M5 > 0 such that
F(t,x) < Mp|x|P forall |x| > M5 and a.e. t € [0, T]. (3.32)
From (A), for [u| < M5, there exists Cs = max|,| <, 4(|u|) such that
|F(t,x)| < Cgb(t). (3.33)
It follows from (3.32) and (3.33) that
F(t,x) < Mp|x|P + Cgb(t) forallx € R" and a.e. t € [0, T]. (3.34)
Hence, from (L) and (3.34), we obtain

i) = 1 [ a0 [ L0l (O 0) 00
- /0 Rt ()
1

KT cg (KT kT
[ P+ L [ e =M [ ()7
p Jo p Jo 0

kT
G / b(t)dt
0

1 kT ‘ 01 kT
- —/ i (1) P — (Mz——)/ 1 (£) Pt — Co,
pJo p/) Jo

v

thus, for n — oo,

kT
<—90k(un) > %||Z.n||zp—<M2—%)/o |z, (t)[Pdt — Cy

[ [P [ [P

Hence, zg # 0. Let QO C [0, kT] be the set on which zg # 0. The measure of () is
positive. Moreover, |u,| — o0 as n — oo for t € Q). Thus, from (H6), we have

kT
| UVECt ), 100) = pFCt )]

_ /Q (VEGy ) ) = pEC )t [ [(VF(l ) ) = pEC )

> /Q (VP ), o) = pFC )it + [ f(0

It follows from Fatou’s lemma and (H7) that

kT
lim [((VE(t,up),un) — pF(t, un)] = +o0,

n—oo Jo
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which contradicts to (3.31). If ||Zg||» = O, hence from (2.4), Zy) — 0 uniformly for
a.e. t € [0,kT], then together with (3.30), we have zy = Zp and kT|Z|" = ||Zo||? —
1. Consequently, |u,| — co as n — oo uniformly for a.e. t € [0,kT]. From (H1)
and (H3)’, we have

kT kT 4. .
hmmffo F(t un(t))dt Jo Miminfy, oo F(t,u,(t))]dt
1| 00 [[n [P - G

= . imin w z
_ /0 [}un‘%f oI Iz (1)|P]dt

kT F(t un(t))
. . 4 p
= / [llmlnfiy (t)| |Zo| ]dt

C2
> - (3.35)
By the boundedness of ¢ (u,) and (L), we have
() 3o LA L) [ ()P 2un(6), un(0)dt
[ [[un || [
TF(t uy (1)) dt
[un ||

S VR 2 I U

Ty [ |7 [[un ||

1y e JaTE(u(t))dt

= ;”ZHHLP‘i‘?HZrth_ [1a]]7 ,

which together with ||Zg||Lr = 0 and ||zg|| = 1 implies that

kT

F(t, t))dt

lim inf fo (f un (1)) < C—Z.
T Tul? p

But this contradicts to (3.35). Thus, {u,} is bounded in W,:’TP. ]

Proof of Theorem 1.3. The proof of Theorem 1.3 is similar to that of Theorem 1.2,
we omit the detail here. m

4. Examples

In this section, we give some examples to illustrate our results.

_ _ _ _2
Example 4.1. Inproblem (1.1),letp =3,7r =5,y =4, w = =,

L(t) = diag (1 +exp(1 — sin(k_lwt)), -, 1+ exp(1— sin(k_lwt))),

and
E(t x) = %(2+sin(k‘1wt))|x|5, x| > 1,
A (2+ sin(k_lwt))ln?’(l + ]x]z), |x| < 1.
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It is easy to check that L(t) satisfies (L) and F satisfies (A), (H1) and (H2). By a
direct computation, we have

liminfp(t'gc) > 1+e, lim su F(t,;c) <l+e
RESIEY 37 e A
and
lim inf (VE(t,x),x)) — 3F(t,x) > 2(1+e)

FES |x|4 3 7

which show that (H3)’, (H4) and (H5) hold. Hence, from Theorem 1.1, problem
(1.1) has a sequence of distinct nonconstant periodic solutions with period k;T
satisfying k; € N and k; — o0 as j — oo.

Example 4.2. In problem (1.1), let p = 4 and L(t) be the same as in Example 4.1.

Let
1
F(t,x) = %(5 + sin(k~wt))[|x|* — In(1 + |x[*)] arctan |x|*,

It is easy to check that L(t) satisfies (L) and F satisfies (A), (H1) and (H2). By an
easy calculation, we get

F(t 1 F(t 1
(£ x) > —i—e, lim sup ('f) < 3(1+e)
oo Xl 4

lim inf
|x| =00 ]x]4 4

which imply that (H3)" and (H4) hold. Moreover, there exists f € L}(0, T;R™)
such that

(VF(t,x),x) —4F(t,x)

_ 1+e o [x[*

= T(5—|—sm(k Lwt)) [In(1 + |x[*) — T+ o arctan |x|*
(1+e)|x* -
W(S + Sln(k 1a]t))[|.X|4 — 11’1(1 + ’x’4)]

> f(b),

and
lim [(VF(t,x),x) —4F(t,x)] = +oo.
|x|—o00
Then, conditions (H6) and (H7) hold. Hence, it follows from Theorem 1.2 that
problem (1.1) has a sequence of distinct nonconstant periodic solutions with pe-
riod k;T satisfying k; € IN and k; — co as j — oo.
If we let p = 4 and L(t) be the same as in Example 4.1. And let

1
F(t,x) = %(5 + sin(ktwt))[|x|* +In(1 + |x|*)] arctan |x|*.
Similarly, we can check that F(t,x) satisfies all the conditions of Theorem 1.3,
then problem (1.1) has a sequence of distinct nonconstant periodic solutions with
period k;T satisfying k; € IN and k; — o0 as j — oo.
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