Periodic solutions for second order Hamiltonian
system with a p-Laplacian®
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Abstract

In this paper, by using an improved inequality, we improve an existence
theorem of periodic solutions for second order Hamiltonian system with a
p-Laplacian. Moreover, an estimate of solutions is also given. Our results
improve those in some known literatures.

1. Introduction

Consider the ordinary p-Laplacian system

{ %cpg(x( )) + VE(t

(0) = x(T), %(0) - 1)

x(t)) =0, ae.te|0,T],
= x(T).

where

N p%z U
®p(u) = |ulP~?u = <Z uzz) N
i=1
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T>0,p>1,q>11/p+1/g=1,and F: [0,T] x RN — R, (t,x) — F(t,x) is
measurable in t for every x € RN and continuously differentiable and convex in
x for almost every t € [0, T].

When p = 2, there are many existence results of periodic solutions for system
(1.1) (see [1-6] and references therein). However, when p > 1, there are few
papers to study these problems. In [7] and [8], the authors considered system (1.1)
by using the dual least action principle and a generalized Mountain pass Lemma,
respectively, and they obtained some existence results of solutions for system
(1.1). In [9], we also considered system (1.1) by using the generalized Saddle
point Theorem and obtained that system (1.1) has multiple solutions. Especially,
in [7], Tian and Ge obtained the following results:

Theorem A Suppose F satisfies the following conditions:
(A1) there exists | € L2™{0.p=1}(0, T, RN) such that forall y € RN and a.e. t € [0,T],

F(t,y) > (1), 1y"7y)

(Ay) there are constants a € (0, T~P/7), a7~ € (0,T~9/P), p > 1,y € Lmax{gp-1}
(0, T; RN) such that fory € RN, and a.e. t € [0, T),

2

14
F(t,y) < ?IW’ +(t);

(A3) fOTF(t,y)dt — +00,a8 [y| — o0, y € RV,
Then, system (1.1) has at least one solution.

In our paper, by using the improved inequality, we improve the condition
(Az) and also obtain an estimate of periodic solution for system (1.1).

2. Preliminaries

In the following, we use | - | to denote the Euclidean norm in RY. Let

W%’P = {u:[0,T] — R¥| u(t) is absolutely continuous on [0, T],
u(0) = u(T) and u € LP(0, T; RN)}.

Then, it follows from [2] that W%’p is a Banach space with the norm defined by

! p T P v Lp
\|u||w;,p: [/0 lu(t)] dt+/0 |1 (t)] dt} , ue Wi

It follows from [2] that W%’p is also reflexive and uniformly convex Banach space.
Let
X = {o=(v1,22) : 01 € Wy'(0, ;RY), 0, € W (0, ;R)

with the norm [|of| = [|o1([ ;14 + [[02]]}10- It is clear that X is a reflexive Banach
T T
space.
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/OTu(t)dt:O}.

It is easy to know that W%’p is a subset of W%’p and W%’p =RNg W%’p . Then X
stands for

Let
Wit = du e WP
T T4 T

X = {v=(v1,02) : v € Wp?(0, T;RN), 0, € Wp¥ (0, T;RN)},

and (W%’p )* stands for the conjugate space of W%’p . Then

x*={r=(hf):fe (W) e (W)}
is the conjugate space of X. Furthermore, we define
Y = {u = (ug,u2) : 5 € Wy (0, T;RN), uy € Wy (0, T;RN) 1.

For h € L'([0, T];RN), the mean value is defined by i = 1/T fo t)dt. Besides
this, || - [|eo, || - [| ¢ and || - | 14 stand for the norm in C°([0, T1), L*([0, T]) and W},
T

respectively.

I'o(RYN) denotes the set of all convex lower semi-continuous (l.s.c.) functions
F : RN — (—o0,+00] whose effective domain D(F) = {u € RN : F(u) < +oo}
is nonempty. Let H : [0,T] x R?N — R, (t,u) — H(t,u) be a smooth Hamil-
tonian such that for each t € [0,T], H(t,-) € To(IR?N) is strictly convex and
H(t,u)/|u| — 400, if [u| — oo. The Fenchel transform H*(t,-) of H(t,-) is de-
fined by

H*(t,v) = sup {(v,u) — H(t,u)}
ueR2N

or

H*(t,v) = (v,u) — H(t,u)
v=VH(tu), or u=VH"(tv). (2.1)

Ifforu = (uy,un),ur, up € RN, H(t,u) canbe splitinto parts H(t,u) = Hy(t,u1) +
Ha(t, uz), then by (2.1), H*(t,v) = Hj (t,v1) + H;(t,v2),v = (v1,v2),v1,v2 € RV,
We denote by | the symplectic matrix. Then J> = —I and (Ju,v) = —(u, Jv) for
all u,v € R2N. Tt is clear that (J9,0) = (9p,01) — (91,02), where v = (v1,02),
v; € C(0,T; RN ),i = 1,2. The above knowledge and statement come from [2,7]
and the references therein.

Let x(t) = uq(t), Pp(k(t)) = auz(t). Then system (1.1) is equivalent to the
non-autonomous system

i ( )+ 1VF(tuy(t)) =0, ae.tec[0,T]
{ 1 (t) + Dg(auy(t)) =0, (2.2)
u() u(T), i=1,2,

that is

(t)) 0, aetel0,T], 23)
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where u = (ul, uz), H(t, M) = Hl(t, 1/[1) + Hz(t, uz),

1 g1
Hi(t,m) = “F(t,u1), Ha(tuz) = T|u2|‘7, (2.4)

where H: [0,T] x R®N = R, H; : [0,T] x RN - R,i =1,2.
The dual action is defined on X by

o(0) = [ | 30000, + Hi(toa(0) + 51, 22(0) |

where v = (v1,v2), H*(t,9) = H{(t,91) + H; (t,97).
Lemma 2.1. (also see [9], Lemma 2.2) Let u € W%’p . Then

||u||oo§( )W (/ i(s) |Pds)1/p, 2.5)

T T O(p
p 4 P
/O uts)rds < = p/q/ i (s)|Pds, (2.6)

and

where . ,
O(p,q) = / [s‘”l +(1- s)q“} P ds.
0

Proof. Fixt € [0, T]. For every T € [0, T], we have

T) 4+ /t u(s)ds. (2.7)

S, 0<s<t,
4)(5):{ T—s, t<s<T.

Integrating (2.7) over [0, T] and using the Holder’s inequality, we obtain
dr—i—/ / s)dsdt
< / / |u(s)|dsd'r+/ / ()| dsdt
0 Jt t t
t T
— /s|u(s)|ds+/ (T — s)[ii(s)|ds
0 t
T .
= [ p()li(s)las

< (fore)" ([ore)”

1/
_ W[WM( q+1 (/ (s |Pds) 28

Set

Tlu(t)] =
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Since t1t! + (T — )71 < T9+ for t € [0, T}, it follows from (2.8) that (2.5) holds.
On the other hand, from (2.8), we have

TP/OT|u(t)|Pdt < W (/OT|u(s)|Pds) /OT [tq+1+(T—t)q+1]P/"dt

T1+p(a+1)/q T 1 p/q
- ; p qg+1 _ <\q+1
< T (/O 14(s)| ds)/o [0 41— 1] s

e(p.q) [T
(q+1)W/o ()| ds.

It follows that (2.6) holds. The proof is complete.

Remark 2.1. Obviously, our Lemma 2.1 improve Proposition 1.1 in [2] which
shows that

o < T, Nullfy < TP|la]1F- (2.9)

Lemma 2.2. For every v = (v1,02) € X,

T Co.ww Ci.ya

) U2 o)t > el — ol 2.10)
for every u = (uy,up) €Y,

T Ci.ng  Cu. p

| Uit uat = == ol = = a1, @11)

0 q p
where

T T

G+ D71 " (U

Proof. Letv = 9+ 9, where o = 1/T fOTv(s)ds. Then by Lemma 2.1, Holder’s
inequality and Young’s inequality, for v € X, we have

r . r . ~
| ge,oenar = | ot o0y
= | lea(t),81(8) = (01(8), 22 4) 1

T T
> —[orlle [ 1oa(t)lat = 32l [ fon(t)lat
T T

P — | P . . r '
> (p+1)1/p‘|v1||m||vz||m (q+1>1/qHU2||LP||Ul||m
= —Cl[o2||rrl|o1]|1a

C,. C.
> ——||Uz||5p—5||vl||”£q,

Similarly to the above process, the result (2.11) holds for u = (u1,u;) € Y.
Remark 2.2. Obviously, our Lemma 2.2 improve Lemma 3.3 in [7].

Lemma 2.3. [2, Proposition 1.4] Let G € C! (IRN ,IR) be a convex function. Then,
for all x,y € RN, we have

G(x) = G(y) + (VG(y), x —y).
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3. Main results and Proofs

Theorem 3.1 Suppose F satisfies (A;), (Az) and the following condition:
(Ay)' thereare constants o € (0,(C/2) /), 0971 € (0,(C/2)71'P), v € Lmax{a.p—1}
(0, T; RN) such that for ally € RN, and a.e. t € [0, T),

2
4
F(ty) < ?!W +7(b),

where
T T

— + .
g+ (p+1)Vr
Then, system (2.3) has at least one solution u € Y such that

o ( Z;Eg ) _][ " ; OTu(s)dS} _ < —uz(t)—i—%@ uz(s)ds )

minimizes the dual action

¢: X — (—00,+], v— /OT B(}z}(t),v(t)) + H*(t,z}(t))} dt,

that is to say, system (1.1) has at least one solution x € W%’p

Proof. The proof is same as in [7]. We only need to replace Lemma 3.3 in [7] with
Lemma 2.2 and replace (2.9) with (2.5) in the process of proof.

Next, we consider the estimate of solutions for system (1.1).

Theorem 3.2 Assume that there exist « € (0,min {C~1,C"7/1}),8 >0,y > 0
and ¢ > 0 such that

2
[h4
Slyl =B < F(t,y) < ;|y!”+'r (3.1)

for all t € [0, T] and y € RYN. Then each solution x of system (1.1) satisfies

/ (1) |dt < 7+/3)T TaBY/PD1/4
(g + 1)/

/0 () |Pdt < f”;(jigﬁ) (3.3)

/ (3.2)

where
_pTr+p) H_ 4Ty +h)
ad — Cadt1’ al=a/r — Ca’

Proof. By (3.1), for u = (uy,up) € RN x RN, we have
B il

)
—lu1] = =+ ——up|
o o q

1 o q
< H(t,u):EF(t,u1)+T|u2|

IN

o wd
—|n P + =+ ——up|". (3.4)
p q
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Then, we have

o v oall
(u,v) — H(t,u) > (u,v) — —|ug |V — = — ——Jup|9.
p & q
Since
o ad-1
(1,0) = Sy [P = L = g
p o q
o b ad1 q
= (wq,01) + (u2,02) — — ||V — — — ——|uy|
p o
w v wd 1
< urlfor] = < fur|P — = + Jug||vz| — ——|uz|1
p o
b 0% w1
< sup < |upflog| = —[m|P — = b+ sup { |ua|[va] — ——]|ual
u €RN p a Uy €RN q
— lx—”i/P_|01’q Ty i|ZJz|p.
q & px
Hence,
. —gplonlt oy 1
H*(t,0) > a™ 1P — — =+ —|0|F. (3.5)
q a px
By (2.1) and (3.4), we get
H* () = (1,0) — H(t,u) < (u,0) + 2. (3.6)
Then
q
tx_q/pﬂ—lJri]vz]p < (u,v)+é. (3.7)
q a pa o
Note that

VHg(t, 1/[2) oﬂ_1|u2|‘7_2u2

Then by (2.1) and (3.7), we have

b= VH(tu) < VH(t,u1) ) _ ( LVE(t,uy) )

1 q

—VF(t, ul)

a—q/p“—’ _ry i’oﬂ—1|u2|q—2u2’p < (u, VH(t,u)) + é,
q x pa ®

that is y
—q/p—q
a IVE(tup)]9 — 7

pd~1 B
—+ ——|up|T < (u,VH(t,u)) + =.
« p «

For each solution u = (u3, uy) of system (2.3), it is easy to know that u is the solu-

tion of (1.1). By (2.2) and (2.3), we know VF(t,u(t)) = —aup(t) and
VH(t,u(t)) = —Ju(t). Hence
a9/ ol

-1
a0 = T (1 < (u(0), i (0) + 2
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Integrating the above inequality over [0, T| and using Lemma 2.2 and (2.2), we
obtain

a P g T att g ! - pT
el =I5+ Tl <~ [0, i)+ 5
C C BT
< Slgslld S Pl
> qHuZHLti"‘pHulHLP‘i‘ X
C.. C BT
= = || P B
q\luz\qu+p\| glanz) ||y + =
_ Sy T e BT
= EIHuZHUi‘i‘ p Hu2HL4+ X
So
-1/r  C -1 Caf T(B+
=Sl + (- - S Ml < TEED,
q q p p u
Since « € (O,min{C_l,C_P/”’}) , we have
g - PT(v+B) _ oo ATy +B)
Hu2||Lq < W—B, HuZHL‘I < m =D.
Hence,
]|}y = 1Pg(auz) ||}y = a|ua |, < Bal. (3.8)

It follows that (3.3) holds. Since F is continuously differentiable and convex in x,
then by Lemma 2.3, (3.1), (2.2), (2.5), Holder’s inequality and (3.8), we have

5/0Tyu1(t)ydt—ﬁT < /OTF(t,ul(t))dt
T
< [ VIE(0) + (VE(tun (1)), (1))t
T
9T = [ (e (t) un (1))
T
AT+ el | fia(5)]d
1/
T +at Pl [ laaear)

YT 4+«

IN

IN

IN

IN

T . .
WHMHLPHWHUI

Ta1BY/PD4
(q+1)1a

IN

T +

SO, we get
/T|u1(t)|dt _ (v +B)T  Ta®B/PDVS

It follows that (3.2) holds. The proof is complete.
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