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Abstract

In the present paper, we obtain an interesting subordination relation for
Salagean-type certain analytic functions by using subordination theorem.

1 Introduction

Let A denote the class of functions of the form
(1.1) fz)=z+Y az
k=2

which are analytic in the open unitdisk U = {z € C : |z| < 1}. Also, letC denote

the familiar class of functions f(z) € A which are convex in U. Salagean [3] has
introduced the following operator called the Salagean operator :

D%f(z) = f(z)
D'f(z) = Df(z) = zf'(2)

D"f(z) = D(D""'f(z)) ,n € Ng = {0,1,2,--- }.
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With the help of the Salagean operator D", we say that a function f(z) belonging
to A is in the class H, (b, M) iff %(Z) # 0in U, and

bh—1 Dnzlf(z)
DRy

(1.2) >

<M (zeU),

M > % and b # 0; complex. The class H, (b, M) was introduced by Aouf et.al. [1].
They showed that

f € Huy(b,M) ifandonlyif D"f € Hy(b,M) = F(b, M),

the class F(b, M) of bounded starlike functions of complex order was introduced
by Nasr and Aouf [2].
Aouf et.al. [1] proved that if the function f(z) defined by (1.1) and

(1.3) {k—14+b(1+m)+m(k—1)|} k" |ax| < |b(1+m)|
k=2
hold then f(z) belongs to H,(b, M), wherem =1 — 4; (M > 1).
Leta; (j=1,2,---,p)and B; (j = 1,2,---,q) be complex numbers with
,B] #01_11_2/ ; ]:1/2/ /9.

The generalized hypergeometric function ,F; is defined by (cf.[4, p.33])
pFQ(Z) =p F[](“ll e /“p;ﬁll o /,quz)

k

& (e )z
(14 ~ Lo B E PETHD

where () is the Pochhammer symbol defined by

B 1 if k=0
(P‘)k—{y(y+1)...(y+k—1) if ke N={12,--}

We note that the ,F; series in (1.4) converges absolutely for [z| < oo if
p<qg+1l,andforzc Uifp=q+1

Let K, (b, M) denote the class of functions f(z) € A whose coefficients satisfy
the condition (1.3).
We note that
K (b, M) C Ha(b, M).

We can show that:

Example
i) Letb # 0; complexand m = 1 — 5; (M > }; M # 1), then fy(z) € K,(b, M),

where
—b(1+m)

D"fo(z) = z(1 —mz) ™ m (z e )
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which gives

b(1+4m)

fo(z) =z |14+ b1 +m)z 1 2F41(1, -+, 1, -

+1;2,---,2;,mz)| (z € U)

for real b with b # 0.
ii) Let b # 0; complex and m = 1 — 47 (M > 1), the functions

- (14 m)|b|
h(z) =z+ 4(1+|m+b(1 +m)|)zz

and
(1+m)[b| 3

z)=z=%
2@ = 2t G om s b+ m)])
are members in the class K, (b, M).

In this paper, we prove an interesting subordination result for the class
Ky (b, M). In our proposed investigation of functions in the class K, (b, M), we
need the following definitions and lemma.

Definition 1. Given two functions f,g € A where f(z) is given by (1.1) and
¢(z) is defined by

g(z)=z+)_ bz,
k=2
The Hadamard product f * g is defined by

(Frg)(x) =2+ Y abd (z € U).
k=2

Definition 2. (Subordination Principle) For two functions f and g analytic
in U, we say that the function f(z) is subordinate to g(z) in U and write f(z) <
g(z) ,z € U, if there exists a Schwarz function w(z), analytic in U with w(0) = 0
and |w(z)| <1, suchthat f(z) = g(w(z)) , z € U. In particular, if the function
¢(z) is univalent in U, the above subordination is equivalent to f(0) = g(0) and

f(U) € g(U).

Definition 3. (Subordinating Factor Sequence) A sequence {b;}¢> ; of com-
plex numbers is said to be a Subordinating Factor Sequence if for the function
f(z) of the form (1.1) is analytic, univalent and convex in U, we have the subor-
dination given by

(1.5) i arbz" < f(z) (zeU;a; =1).
k=1

Lemma. The sequence {b}° ; is Subordinating factor sequence iff

k=1
The above lemma is due to Wilf [5].

(1.6) Re{1+2ibk2k}>0 (z € U).
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2 Main Theorem

Theorem. Letm = 1— 3; (M > 1). Also, letb # 0; complex with Re(b) > 5

2(1+m)
when m > 0 and Re(b) < 2(1_711”1) whenm < 0. If f(z) € K,,(b, M) then

(14 16(1 +m) +m|)2"1

@D [T+ b+ m) +mDz+ i+ <8 &) <80

(z€eU; neNy; g(z) €C)
and
(2.2) Ref(z) > —1— (1 +m)Jb|

(1+|b(1 +m) + m|)2"

(146 (14+m)+m|)2" 1
1+[b(1+m)+m])2"+|b(1+m

The constant I T is the best estimate.

Proof . Let f(z) € Ky (b, M) and g(z) = z + Y32, cxz* € C. Then

(14 |b(1 +m) 4+ m|)2"1

[(1+ (1 +m) + m|)2" + |b(1+m)|](f*g) (2)
_ (1+ 61 +m) +m[)2" 1 2
23 = AT @+ m) 2+ [ F )] <Z+k_22“"c"zk>'
Thus, by definition 3, (2.1) will hold true if
(14 |b(1 + m) + m|)2"1 °°
(24) {[TTha ) s B +m>|1”"}k_1

is a subordinating factor sequence with a; = 1. In view of Lemma, this is equiva-
lent to

& (1+ |b(1+m)+m|)2"
(25)  Re {1 L (A m) -2 + 5 +m)|]”’kzk} >0

Now because {k — 1+ |b(1+m) + m(k—1)|} k" (n € Ng;k > 2) is increas-
ing function of k, we have
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k_zl (14|61 +m) +m|)2" + [b(1+m

(14 |b(1 +m) +m|)2"
(T4 [b(1 +m) +m|)2% + [b(1 + m)]]
1 ad ,
A o1 )+ o1 ) (00 m) w2y

>1_ (1+|b(1+m) + m|)2" .
- (14 |b(1+m)+m|)2" + |b(1 4+ m)|]
1 (o]

A 160 )+ mD2r 5 o ) 2k~ 1 100 ) k= TR}
o1 (14 |b(1 4 m) + m|2" .
[+ [6(1 & m) + m])2" + |b(L+ m)]
[b(1 +m)|

(11 [b(1 +m) +m)2" + (1 +m)]]

Re{l-i— °° (1+ [b(1 +m) + m|)2" )Hakzk}

= Re{l+ z+

>0. (|z]=r<1)

Hence, (2.5) holds true in U and also the subordination result (2.1) asserted by
Theorem 1. The inequality (2.2) follows by taking ¢(z) = % = Y, 2F € Cin
(2.1).

Now, consider the function

[b(1 + m)]| 2

Hz) =z [(1+ [b(1 +m) +m)2" + b1+ m)]]- (zeU)

which is a member of the class K, (b, M). Then by using (2.1), we have

(1+ |b(1 4+ m) +m]|)2"~1 Hz) < 2
(14 [6(1 +m) +m]|)2" + |b(1 + m)]|] 1—2z

(z € U).

It is easily verified that

(1+ b1+ m) +m[)2""! !
[(1+|b(1+m)+m|)zn+|b(1+m)|]t(z)}——5 (z e V).

minRe {

(14 |b(14m)+m|)2" 1
1+b(14+m)+m|)2"+|b(1+m)|]
which completes the proof of Theorem.

Then the constant T

cannot be replaced by a larger one,
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