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Abstract

In this paper,we examine semilinear Neumann problems which at F-co
are resonant with respect to two successive eigenvalues (double resonance
situation). Using variational methods based on the critical point theory to-
gether with Morse theory, we prove two multiplicity results. In the first we
obtain two nontrivial solutions and in the second three, two of which have
constant sign (one positive, the other negative).

1 Introduction

Let Z C RN be a bounded domain with a C2-boundary 9Z. In this paper, we
consider the following Neumann elliptic problem:

{ ~Ax(z) = f(z,x(2)) ae. in Z, } (1.1)

% =0 on 9Z.

Suppose f(z,x) = Agx + g(z, x) with | l‘im g(i'x)
X|—00

and Ay is an eigenvalue of the negative Neumann Laplacian. Then problem (1.1)

is said to be resonant at infinity with respect to A. If this happens for two suc-

cessive distinct eigenvalues Ay < Ay, 1, then we say that the problem is “doubly

resonant”.

= 0 uniformly fora.e. z € Z
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The goal of this paper is to prove multiplicity results under conditions of
double resonance between two successive eigenvalues of the negative Neumann
Laplacian. The doubly resonant situation was investigated in the past only in
the context of the Dirichlet problem. In this direction, we mention the works of
Berestycki-de Figueiredo [4] (who coined the term double resonance), Cac [6],
Robinson [24], Su [25] and Zou [30]. To the best of our knowledge, there is no
analogous study for the Neumann problem. Certain resonant Neumann prob-
lems, were studied by lannacci-Nkashama [13], [14], Kuo [15], Mawhin-Ward-
Willem [19], Rabinowitz [23]. Iannacci-Nkashama [14] and Kuo [15] used vari-
ants of the well-known Landesman-Lazer conditions (LL-conditions for short),
which were first introduced in the pioneering “resonant” work of Landesman-
Lazer [16]. Iannacci-Nkashama [13] used a sign condition. Mawhin-Ward-Willem
[19] used a monotonicity condition and finally Rabinowitz [23] employed a pe-
riodicity condition. With the exception of lannacci-Nkashama [14], all the afore-
mentioned Neuamnn works, treat problems resonant with respect to the principal
eigenvalues Ap = 0 and none of them deals with the doubly resonant case. More-
over, all of them prove existence theorems, but do not address the question of
existence of multiple nontrivial solutions. Multiplicity results for resonant Neu-
mann problems, were obtained by Filippakis-Papageorgiou [9], Tang [27] and
Tang-Wu [28]. However, their hypotheses do not allow for double resonance
(neither at zero nor at infinity).

In this paper, we consider the case of double resonance at infinity, with respect
to two successive eigenvalues of the negative Neumann Laplacian. Our approach
combines variational techniques based on the critical point theory, together with
Morse theory. We prove two multiplicity theorems.

The two multiplicity results are the following (for hypotheses H; (resp.H>),
we infer to the beginning of Section 3 (resp. Section 4)).

Theorem 1.1. If hypotheses Hy hold, then problem (1.1) has at least two nontrivial so-
lutions xq, vy € Ch(Z).

Theorem 1.2. If hypotheses Hy hold, then problem (1.1) has at least three nontrivial
solutions xo,vg, g € CH(Z) with xo(z) > 0 > vy(z) forall z € Z.

2 Mathematical background

We start by recalling some basic elements of critical point theory and of Morse
theory, which we shall need in the sequel.
So, let X be a Banach space and X* its dual. By (-, -) we denote the duality
brackets for the pair (X*, X). Let ¢ € C!(X). We say the ¢ satisfies the Cerami
condition (the C-condition for short), if every sequence {x,},>1 C X such that

{@(xn)}u>1 isboundedin R and (1 + |[x,||)¢'(xy) = 0 in X" as n — oo,

has a strongly convergent subsequence.
The next theorem is the well-known “mountain pass theorem” and gives a
minimax characterization of certain critical values of a C!-functional.
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Theorem 2.1. If X is a Banach space, ¢ € C'(X), xo,x1 € X, ||x1 — xo|| > 7 >0

max{¢(xo), p(x1)} < inf @(x) =1y,

lx—xol[=r

¢ satisfies the C-condition and ¢ = inf max ¢(y(t)) where T = {y € C([0,1],X) :
yel 0<t<1

v(0) = xo,v(1) = x1}, then ¢ > u, and c is a critical value of .

Given ¢ € C!(X) and ¢ € R, we use the following notation:

¢- ={x € X:¢(x) <c} (thesublevel set of ¢ atc),
K={x€ X:¢'(x) =0} (the critical set of ¢)
and K. = {x € K: ¢(x) = c} (the critical set of ¢ at the level c).

Suppose (Y;,Y>) is a topological pair with Y, C Y; C X. For every integer
k > 0, by Hi(Y1,Y>2) we denote the kth-relative singular homology group of the
pair (Y3, Y2) with integer coefficients. The critical groups of ¢ at an isolated criti-
cal point x € X with ¢(x) = c are defined by

Cr(@,x) = Hp(e*NU, ¢° NU\{x}) forall k >0,

where U is a neighborhood of x such that KN ¢ NU = {x} (see Chang [8] and
Mawhin-Willem [20]). The excision property of singular homology theory, im-
plies that this definition of critical groups, is independent of the particular choice
of the neighborhood U.

Now, suppose that ¢ satisfies the C-condition and —oo < inf¢(K). Let ¢ <
inf ¢(K). Then the critical groups of ¢ at infinity, are defined by

Cr(¢,00) = Hi(X, ¢°) forall k>0

(see Bartsch-Li [3]). The deformation theorem, which is valid since by hypothe-
sis @ satisfies the C -condition (see Bartolo-Benci-Fortunato [2]), implies that the
above definition of critical groups at infinity, is independent of the particular level
¢ < inf ¢(K) used.

If K is finite, then the Morse-type numbers of ¢ are defined by

My = Y rankCy (¢, x) forall k > 0.

xeK
The Betti-type numbers of ¢, are defined by
B = rankCy (¢, c0) forall k > 0.

By Morse theory (see Bartsch-Li [3], Chang [8] and Mawhin-Willem [20]), the
“Poincare-Hopf formula” holds

Yo (=1 M = Y (-1)fBy, (2.1)

k>0 k>0

if all My, By are finite and the two series converge.
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Recall that if A and B are homotopy equivalent (in particular, if A and B are
homeomorphic), then Hy(X, A) = Hy(X, B) for all k > 0.
In the study of (1.1), we shall use the following two spaces:

Cl(Z) = {x € C(Z) - a—;‘ ~0 on 37}

9
and H(Z) = C}I(Z)M (|| - || denotes the usual norm of H'(Z)).

The space C}(Z) is an ordered Banach space, with order cone
C, ={xeC.Z):x(z) >0 forall z € Z}.

We know that this cone has a nonempty interior given by
intCy = {x € Cq :x(z) >0 forall z€ Z}.

This space seems to be more natural for Neumann problems with homoge-
neous boundary conditions. However, the main reason for working with this
new Sobolev space is Proposition 2.2 below. In general H}(Z) # H'(Z).

Let fo : Z x R — R be Caratheodory function (i.e., measurable in z € Z and
continuous in x € IR), with subcritical growth, i.e.,

Ifo(z,x)| < ag(z) +colx| ™! foraa. z€ Z, all x € R,

We set

2N_ >
with ag € L®(Z)1,c0 > 0and 1 < r < 2% = { Nz if N>3

400 if N=1,2°
Fo(z,x) = fox fo(z,8)ds and consider the C!-functional @ : H}(Z) — R defined
by
90(x) = %||Dx||§—/ Fo(z,x(2))dz forall x € H\(Z).
z

Proposition 2.2. If xo € H\(Z) is a local C}(Z)-minimizer of @y, i.e., there exists
ro > 0 such that

@o(x0) < @o(xo +h) forall h € CL(Z), 1Bllc1z) < o,

then xo € C(Z) and it is also a local H}\(Z)-minimizer of @y, i.e., there exists r; > 0
such that

@o(x0) < @o(xo+h) forall h e H},(Z), k|| < 1.

Remark 2.3. This result for Dirichlet spaces was first proved by Brezis-Nirenberg [5]

for p = 2 and later generalized to all 1 < p < oo (i.e., to the spaces WS’P(Z)) by Gar-
cia Azorero-Manfredi-Peral Alonso [10]. The corresponding result for Neumann spaces
(i.e., for W," (Z)), was proved by Barletta-Papageorgiou [1] (for 2 < p < oo) and by
Motreanu-Motreanu-Papageorgiou [21] (for 1 < p < o0).

Let X = H be a Hilbert space, x € H, U a neighborhood of x and ¢ € C?(U).
If x € H is a critical point of ¢, its "Morse index” is defined as the supremum of
the dimensions of the vector subspaces of H on which ¢” (x) is negative definite.
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Finally, let us recall some basic facts about the spectrum of (—A\, HY(Z)). We
shall do this in the more general context of weighted eigenvalue problems. So, let
m € L*(Z)+ m # 0 (the weight function) and consider the following weighted
linear eigenvalue problem:

{ —Au(z) = Am(z)u(z) ae. in Z, } (2.2)

M —0on dZ, AER.

It is easy to see that A > 0 is a necessary condition for problem (2.2) to have
a nontrivial solution. In fact Ag = Ag(m) = 0 is an eigenvalue of (2.2) with
corresponding eigenspace R (the space of constant functions). Moreover, (2.2)

has a sequence {Xk(m)}kzo of distinct eigenvalues such that /A\k(m) — 400 as
k — +oo. If m = 1, then we write Ay = Ax(1).

For every integer k > 0, let E(A(m)) be the eigenspace corresponding to the
eigenvalue Ay (m) of (2.2). We know that E(A;(m)) C CL(Z) (regularity theory)
and it has the unique continuation property, namely, if u € E (Ax(m)) vanishes on
a set of positive measure, then u(z) = 0 for all z € Z. We set

— k -~ ~ __ =
Hy= @ EQ;(m)) and Hy=Hy = @© E(A(m)).
i=0 i>k+1

Then we have the following variational characterizations of the eigenvalues:

0= Ao(m) = mi“[% cu € HY(Z), u # 0] (2.3)
and fork > 1
Ar(m) = max[% U € Hy, u #0]
= mm[% e Heq, T #£0). (2.4)

The minimum in (2.3) is attained on E(Ag(m)) = R. The maximum and the
minimum in (2.4) are realized on E(A;(m)), k > 1. Then (2.3), (2.4) and the unique
continuation property imply the following monotonicity property of the eigen-
values with respect to the weight function:

"If my,my € L®(Z) 4, my(z) < my(z) a.e. on Z and my # my, then Ag(my) <
Ag(my) for all k > 1.

Note that Ag(m) = 0 is the only eigenvalue with eigenfunctions of constant
sign. All other eigenvalues have nodal (i.e., sign changing) eigenfunctions.

Finally in what follows, for every x € R, we use the notation

+

xT =max{x,0} and x~ = max{—x,0}.
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3 Existence of two solutions

In this section we establish the existence of two nontrivial smooth solutions for
problem (1.1) under double resonance conditions:
The hypotheses on the nonlinearity f(z, x), are the following:

Hi: f: Z xR — Ris a function such that f(z,0) = 0 a.e. on Z and

(@) forallx € R,z — f(z,x) is measurable;
(ii) for almostallz € Z, x — f(z,x) is C';

(iii) for almostall z € Z and all x € R, we have
fx(z, )| <a(z) +c|x|P

witha € L®(Z)4,c > 0and 0 < p < 45 = 2*—2if N > 3 and
0<p<xifN=1,2;

(iv) there exists an integer k > 0 such that

A < lim infM < limsup M < Ak41 uniformly fora.a. z € Z;
| x| =00 X |x| =00 X

(v) suppose that ||x,| — o
li 1if x, = 20 + %, with 2 € E(A¢), X, € Vi = E(A¢)* and Hﬁ—OH -1,
then there exist g > 0 and ng > 1 such that
/Z(f(z, xn(2)) = Aexn(2))20(z)dz > 9 > 0 forall n > ny;

lii ]if x, = 2% + %, with 2 € E(Aj41), X € Vie1 = E(Aj1)* and
0
H;CZH — 1, then there exist 1 > 0 and n1 > 1 such that
/(Ak+1xn(z) — f(z,2,(2)))x2(2)dz > y1 > 0 forall n > ny;
z
(vi) there exist §p > 0 and &y € R\{0}, such that
F(z,x) <0 foraa. z€ Z, all |x| <9

and /ZF(z,c:,‘o)dz >0, where F(z,x) = /Oxf(z,s)ds.

Remark 3.1. Hypothesis Hi(iv) implies that at +00, we have double resonance with re-
spect to the successive eigenvalues Ay < Ay.1. Hypothesis Hyi(v), is a generalization of
the well-known LL-sufficiency conditions for the solvability of resonant problems, first in-
troduced in the work of Landesman-Lazer [16]. Analogous conditions can be found in the
study of resonant Dirichlet problems, see Landesman-Robinson-Rumbos [17], Robinson
[24] and Su [25]. Also we note that in this case the growth hypothesis Hy (iii) is stated
in terms of fi(z,-) = % (z,x), because we want to corresponding euer functional of
the problem to be C2. Indeed, hypotheses Hy (ii), (iii) imply that the integral functional
u — [ F(z,u(z))dz is C2. Finally, we should point out that our hypotheses near the
origin (see Hy(vi)) are minimal and particular they do not necessarily dictate a linear
growth there for f(z,-) as in [24], [25].
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Example 3.2. Consider the following nonlinearity f(x) (for the sake of simplicity, we
drop the z-dependence)

f(x) = AMex 4 g(x), with g € CL(R).

Then we have

X
F(x) = %/\kxz + G(x), with G(x) = /0 g(s)ds forall x € R.

Suppose that near the origin, we have
G(x) = x* — sinx
and for | x| large, we have
G(x) = c|x|%, c > 0.

Then such a nonlinearity f(-) satisfies hypotheses Hy. The generalized LL-condition
(hypothesis Hy(v)), can be verified using Lemma 2.1 of Su-Tang [26].

We consider the Euler functional ¢ : H}(Z) — R for problem (1.1), defined by
1
p(x) = 5 IDx| ~ [ F(zx(2))dz forall x € H}(Z).
z

Hypotheses H; imply that ¢ € C2(H}(Z)). In the sequel, by (-, -) we denote
the duality brackets for the pair (H}(Z)*, H}(Z)). Then

(¢'(x),y) = [ (Dx, Dy)andz = | f(z,x)ydz
and (@"(x)u,v) = /Z(Du, Dv)gndz — /Zf,’c(z,x)uvdz forall x,y,u,v € H-(Z).

Since we are dealing with the Neumann problem, Poincare’s inequality is not
valid (hence ||Du||, is not equivalent to the Sobolev norm) and this makes the
verification of the C-condition more difficult. In fact the possibility of resonance
at Ay and Ay, 1 adds to the above difficulties.

Proposition 3.3. If hypotheses H; hold, then ¢ satisfies the C-condition.
Proof. Let {xn},>1 C H}(Z) be a sequence such that

l9(x,)] < My forsome M; >0, alln > 1and (1+||x,])¢’(x,) — 0in HL(Z)*.
(3.1)

We shall show that the sequence {x,},>1 C H}(Z) is bounded. We argue
indirectly. So, suppose that the sequence {x,},>1 € H}(Z) is unbounded. We
may assume that ||x,| — oc. Lety, = Hiﬁ’ n > 1. Then |ly,|| = 1foralln > 1

and so we may assume that
Yy = yin HX(Z), yu — v in L2(Z), yu(z) — y(z) a.e.on Z
and |y,(z)| <k(z) foraa. z€ Z, alln > 1, with k € L*(Z),
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(recall that H}(Z) is embedded compactly in L?(Z)). By virtue of hypothesis
H, (iii), (iv), we have

|f(z,x)] <a1(z) +ci1]|x| foraa. z€ Z, allx € R, (3.2)
with a1 € L®(Z)+, ¢; > 0. From (3.2) it follows that

f(zxa(2))| _ m(2)

lenll 7 i

={h,(:) = %}nzl C L%(Z) isbounded.

+c1lyn(z)| foraa. z€ Z, alln >1, (3.3)

So, by passing to a suitable subsequence if necessary, we may assume that
hy = h in L2(Z) as n — co.

For every ¢ > 0 and n > 1, we introduce the sets

DQ;Z:{ZEZ:x,,(z)>O, Ak_ggwg/\k+l+g}

and D., ={z€ Z:x,(z) <O, Ak—ggf(Z#(”z()z))

Note that
xn(z) = +coa.e.on {y >0} and x,(z) - —ooa.e. on {y < 0}.
So, by virtue of hypothesis H;(iv), we have
Xps, (z) -1 a.e.on {y >0} and Xps, (z) -1 ae.on {y <O0}.
Then the dominated convergence theorem implies that
11— Xpg, allizggony = 0 and 111 = xpy Vil z2gyco) = O
hence
Xpgm = 1 in L2(y > 0) and xp_ s = h in L*(y <0). (3.4)

From the definition of the sets D, and D, we have

(A — O)yul2) < ”7(()”;/ (2) = hn(2) < (A1 + yn(2) ace.on D,
and (A —é€)yn(z) > ]C(Z#(nzgz))yn (z) = hu(z) > (Agp1 +€)yn(z) ae.on D,

We pass to the limit as n — oo, use (3.4) together with Mazur’s lemma and let
e | 0. We obtain

My(z) < h(z) < Ay1y(z) ae on {y >0} (55)
> h(z) > Agy1y(z) ae.on {y <O0}. (3.6)
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Moreover, it is clear from (3.2) that

h(z) =0 a.e.on {y=0}. (3.7)
Combining (3.5), (3.6), (3.7), we infer that

h(z) = g(z)y(z) ae.on Z, (3.8)

with ¢ € L®(Z)4 such that Ay < g(z) < A1 ae.onZ.
Let A € L(H\(Z),HL(Z)*) be defined by

(A(x),y) = /Z (Dx, Dy)gndz forall x,y € H(Z).

Clearly A is monotone, hence maximal monotone. Also let N : HA(Z) —
L%(Z) be defined by

N(x)(-) = f(-,x(-)) forall x € H(Z).
We know that
@' (xy) = A(xy) — N(x,) forall n > 1. (3.9)
From (3.1), we have
(¢! (xn),0)| < ﬁnvn forall v € HL(Z) with ey 10,
N (xn)

en o

=|(A ,0) — / ——vdz| < (3.10)
AW 0 = J el ™ = Tl Tl
forall n > 1 (see (3.9)).
In (3.10), we choose v = vy, — y € H:(Z). Then
N (xn)
—y)dz — 0 n — oo.
/Z Han (yn y) as oo
So, from (3.10) it follows that
lim (A(yn),yn —y) = 0. (3.11)

n—oo

Note that A(y,) = A(y) in H:(Z)* as n — co. So, from (3.11), we have

(A(Yn),yn) — (A(Y),y),
=|Dyall2 = [|Dy/l2-

On the other hand, we also have Dy, =& Dy in L?(Z,RN). Hence, from the
Kadec-Klee property of Hilbert spaces, we have

Dy, — Dy in L?(Z,RN),
=y, =y in HY(Z).
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Therefore, ||y|| = 1. Passing to the limit as n — oo in (3.10), we obtain

(A(y),v) = /Zgyvdz forall v € H}(Z) (see (3.8)),
=A(y) = gy

From this equation, using Green’s identity, we obtain

—Ay(z) = g(z)y(z) a.e. in Z
{ g—z =0 on JZ. } (3-12)
Standard regularity theory, implies that y € C}(Z)\{0}. We consider three
distinct cases, depending on the position of g in the spectral interval [Ag, Agy1].
Case 1: g(z) = Ay a.e.on Z.
Then, from (3.12) we infer that y € E(A;)\{0}. Hence

[E=|
2|

— 1 as n — oo, (3.13)

where x, = x) + %, with ¥ € E(At) and X, € V} = E(Ay)*, n > 1. From (3.1),
we have

€n 0
N(x)x%(z)dz| < —2—[|x9| < e,
(Ao, 25) = [ N < Tyl < en
={|Dx3 - / N(xa)x)dz] < e,

:>|/ Mexn(2) — f(z,20(2)))x0 (2)dz| < e, forall n > 1. (3.14)

Note that in the last two implications we have used the orthogonality of the
spaces E(Ax) and V. But then, because of (3.13), we see that (3.14) contradicts
hypothesis Hi(v)][i].

Case 2: g(z) = Agyq1a.e.on Z.

This case is treated similarly as Case 1, using this time hypothesis Hj (v)][ii].

Case 3: A < g(z) < Apyq a.e. on Z and the two inequalities are strict on sets
(not necessarily the same) of positive measure.

From the monotone dependence of the eigenvalues {7\” (g) }n>0 on the weight
function ¢ € L*(Z), we have

Ae(g) < Ae(A) =1 and 1= Appq (Agr1) < Agra(g)- (3.15)

From (3.15), it follows that 1 is not an eigenvalue of (—A, H}:(Z), g) and so in
(3.12) we must have y = 0, a contradiction to the fact that ||y|| = 1.

So, in all three cases we have reached a contradiction. This means that
{xu}n>1 C HA(Z) is bounded. Therefore, we may assume that

X, = x in HY(Z) and x, — x in L?(Z). (3.16)
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Then
(A (%), X0 — /N 1) (Xn — x)dz| < X — x|,
:>nlim <A(xn) X, —x) =0 (see (3.16)).

From this as before, using the Kadec-Klee property of Hilbert spaces, we con-
clude that x, — x in H}(Z). This proves that ¢ satisfies the C-condition. ]

Proposition 3.4. If hypotheses Hq hold, then the origin is a local minimizer of ¢.

Proof. Letéy > 0be as in hypothesis Hy (vi) and consider u € C}(Z) with ||ul| cl(2)
< dp. Then by virtue of hypothesis H; (vi), we have

F(z,u(z)) <0 foraa. z € Z. (3.17)

So, for any u € CL(Z) with [ullcrz) < do, we have

o() = 5Dul — [ Fzu(z)dz 2 0= 9(0) (see 3.17)

Therefore the origin is a local C},(Z)-minimizer of ¢. Invoking Proposition 2.2,
we conclude that the origin is a local H} (Z)-minimizer of ¢. ]

We may assume that x = 0 is an isolated critical point and local minimizer of
¢, or otherwise we have a whole sequence of distinct nontrivial solutions of (1.1)

and we are done. Then because of Proposition 3.4, we have (see Chang [8], p.33
and Mawhin-Willem [20], p.175).

Proposition 3.5. If hypotheses Hy hold, then Cy(9,0) = 0y oZ for all m > 0
(O, denotes the Kronecker function).

Since we have assumed without any loss of generality that x = 0is an isolated
critical point and local minimizer of ¢, we can find p > 0 small, p < ||&||, such
that

0=¢(0) < ¢(y) and ¢'(y) #0 forall y e B,\{0}, (3.18)
with B,(0) = {y € Hy(Z) : [|lyl| < p}-

Proposition 3.6. If hypotheses Hy hold, then ¢(0) < inf[@(y) : |ly|| = o] = cp, with
p > 0asin (3.18).

Proof. We proceed by contradiction. So, suppose we can find {y,},>1 C H}(Z)
such that

lyull = p and @(yn) | ¢(0) = 0. (3.19)

We may assume that

Y, =y in HY(Z) and y, — y in L%(Z) as n — co. (3.20)
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Exploiting the compact embedding of H}(Z) into L?(Z) and the sequential
weak lower semicontinuity of the norm functional in a Banach space, we have

¢(y) <liminfo(y,) =0 (see (3.19))
and |[ly[| <p.

Because of (3.18), we must have y = 0. From the mean value theorem, we
have

1 1
o(yn) — go(zyn) = (v}, Eyn> forall n > 1, (3.21)

with - -
ot = A ; ") — N ; "), b € (0,1), 1> 1. (3.22)

We may assume that t, — t € [0,1]. Since ¢(y,) — 0 (see (3.19)) and 0 =
¢(0) < lirll’l’_1>£1;1f @(3yn), from (3.21) and (3.22), we have

lim sup(A(1 + tnyn)/yn> S 0 (recally = 0)/
n—o00 2
:>limsup<A(1 —;t"}/n), ! _;tn]/n> <0,
n— 00
1+t
(L2 Dy 3 0 as 0 o,

=y, — 0 in HA(Z) as n — oo,
a contradiction to the fact that ||y,|| = p for alln > 1. ]
Now we are ready to produce the first nontrivial solution for problem (1.1).

Proposition 3.7. If hypotheses Hy hold, then problem (1.1) has a nontrivial solution
X0 € C},(Z )

Proof. From Proposition 3.6, for p < ||{o||, we have
0= ¢(0) < inflp(y) : |yl = - (3.23)

Also, by hypothesis H; (vi), we have

0(&) = — [ F(z.20)dz <0= 9(0). (3.24)

From (3.23),(3.24) and Proposition 3.3, we see that we can apply Theorem 2.1
(the mountain pass theorem) and obtain xg € H}(Z) such that

0= ¢(0) <c, < ¢(x0) and ¢'(x9) =0,
=X 75 0 and A(XO) = N(XO),

= — Axo(z) = f(z,x0(2)) ae.in Z, % =0 on JZ.

So, xo € H}(Z) is a nontrivial solution of problem (1.1) and the regularity
theory implies xy € C}(Z). ]



Multiplicity of Solutions for Doubly Resonant Neumann Problems 147

Proposition 3.8. If hypotheses Hy hold and xo € C}(Z) is the nontrivial solution of
problem (1.1) obtained in Proposition 3.7, then Cy, (@, Xo) = 6y 12Z for all m > 0.

Proof. We shall show that we can apply Corollary 8.5, p.195 of Mawhin-Willem
[20]. To this end, it suffices to check that, if the Morse index of x is equal to 0,
then its nullity is less than 2. So, we may assume that

(" (x0)u,u) >0 forall uec H\(Z) (3.25)

(i-e., the Morse index of xg is equal to 0). Note that u € ker¢” (x() if and only if

B_u =0on JZ, (3.26)

—Au(z) = mi(z)u(z) a.e. in Z, gy

where 71(z) = f1.(z, x0(2)).
If m™ = 0, then clearly the only solution of (3.26) is u = 0 and so we are done.
If m™ # 0, then we define

A*(m) = inf[||Du|)? : u € HY(Z), / ildz = 1]. (3.27)
Z
From (3.25), we have

1Du|)3 > /Zmu%zz forall u € H\(Z),
=A*(m) > 1 (see (3.27)). (3.28)

If f 7 im > 0, the from Proposition 2.2 of Godoy-Gossez-Paczka [12], we have
A*(m) = 0, which contradicts (3.28).

So, we must have [, iidz < 0. Then according in Proposition 2.7 of Goday-
Gossez-Paczka [12], we have dimker¢” (x9) < 1. Therefore, we can apply Corol-
lary 8.5, p.195 of Mawhin-Willem [20] and infer that C, (¢, x9) = ,1Z for all
m > 0. u

To compute the critical groups at ¢ at infinity, we shall need the following
slight modification of Lemma 2.4 of Perera-Schechter [22]. The new formulation
is suitable for problems in which the Euler functional satisfies the C-condition.

Lemma 3.9. If H is a Hilbert space, (t,x) — ¢:(x) is a function belonging in C(]0,1] x
X) such that x — 0p¢(x) and x — ¢}(x) are both locally Lipschitz on H and there
exists R > 0 such that

inf[(1 + [|ul]) @t ()]l = t € [0,1], [Ju] > R] >0 (3.29)
and inf[@¢(u) : t € [0,1], [[u]] <R] > —o0, (3.30)

then Cp (o, 00) = Cp(¢p1,00) forall m > 0.

Proof. We choose i1 < inf[¢@;(u) : t € [0,1], ||u]| < R] such that

9o # O or ] # .
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If no such 77 € R can be found, then Cy,(¢g,00) = Cp(¢1,0) = 6 0Z for all
m > 0.

For definiteness, we assume that ¢ # @ (the argument is similar if we assume
that ¢/ # @). Take u € @] and consider the following Cauchy problem:

‘ drpt(h

{ h(t) = = (1+ [(t) ) {eRs i 9i () ace. on Ry, } (3:31)
h(0) = u.

Since by hypothesis both x — 0;¢:(x) and x — ¢}(x) are locally Lipschitz,

then from the local existence theorem (see, for example, Gasinski-Papageorgiou

[11], p.618), we know that (3.31) admits a local flow denoted b h(t) (or h(t, u) to
emphasize the initial point ). If by (-, -) y we denote the inner product of H, then

%@t(h(f)) = (@i (h(£)), h(t)) 1t + Ore (h(t))

< (L [h(@)[)Iepe(h(t)) + 9 (h(t)) (see (3.31))

< 0 a.e. on th maximal interval of existence T = [0, b (3.32)
= ¢t(h(t)) < @o(u) <ny forall teT,

= ||h(t)|| > R forall t € T (recal the choice of 7 € R),

= |lpi(h(t))]| > B >0 forall teT.

Therefore, the flow h(-) is global (i.e., on the whole IR ) and we have that qog

is homeomorphic to a subset of 90717 (see (3.32)).
Similarly, if we consider the family {» = @;_1},c(91), then an analogous ar-

gument gives us that ¢; = q0717 is homeomorphic to a subset of ¢; = gog . Therefore
we conclude that gog is homotopic to g0’17. Hence

Hu(H, ¢}) = Hu(H, ¢") forall m >0,
=Cm (o, 00) = Cp(¢q,00) forall m > 0. ]
Using this lemma we can compute the critical groups of ¢ at infinity.
Proposition 3.10. If hypotheses Hy hold, then Cy (@, 0) = 8, 4, Z for all m > 0, with
dy = dimT, (F, = éOE(Ai)).
Proof. We consider the following one-parameter family of functions

1—1)6
( ) ||x\|§ forall x € H}l(Z),

ou(x) = S1Dx[3 — t [ F(z,x(2))dz -

with t € [O, 1],9 € (/\k, )\k—l—l)'
Claim: We can find R > 0 such that

inf[(1+ [[ul]) | @} ()], : £ € [0,1] [luf) > R] > o.

We proceed by contradiction. So, suppose that the Claim is not true. Then we
can find {t, },>1 C [0,1] and {x,},>1 € H}(Z) such that

ty = t € [0,1], [[xu]l = 00 and (1 + ||xul)ll e, (xu) ]I« — 0.
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So, we have

Alxy) / z,xy)vdz — (1 —t 6/xvdz<7nv 3.33
|< ( n f n ( n) n |_1+||xn|||| || ( )
forallv € H},(Z) with g, | 0.

We set iy, = HZH’ n > 1. Then ||y,|| = 1 for all n > 1 and so, we may assume
that

Yp =y in Hl(Z) and y, — vy in L*(Z).
We multiply (3.33) w1th H and obtain

f(z,xn) / €n o]l
vdz — (1 —t,)0 vdz| < (3.34)
4 / Tl (=00 [ yuodzl < T Tl

forall v € Hl(

We choose U = yy, —y € H}(Z) and then pass to the limit as n — oo in (3.34).
Since {f ” }n C L2(Z) is bounded (see the proof of Proposition 3.3), we
obtain

Em(A(yn), yn —y) =0,
=yn =y in Hy(Z), |yl =1, y #0.

Also, arguing as in the proof of Proposition 3.3, we can show that

= ) SO 0) g g2)
12| 2|
and h =gy, A <g(z) < Agq ae.on Z

So, if we pass to the limit as n — oo in (3.34), we obtain

(A(y), ) = /Z (tg + (1 — £)8)yvdz forall v € HY(Z),
=A(y) = (tg+ (1 —1)0)y,

=~ Ay(a) = (t5(2) + (1 - 0O)y(2) aein Z, L —0ondZ (33
As in the proof of Proposition 3.3, we consider three distinct cases depending
on the position of the weight function g; = tg+ (1 — )8 € L*(T) in the spectral
interval [A, Apiq].
Case1:t =1and g = Ay.
In this case (3.35) becomes

— Ay(z) = My(z) ae in Z, % _ O ondZ,

on
=y € E(A4)\{0},
[EA

n
A

= —1 as n — oo.
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Then arguing as in Case 1 in the proof of Proposition 3.3, we reach a contra-
diction to the generalized LL-condition (see hypothesis Hy(v)]i]).
Case2:t =1and g = Agyq
This is treated as Case 1 using this time hypothesis H1(v)][ii].
Case3: 0 <t <lor(g # Arand g # Agi1)
In this case
Ak < g4(z) < Agsq ae.on Z,

=Ar(g) < Ae(Ax) =1and 1= Apq (A1) < Ax(gr)- (3.36)

Combining (3.35) and (3.36), we infer that y = 0, a contradiction to the fact

that ||y|| = 1. This proves the Claim.
Clearly, we also have

inf[g;(u) : t € [0,1], ||u|| < R] > —oo.
Therefore, we can apply Lemma 3.9 and obtain
Cm(@o,0) = Cp(¢q,00) forall m > 0. (3.37)

Note that go(x) = 1||Dx||3 — & x5 and ¢1(x) = ¢(x). Since 6 € (Ag, Agy1),
x = 0 is the only critical point of @. It is a nondegenerate critical point with

- k
Morse index y = di, where dy, = dimHy, H, = @ E(A;). So, it follows that
i=0

Cin(90,00) = Cu(90,0) = 6,4, Z forall m >0,
=C(@1,0) = Ciu(9,00) = 8y g, Z forall m >0 (see (3.37)). m

Now we are ready for the first multiplicity theorem for doubly resonant semi-
linear Neumann problems.

Theorem 3.11. If hypotheses Hy hold, then problem (1.1) has at least two nontrivial
solutions xg, ug € CL(Z).

Proof. From Proposition 3.7, we already have one nontrivial solution xg € C1(Z).
Suppose that {0, xo} are the only critical points of ¢. Then from Propositions
3.5, 3.8, 3.10 and the Poincare-Hopf formula (see (2.1)), we have

(1) + (=)' = (-1)%,

a contradiction. This means that there is one more critical point yy € _H},(Z ) of
¢, distinct from 0 and xy. Then yp is a solution of (1.1) and yo € C}(Z) by the
regularity theory. m

4 Existence of three solutions

In this section we strengthen hypotheses H; and we produce three nontrivial
solutions for problem (1.1).
The new hypotheses on the nonlinearity f(z, x) are the following:
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Hy: f: Z xR — Ris a function such that f(z,0) = 0 a.e. on Z and hypothe-
ses Hy(i), (ii), (iii), (v), (vi) are the same as the corresponding hypotheses

Hi(#), (i), (iii), (v), (vi)

- k
(iv) there exists an integer k > 1 such that dy = dimHy (Hy = @ E(A;)) is
i=0

even and

A < liminf M < limsup M < Ak41 uniformly fora,a. z € Z;
|X‘—>OO X |x‘—>00 X

(vii) there exists ¢ > 0 such that

f(z);x) > —C fora.a. z€ Z, all x #0.

Remark 4.1. In hypothesis Hy(iv) since dy. is assumed to be even, k can not be zero.
That is why we assume k > 1.

We introduce the positive and negative truncations of f(z, -) defined by

0 if x<0 z,x) if x<0
f+(z’x):{f(z,x) if x>0 and f_(z,x)z{g( ) if x>0

We set Fi(z,x) = fox f+(z,s)ds and then for € € (0,1) we introduce the func-
tionals ¢ : H}(Z) — R defined by

1 € €
05 (x) = 5 IDxl3+ S xI3 = [ Fi(zx(@)dz = 5|

Note that ¢¢. € C>-O(H}(Z)).

Proposition 4.2. If hypotheses Hy hold, then the functionals ¢ and ¢% satisfy the C-
condition.

Proof. That ¢ satisfies the C-condition follows from Proposition 3.3.
Next we prove that ¢% satisfies the C-condition. The proof for ¢* is similar.
So, we consider a sequence {x, },>1 C H}(Z) such that

|¢% (xn)| < My forsome M, >0, all n>1

and (14 [|xu]l) (%) (xn) — O as 1 — co. (1)

From (4.1), we easily see that
|x, || = 0 as n — oo.

Suppose ||x, || — o0 asn — co. We set y, = ﬁ,n > 1. Then ||y,|| = 1 for all
n > 1 and so we may assume that

Y, =y in HY(Z) and y, — vy in L*(Z) asn — co.
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Reasoning as in the proof of Proposition 3.3, we show that:
"IE Na(x0)(-) = fio(xa() and gp = Y5 then g, % ¢ in [2(Z) and

i [
¢(z) = E(2)y*(z), Ay < E(z) < App1ae.onZandy, — yin HY(Z) asn — o”.
Hence |ly|| = 1 (i.e.,, v # 0) and y > 0. Moreover, in the limit as n — oo, we
have

_Ay(z) = E(@)y(z) ae.on Z, S—Z — 0 ondZ. 42)

Since dy is even, k > 1 and so from (4.2), we have that y is nodal, a contradic-
tion to the fact that y > 0,y # 0. This proves that {x; },>1 C H;(Z) is bounded,
hence {x,},>1 C HL(Z) is bounded. From this, as before, it follows that ¢f
satisfies the C-condition.

Similarly for ¢ . m

Proposition 4.3. If hypotheses Hy hold, then u = 0 is a local minimizer for the func-
tionals @<,

Proof. Let &y > 0 be as in hypothesis H(vi). Then for every u € C}(Z) with
||u||c}1(7) < 4y, we have

Fi(z,u(z)) <0 ae.on Z

(recall that Fi (z,x) = 0 for a.a. z € Z, all x < 0). Hence for u € C,(Z) with
||”Hc,11(7) < 4y, we have

3

c 1
o, (u) = | Dul 4+ 5 (I3 = 1 1B) — [ Fi(zu(z))dz > 0,

=u = 0 is a local C}(Z)-minimizer of ¢¢,
=u = 0 is alocal H}(Z)-minimizer of ¢% (see Proposition 2.2).
The proof for ¢¢ , is similar. n

As before we may assume that © = 0 is an isolated critical point and local
minimizer of g% (otherwise we have a whole sequence of distinct constant sign
solutions). Then as in the proof of Proposition 3.6, we obtain:

Proposition 4.4. If hypotheses Hy hold, then there exists p > 0 small such that
0= ¢%(0) < inf[g%(y) : lyll = p] =,
Now we are ready for the second multiplicity result for problem (1.1).

Theorem 4.5. If hypotheses Hj hold, then problem (1.1) has at least three nontrivial
solutions B
xg € intCy, vy € —intC, and ug € CL(Z).

Proof. By virtue of hypothesis H(iv), we have

lim inf 2F(z x)

in >— 2> A uniformly fora.a z € Z.
X|—o00 X
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Since k > 1 (recall di is even, see Remark), Ay > 0 and so for large x > O,
F(z,x) > 0. Hence, if 0 > 0 is large (such that ||0]| > p, then

¢°.(0) = — | F(z0)dz < 0= ¢ (0).

Hence Propositions 4.2 and 4.4 permit the application of Theorem 2.1. So, we
obtain xg € H1(Z) a critical point of ¢¢_ such that
0=95(0) <c; < ¢ (x0),
=x0 # 0.

Also, we have
(%) (x0) =0
= A(x0) + exo — N4 (x9) —e(xg) =0
with Ny (u)(-) = fo(-,u(-)) forall u € HL(Z),
= A(x0) + exo = N4 (%) +e(xg ). (4.3)
We act with the test function —x, € H}(Z) and obtain
IDxg |3 + el 3 = 0
(recall f4(z,x) =0fora.a.z € Z, allx <0),
=|lx; ||* =0, ie. xg >0, xg # 0.
So, (4.3) becomes
A(x9) = N(xo)
(recall N(u)(-) = f(-,u(-)) forallu € H\(Z))

U
e 0 ondZ, 4.4)

using Green’s identity. Therefore, xo € H\(Z) is a solution of problem (1.1).
Moreover, regularity theory implies that xo € C4. Then, by virtue of hypothesis
H,(vii), we have

= — Axg(z) = f(z,x0(z)) ae.in Z, 9%

— Axp(z) > —Cxo(z) fora.a. z € Z (see (4.4))
=Axp(z) < Cxp(z) a.e. in Z,
=>Xg € intC+,

using the strong maximum principle (see Vazquez [29]).
As in the proof of Proposition 3.8, we have

Cm(9%, x0) = 0yy1Z forall m > 0. (4.5)

Since ¢° |c, = ¢|c, and using a result of Liu-Wu [18] (see also Chang [7]), we
have

Cn (9%, %0) = Cu(9% |1z, %0) = Cun(@l 17y, %0) = Cm(@, x0) forall m >1,
=Cu(p,x0) = dp1Z forall m >0 (see (4.5)). (4.6)
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Similarly, working this time with ¢°, we obtain vg € —intC, a solution of
(1.1) such that

Cm(p,v0) = 0m1Z forall m > 0. 4.7)

Finally, from Propositions 3.5 and 3.10, we have

Cn(p,0) = 0y 0Z forall m >0 (4.8)
Ciu(@,00) = 6y 4, Z forall m > 0. 4.9)

Suppose {0, xp, vo} are the only critical points of ¢. Then from (4.6), (4.7), (4.8),
(4.9) and the Poincare-Hopf formula (see (2.1)), we have

(=1 + (=)' + (-1)' = (=1)%, (4.10)
=(-1)' = (=1)%, 4.11)

a contradiction, since by hypothesis dy is even. Therefore, there must be a
third nontrivial critical point g of ¢, distinct from {xo, vo}. This is a solution of
(1.1) and regularity theory implies that uy € C}(Z). ]

Remark 4.6. If N = 1 (i.e., ordinary differential equation problem), then d; =even
means that k > 0 is odd. Recall that in this case dimE(Ay) = 1 for all k > 0 and so
dimﬁk =k+1

AKCNOWLEDGEMENT: The authors wish to thank the referee for pointing
out a mistake in the proof of Theorem 4.5 and for other correction and construc-
tive remarks.

References

[1] G.Barletta, N.S.Papageorgiou, A multiplicity theorem for the Neumann p-
Laplacian with an asymmetric nonsmooth potential, J.Global Optim., 39 (2007),
365-392.

[2] P.Bartolo, V.Benci, D.Fortunato, Abstract critical point theorems and applications
to some nonlinear problems with "strong” resonance at infinity, Nonlinear Anal-
ysis, 7 (1983), 981-1012.

[3] T.Bartsch, S.Li, Critical point theory for asymptotically quadratic functionals and
applications to problems with resonance, Nonlinear Analysis, 28 (1997), 419-441.

[4] H.Berestycki, D.de Figueiredo, Double resonance in semilinear elliptic problems,
Comm.Partial Differential Equations, 6 (1981), 91-120.

[5] H.Brezis, L.Nirenberg, H L versus C1 local minimizers, CRAS Paris (Math), 317
(1993), 465-472.

[6] N.P.Cac, On an elliptic boundary value problem at double resonance,
J.Math.Anal. Appl., 132 (1988), 473-483.



Multiplicity of Solutions for Doubly Resonant Neumann Problems 155

[7] K-C.Chang, H! versus C! critical points, CRAS Paris (Math), 319 (1994), 441-
446.

[8] K-C.Chang, Infinite Dimensional Morse Theory and Multiple Solution Problems,
Birkhauser, Boston (1993).

[9] M Filippakis, N.S.Papageorgiou, Multiple nontrivial solutions for resonant Neu-
mann problems, Math. Nachrichten-in press.

[10] J.Garcia Azorero, J.Manfredi, I.Peral Alonso, Sobolev versus Holder local mini-
mizers and global multiplicity for some quasilinear elliptic equations, Comm. Con-
temp. Math., 2 (2000), 385-404.

[11] L.Gasinski-N.S.Papageorgiou,Nonlinear Analysis,Chapman and Hall/CRC
Press, Boca Raton, (2006).

[12] J.Godoy, J-P.Gossez, S.Paczka, Antimaximum principle for elliptic problems with
weight, Electronic J.Differential Equations, 22 (1999), 1-15.

[13] R. Iannacci-M.N. Nkashama, Nonlinear two point boundary value problems
at resonance without Landesman-Lazer condition, Proc. Amer.Math. Soc., 106
(1989), 943-952.

[14] R. Iannacci-M.N. Nkashama, Nonlinear elliptic partial differential equations at
resonance:Higher eigenvalues, Nonlinear Analysis, 25 (1995), 455-471.

[15] C-E.Kuo, On the solvability of a nonlinear second-order elliptic equation at reso-
nance, Proc. Amer.Math.Soc., 124 (1996), 83-87.

[16] E.Landesman, A.Lazer, Nonlinear perturbations of linear elliptic boundary value
problems at resonance, J. Math.Mech., 19 (1969/1970), 609-623.

[17] E.Landesman, S.Robinson, A.Rumbos, Multiple solutions of semilinear elliptic
problems at resonance, Nonlinear Analysis, 24 (1995), 1049-1059.

[18] J.Liu, SWu, Calculating critical groups of solutions for elliptic problems with
jumping nonlinearity, Nonlinear Analysis, 49 (2002), 779-797.

[19] J.Mawhin, ].Ward, M.Willem, Variational methods and semi-linear elliptic equa-
tions, Arch. Rat.Mech.Anal., 95 (1986), 269-277.

[20] J.Mawhin, M.Willem, Critical Point Theory and Hamiltonian Systems, Springer
Verlag, New York (1989).

[21] D.Motreanu, V.Motreanu, N.S.Papageorgiou, Nonlinear Neumann problems
near resonance, Indiana Univ.Math.Jour., 58 (2009), 359-369.

[22] K.Perrera, M.Schechter, Solutions of nonlinear equations having asymptotic lim-
its at zero and infinity, Calc. Var.PDE’s, 12 (2001), 1257-1280.

[23] P.Rabinowitz, On a class of functionals invariant under a Z"-actions, Trans.
Amer.Math. Soc., 310 (1988), 303-311.



156 M. E. Filippakis- N. S. Papageorgiou

[24] S.Robinson, Double resonance in semilinear elliptic boundary value problems over
bounded and unbounded domain, Nonlinear Analysis, 21 (1993), 407-424.

[25] J. Su, Semilinear elliptic boundary value problems with double resonance between
two consecutive eigenvalues, Nonlinear Analysis, 48 (2002), 881-895.

[26] J.Su, C-L.Tang, Multiplicity results for semilinear elliptic equations with resonance
at higher eigenvalues, Nonlinear Analysis, 44 (2001), 311-321.

[27] C-L.Tang, Solvability of Neumann problem for elliptic equations at resonance,
Nonlinear Analysis, 44 (2001), 323-335.

[28] C-L.Tang, X-P.Wu, Existence and multiplicity for solutions of Neumann problem
for semilinear elliptic equations, ]. Math.Anal.Appl., 288 (2003), 60-670.

[29] J.Vazquez, A strong maximum principle for some quasilinear elliptic equations,
Appl. Math. Optim., 12 (1984), 191-202.

[30] W.Zou, Multiple solutions for elliptic equations with resonance, Nonlinear Anal-
ysis, 48 (2002), 363-376.

Department of Mathematics,
Hellenic Military Academy

Vari 16673 Athens, Greece,
email:mfilip@math.ntua.gr

Department of Mathematics,

National Technical University,

Zografou Campus, Athens 15780, Greece
email:npapg@math.ntua.gr



