On natural representations of the symplectic
group

R. J. Blok I. Cardinali A. Pasini

Abstract

Let Vi be the Weyl module of dimension (') — (*",) for the group

G = Sp(2n,F) arising from the k-th fundamental weight of the Lie algebra
of G. Thus, V affords the grassmann embedding of the k-th symplectic polar
grassmannian of the building associated to G. When char(F) = p > 0 and
n is sufficiently large compared with the difference n — k, the G-module Vj
is reducible. In this paper we are mainly interested in the first appearance of
reducibility for a given h := n — k. It is known that, for given / and p, there
exists an integer n(h, p) such that Vj is reducible if and only if n > n(h, p).
Moreover, let n > n(h, p) and Ry the largest proper non-trivial submodule of
Vk. Then dim(Ry) = 1if n = n(h, p) while dim(Ry) > 1if n > n(h,p). In
this paper we will show how this result can be obtained by an investigation
of a certain chain of G-submodules of the exterior power Wy := AV, where
V =V (2n,F).

1 Introduction

Let V be a 2n-dimensional vector space over a field IF and, for a given non-
degenerate alternating form a(.,.) of V, let G = Sp(2n, IF) be the symplectic group
associated with it. Let A be the building associated to the group G. So, the ele-
ments of A of type k = 1,2,...,n are the k-dimensional subspaces of V totally
isotropic for the form «.
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For 1 < k < n, let G be the k-th grassmannian of PG(V'), where the k-subspaces
of V are taken as points. The lines of Gy are the sets Ixy = {Z | X C Z C
Y, dim(Z) = k} for a (k + 1)-subspace Y of V and a (k — 1)-subspace X of Y. Put
Wi := AV and let i : Gy — PG(W;) be the natural embedding of Gy in PG(W;),
sending a k-subspace (v1, ..., ;) of V to the 1-dimensional subspace (v1 A ... A vy)
of Wy. Let A be the k-th grassmannian of A, elements of A of type k being taken
as points of Ay. When 1 < k < n the lines of Ay are the lines Ix y of Gy where
X and Y are totally a-isotropic, while A; and A, are respectively the polar space
and the dual polar space associated to A. In any case, Ay is a full subgeometry
of Gx. The embedding  induces an embedding ¢;: Ay — PG(V}), where Vj is
the subspace of Wy spanned by 1 (Ay). We call g the grassmann embedding of Ay.
When char(IF) # 2 the embedding ¢ is universal (Blok [3]).

The group G acts on Vj via g;. In the language of Chevalley groups, Vj is the
Weyl module obtained from the irreducible module for the complex Lie algebra
of type C,, whose highest weight is the k-th fundamental dominant weight, by
tensoring a minimal admissible lattice with the field IF. Since this process does not
reduce the dimension, it follows from Weyl’s dimension formula that dim(Vy) =
(%) = (-

The G-module V is irreducible when char(IF) = 0. On the other hand, when
char(F) = p > 0 the module Vj can be reducible. Explicitly, V} admits a unique
maximal proper G-submodule Ry and the dimension f; := dim(Vj/Ry) can be
computed with the help of the following recursive formula (Premet and Supru-
nenko [15]; also Adamovich [1] for the case of char(F) = 2; see also Brouwer

[8]):
4= () ()5

j€lp(k)

where J,(k) == {j |0 < j <k k—j=0(mod?2), n—j+12>, (k—j)/2}
and, for two integersa > b > 0, expressed as a = agp +ajp +--- +a,p" and
b = by + bip +...bsp° to the base p, we write a >, b and say that a contains b to
the base p if s < r and for everyi = 1,...,s either b; = a; or b; = 0.

The following is a corollary of the proof of (1) by Premet and Suprunenko [15].
Choose a nonnegative integer 1 and for n > h put k = n — h. Let N(h, p) be the

smallest integer n > h such that p divides (1+ L(Zﬂ’ )/ 2J). Then
Theorem 1.1. The G-module Vy. is reducible if and only if n > N(h, p). If n = N(h, p)
then dim(Ry) = 1. If n > N(h, p) then dim(Ry) > 1.

In their investigation, Premet and Suprunenko (as well as Brouwer) focus on
the structure of weight spaces of Vj. In doing this, they ultimately rely on the the-
ory of Specht modules for symmetric groups. This approach is perfect in its own
kind, but a geometry-oriented reader might want something else. The approach
by Adamovich [1] is different, but even less geometric.
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During a visit of the first author to the University of Siena in the summer
of 2007, we laid down the project of developing a more geometric approach to
this matter. We don’t aim at a strikingly simple proof of (1). Rather, we believe
there are still interesting facts that, concealed under the approach of [15], wait
to be discovered. In a sense, our project is a pretext to enlight a few of them.
This paper is a first contribution to our project. It is also a continuation of earlier
papers as [11], [6], [7] and [9], which quite naturally fit with this project.

Throughout this paper we assume char(IF) # 2 (as Premet and Suprunenko
do in [15]). We will say a few words on this restriction at the end of this introduc-
tion.

The following characterization of Ry is crucial in our investigation. Note first
that the grassmann embedding e, of Ay is polarized, in the following sense: for
every point X of A, the eg-image e, (H(X)) of the set H(X) of points of A at non-
maximal distance from X spans a hyperplane H(X), := (e(H(X))) of PG(Vj).
Then

Rp = [\(H(X)x | X point of A) ()

This is proved by Blok [4] for arbitrary Lie incidence geometries associated to
Chevalley groups by considering a certain contravariant form f, whose radical
is exactly Rg. (See also [7], where (2) is proved for any embeddable dual polar
space, provided it is defined over a commutative division ring.) According to (2),
the subspace Ry defines a quotient €, /Ry of ¢, and the embedding ¢; /Ry is the
minimal homogeneous embedding as well as the minimal polarized embedding
of Ay. Equivalently, every homogeneous embedding of Ay is polarized. Moreover,
as we will see in Section 2, a non-degenerate bilinear form ay(.,.) can be defined
on Wi such that, for any two points X and Y of Ay and any non-zero vectors
x € e(X),y € g(Y), we have ax(x,y) = 0if and only if X € H(Y). By (2), Ry is
precisely the radical of the restriction of a; to Vi x Vj. In other words, Ry = Vi N
VkL", where L stands for the orthogonality relation with respect to aj. A relation
certainly exists between a; and the above mentioned form p but this point is not
yet completely clear to us.

We call Ry the radical of €. Our project amounts to investigate Ry. We shall
tirstly investigate the structure of the G-module Wy introducing what we call its
basic series, namely a chain

Dewh c.ocw® = w

k
Vi = Wk( ' c W(—z 4 k—2|k/2] =

of G-invariant subspaces of Wj such that, for every integer i with0 <i < k/2 -1,

the quotient W]@Zl./ Wk(li)zl. ., affords the embedding ex_o; : Ap_z — PG(Vi_p)
(see Theorem 3.5). When k is odd the clause i < k/2 —1isequivalenttoi < |k/2].
When k is even and i = k/2 — 1 then Wz(k) is a hyperplane of Wék) = W;. In this
case W(gk) / Wék) is 1-dimensional (a trivial module for G).

In Section 4 we prove that if k is odd then G acts fixed-point-freely on PG(Wy)
while when k is even G admits exactly one fixed-point P on PG(Wj), which we

call the pole of G on Wy. Actually, P = (Wz(k) )*k. The pple P seems to be ultimately
responsible for Ry being non-trivial.
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Indeed, chosen a nonnegative integer £, let n range in the set of integers n > h
and put k := n — h, as we have done before. Let p = char(F). If p = 0 then
Ry = 0 for every k. In this case, when k is even, the pole P always sits outside

Wz(k). In particular, it sits out of the first member V; = Wk(k) of the basic series. Let
p > 0. Then, as we shall see in Section 5, there exists an even nonnegative integer
k(h,p), depending on h and p, such that Ry = 0 if and only if n < n(h,p) :=
k(h,p) + h. In fact, as long as n < n(h,p) (and k = n — h is even) P travels from
one member of the basic series to another one, but keeping out of the deepest

member V = ngk) of the series. As soon as n = n(h, p) the pole P enters V.
In this case Ry = P. If n > n(h, p) then dim(Ry) > 1 and R; contains possibly
improper submodules generated by poles of subspaces of Vi generated by -
images of subgeometries of Ay corresponding to residues of certain elements of A.
Our dream is to explain formula (1) in this perspective, but this goes far beyond
what we can do at present, provided it can be done. In this paper, leaving that
dream aside for the moment, we will mainly focus on n(h, p).

In Section 5 (Theorem 5.7) we exploit our approach to prove that n(h, p) <
N(h,p), where N(h, p) is as in Theorem 1.1. We also give a very simple explicit
expression for N(h, p). Moreover, we prove that, if 1 +1 # 0 (mod p), then
n(h,p) = N(h,p) (Theorem 5.8). However n(h,p) = N(h, p) for any value of h,
as we know by Theorem 1.1, no matter if p divides /1 + 1 or not. Regretfully, we
are presently unable to squeeze this equality out of our approach whenh +1 =0
(mod p).

We must mention that a different proof of Theorem 1.1 has also been obtained
by De Bruyn [13]. The proof by De Bruyn is remarkable. It only exploits elemen-
tary linear algebra: no Lie algebras and almost no groups. However it goes on
through rather complicated computations which, as we feel, do not help so much
to catch the very substance of what is going on.

As we have said above, we assume char(IF) # 2. The following is the main
reason for this restriction. In a few arguments of ours we will exploit the fact
that the embedding ¢ is universal, but this can be false when char(IF) = 2. Most
likely, those arguments can be modified so that to work in the case of character-
istic 2 as well, but we prefer to keep this task for a future work.

2 Preliminaries

2.1 Notation

LetF,n, V,a(..), G, A, A, Gk, ix, €k, Wi and Vi be as in the introduction. As said
in the introduction, we assume char(IF) # 2. Also, n > 2.

Alinear mapping f : V. — V canbe carried to Wy in two different ways. Given
an ordered basis E = (e, ..., e2,) of V, which we may assume to be hyperbolic for
the form «, consider the following basis of Wj:

/\k]E = {eil A ej, N SN 1<ip<ipn<..<i < 21’1}.

We denote by (f)x and [f]i the linear mappings of Wy defined as follows on the
vectors of AFIE:
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(f)k Lo JARIAY e — f(keil) VAR /\f(eik),
[f]k Doep N Nej = Y- ey, N ANej A f(eir) Nej o N Nej.

For every subgroup X of GL(V'), we denote by (X); the image of X by the map-
ping (.)x sending f € X to (f)x. Note that (X); might be non-isomorphic to X.
However, denoted by Z and Z; the centers of GL(V) and GL(Wj) respectively,
(.)x induces an isomorphism from X/ (X N Z) to (X)i/(X)x N Zk. In other words,
X and (X)y are projectively isomorphic. Let £(V) be the Lie algebra of all linear
mappings of V. Then for every subalgebra X of £L(V) the mapping [.]; sending
f to [f]x induces an isomorphism from X to a subalgebra [X]; of the Lie algebra
L (W) of all linear transformations of Wi.

The image (G)x of G = Sp(2n,[F) by (.)x stabilizes the subspace Vj of W;.
Similarly, Vj is stabilized by the image [L(G)]i of the Lie algebra L(G) of G. Ac-
cording to this, in the sequel we will freely regard (.); and [.]; as mappings from
G to GL(Vy) and from L(G) to the Lie algebra £(Vj) of linear mappings of V,
whenever this point of view will be convenient.

When there will be no danger of confusion, for a subgroup X of G we will
simply write X instead of (X). In particular, if (X); stabilizes a subspace K of Wy
then we say that K is X-invariant.

2.2 Point-stabilizers and their unipotent radicals

In this subsection we recall a number of known facts on stabilizers of elements of
Ay in G = Sp(2n, F). Steinberg [17], Carter [12] and Tits [18, Chapter 13] are our
main sources for this matter.

Given a point S of Ay let Gg be its stabilizer in G. Then Gs = UgsL (Levi-
decomposition) where Ug (the unipotent radical of Gg) is the subgroup of Gg that
stabilizes both S and St /S elementwise (where | stands for orthogonality with
respect to ), while L (a Levi complement) is the stabilizer of S, S; and S, where
S1 is a complement of S in S and S is a complement of S in V contained in
S{, namely a complement of S in S{-. The alternating form a of V induces a
non-degenerate alternating form on S; while S, is totally isotropic for a.

The product UsL = Gg is semidirect with Ugs < Ggs. The unipotent radical Ug
acts regularly on the set of direct sums S; @ S, as above (whence on the set of
Levi complements). The Levi complement L splits as a direct product Ly x L,
where L acts trivially on S; and induces GL(k, F) on S. The action of L1 on S5 is
the dual of that on S. On the other hand, L, acts trivially on S @ Sy and induces
Sp(2n — 2k, F) on S1. The quotients L1/Z(L;) = PGL(k,F) and L,/Z(L;) =
PSp(2n — 2k, F) are the groups induced by Gg on the lower and upper residues
of Sand Us - (Z(L1) x Z(Ly)) is the kernel of the action of Gs on Resx(S).

The unipotent radical Usg acts trivially on each of S, St/Sand V/St. Let l/:ls
be the elementwise stabilizer of S* in G. Clearly Us < Us. The quotient group
Us/Us acts regularly on the set of complements of S in V while Ug acts regularly
on the set of complements of S* in V. The latters are just the points of Ay at
maximal distance from S.



6 R. J. Blok - I. Cardinali — A. Pasini

Both groups Us/ US and US are abelian. The quotient Ug/ US is isomorphic to
the additive group of V(2n — 2k, F) while Us is isomorphic to the additive group
of symmetric (k x k)-matrices with entries in IF. Moreover, Z(Us) = Us.

Given a Borel subgroup B of G containing Gg, let R™ be the set of positive
roots associated to B and {Uy},cr+ the set of corresponding root subgroups of
B. We recall that B is the stabilizer in G of a chamber C of A containing S and
every root group U, is a 1-parameter group U, = {x4(f) }+eF isomorphic to the
additive group of IF. Chosen an apartment A of A containing C, we may regard
R as the set of roots of A containing C. Let R{ be the set of roots of A containing
all chambers of A that contain S. Then |[R{| = 2(n — k) + (k+ 1)k/2 and, for a
root « € RT, we have U, < Us if and only if a € R;“. We call the subgroups U,

for w € R the root subgroups of Us. They generate Us. We state this fact explicitly,
for further reference:

Fact 2.1. Chosen an ordering (a1, a2, ..., ) of RS, where N := |RE|, every element
u € Ug can be expressed as a product as follows for suitable scalars t1,t5,...,tN € F:

U= Xg, (1) - Xy (£2) - o - Xy (EN)-
)
imal generating family of subgroups for the abelian group Us /Us while {Uy, }fi 2(n—k)

The ordering (a1, &y, ..., an) can be chosen in such a way that {U,, + ﬁs}?ﬁﬁ_k is a min-

+1
is a minimal generating family of subgroups for Ug = Z(Us).

We now turn to the actions of Us on Vi and Wj. We will only consider their
actions on Vj, but everything we will say holds for Wy as well. The symbols (.)k
and [.]x are defined as in Subsection 2.1. We use the symbol I to denote both
the identity mapping of V and the identity mapping of V}. Let L(Us) be the Lie
algebra of Ug. The mapping sending u € Ug to u — I is a bijection from Us to
L(Us) and it sends the commutator [u,v] := uvu=1v~! of two elements u and v

of Us to the Lie bracket of u — I and v — I in L(Us):
wu—Lo—I:=wm—-0I)(v—-1)—(v—1)(u—1) =uv—ou.

In particular, this mapping induces a bijection from the center Us of Us to the cen-
ter of L(Us). The following is well known (see for instance Premet and Suprunen-
ko [15, Lemma 1]):

Fact 2.2. For every root subgroup Uy, of Ug and every u € U,, the element [u — I|;. is
nilpotent of exponent < 3 and (u)y = I+ [u — I] + [u — I]3/2. Hence (u); — I is
nilpotent of exponent < 3.

2.3 Singular hyperplanes and the radical R(¢;) of ¢

Let diam(Ax) be the diameter of the collinearity graph of Ay. It is well known
that diam(Ax) = k+ 1 if k < n and diam(A,) = n (see Blok [3], for instance).
Given a point S of Ay, let H(S) := {X € A | d(X,S) < diam(Ay)} be the set of
points of Ay at non-maximal distance from S in the collinearity graph of Ay and



On natural representations of the symplectic group 7

H(S) := {X € Ay | d(X,S) = diam(Ay)} the complement of H(S) in the set of
points of A;. Note that

H(S) = {X € A¢|dim(SnX*) >0},

H(S) = {X € A|dim(SNX*) =0}

The first claim of the following lemma is a special case of a far more general result
of Blok and Brouwer [5]. The second claim is implicit in [2].

Lemma 2.3. H(S) is a geometric hyperplane of Ay and H(S) spans Ay.

The hyperplane H(S) is called the singular hyperplane of A, with S as the deepest
point. The next lemma is proved by Blok [4] in a far more general setting:

Lemma 2.4. For every point S of A, the image €, (H(S)) of H(S) by € spans a hyper-
plane H(S); = (e(H(S))) of Vi.

In short, ¢ is polarized, where we say that an embedding ¢ : Ay — PG(U) for
a vector space U is polarized if, for every point S of Ay, e(H(S)) spans a hyperplane
of U. Turning back to &, put

R(ex) :== (J(H(S)k | S point of Ay).

We call R(gy) the radical of €. It is not so difficult to see that R(¢e) defines a quo-
tient ex /R (e ) of ¢, and that e /R(¢x) is polarized. Moreover, the embedding &
is relatively universal (Blok [3]; recall that we assume char(IF) # 2). On the other
hand, polar grassmannians admit the absolutely universal embedding (Kasikova
and Shult [14]). Hence ¢ is absolutely universal, namely every embedding of Ay
is a quotient of ;. This implies that every polarized embedding of Ay sits between
er and e,/ R(ex). In other words, € /R(gx) is the minimal polarized embedding
of Ay (compare Cardinali, De Bruyn and Pasini [10], where this matter is settled
for dual polar spaces). It is also clear that R(gx) is G-invariant. The following
is a special case of a more general result of Blok [4], valid for any Lie geometry
associated to a Chevalley group (see also [7] for a similar theorem, valid for dual
polar spaces).

Theorem 2.5. The radical R(ey) of € is the largest proper G-submodule of V.

In short, R(gx) = Ry (notation as in the introduction). An embedding e : Ay —
PG(W), for an F-vector space W, is said to be G-homogeneous if every ¢ € G lifts
through ¢ to a linear mapping of W stabilizing the image €(Ay) of Ax. The next
corollary is a rephrasing of Theorem 2.5.

Corollary 2.6. Every G-homogeneous embedding of Ay is polarized.

2.4 The fundamental form «;

With « and V as in the introduction, let E := {ey, ey, ..., €2, } be a hyperbolic ba-
sis for the form « of V, where a(e;, ¢;) = a(eirn, €j1n) = 0, alej ej1n) = 0
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(Kronecker symbol) and a(el-+n,e]-) = —¢;jfori,j=1,2,..,n The form a is rep-
resented by the following matrix with respect to [E, where O,, and I, are the null
and identity matrix of order n respectively:

On I
_In On )

Given two totally isotropic k-subspaces A and B of V let X and Y be 2n X k
matrices whose columns form bases of A and B respectively. By definition, A
and B are at non-maximal distance in A; precisely when A+ N B # 0. This
happens if and only if the homogeneous linear system with matrix X’ MY has
non-trivial solutions, namely det(X”"MY) = 0. By expanding the determinant
det(XT - MY) according to the Cauchy-Binet formula we can rewrite the equa-
tion det(XTMY) = 0 as follows:

|

Y det(X;) - det((MY);) =0 (3)

JE)
where [ := {1,2,...,2n}, (i) stands for the family of k-subsets of I and, for | € (,ﬁ),
X|; is the submatrix of X formed by the jth rows with j € ] while (MY),; is
the submatrix of the jth rows of MY for j € J. Put X; := det(X|;) and Y} :=
det(Y);). The scalars X; for | € (,ﬁ) are the coordinates of a non-zero vector of
1 (A) = (¥ Xjey) relatively to the basis {ef}]e(,ﬁ) of Wi, where ej :=¢;, A... Agj,
for ] ={j1, . jx}, 1 <jo<- - <jrPutf(J):=|JN{n+1,n+2,..2n}. Then

det((MY);) = (—=1)°D - (=1)?DEDdet(y}, ;) 4)

where p(j) = j+nif j < mand p(j) = j—nif j > n. The factor (—1)%0) is
contributed by multiplying 6(]) rows of Y by (—1)-entries of M while the factor
(—1)?(D(k=1) takes care of the cyclic permutation to apply in order to put the rows
of MY which are involved in det((MY);) in the same natural order they had in
Y. With (MY); := det((MY);) and Y,y := det(Y|,(j)), we can rewrite (3) as
follows:

Y (DR Y,y =0 ()
JE()
where p(j) =j+nifj<mnandp(j) =j—nifj > n.
We have established (5) thinking of singular subspaces of V, but the bilinear
form considered in (5) is defined on the whole of W;. We shall denote this form
by ay and call it the fundamental form of e in Wi.

Proposition 2.7. The fundamental form wy is non-degenerate. If k is even then wy is
symmetric. If k is odd then wy is alternating.

Proof. Suppose first that k is even. Then for any two vectors x and y of Wy with
coordinates Xj and Y; (J € (i)), we have

ock(x,y) = Z X] . Yp(])
Je()
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We may assume to have ordered the basis vectors ej, | € ( ,{) in such a way that if
J # p(J) then | and p(]) occur one immediately after the other in that ordering,
with no other k-subset of I in between. With this ordering of the basis the matrix
representing ay is block-diagonal with blocks either of order 1 and equal to the
scalar 1 or of order 2 and as follows:
01
o)

Clearly, oy is non-degenerate and symmetric.
Let now k be odd. We have | # p(]) for every k-subset | of I. Moreover, 0(]) +
0(p(J)) = k, which is odd. For any two vectors x and y of Wj with coordinates X;

and Y} (] € (;ﬁ)), we have

wl(xy) = Y (-1)PDX; v, .
Je()

If we order the basis vectors ej such that | and p(]) appear one immediately after
the order then the matrix representing ay is block-diagonal with blocks as follows:

01 0 —1
-1 0] % |1 of
So, ai is a non-degenerate alternating form. m

Proposition 2.8. The group (G)y preserves the form ay.

Proof. Let Ly be the orthogonality relation with respect to ay. Then (G); pre-
serves _L; when restricted to pairs of vectors of Wy corresponding to k-spaces of
V, namely points of Gy. We shall firstly prove that (G)y preserves L over the
whole of Wy. Equivalently, every element of (G) preserves ay modulo a scalar.
Let A be the matrix representing the form ay as in equation (5) and, for g € G,
let M, be the matrix representing (). Let a € Wi \ {0} with (a) € Gi. By as-
sumption aT Ax = 0 if and only if aTMgTAng = 0, for any x € W, \ {0} with
(x) € Gk. Consider the following linear functionals fl(”) :x — al Ax and fz(a) tx =
aTMgAMgAx. Clearly ker(fl(a)) NGk = ker(féa)) N Gx. Since ker(fl(a)) N Gy and
ker( féa)) N Gy are maximal subspaces of Gy and G spans PG(Wy), they span hy-

perplanes of W;. Hence ker( fl(a)) = ker( fz(a)), namely fl(a) and féa) are propor-
tional. So, for all a € W \ {0} with (a) € G there exists a non-zero scalar A, ¢

such that fz(a) = Aag fl(a). Clearly, Atqg = tAgq.
Let (a) and (b) be collinear points of Gy and ¢ = ta +sb for (s, t) # (0,0). As G
is a full subgeometry of PG(Wy), (c) is a point of G;. Then f2(c) = tfz(a) + sz(b) =
b b
thaghi” +shpgfi”. However, 7 = Ay fi = Massng (1" +3£,"). So,

b b
t)‘ﬂ/gfl(a) + S/\b,gfl( ) = )‘ta+sb,gtf1(a) + )‘ta+sb,gsf1( )'
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Suppose that there exists i1 € F\ {0} such that fl(b) =h fl(a). Then bT Ax = ha' Ax,
hence bT — ha € Rad(ay). This is impossible since a) is non-degenerate (Propo-

sition 2.7). Hence fl(u) and fl(b) are non-proportional. Therefore Aqe = Ayyispe =
Apg Put Ag := Agg (= Apg = Atagsng)- As Gy is connected, a’ My AMgx =
AgaTAx for all x € W and all 2 € W \ {0} such that (a) € Gy. However
(Gr) = Wg. Hence MgT AMg = A¢A, namely (g)i preserves a; modulo a scalar
Ag.

’ If Ay depended on the choice of ¢ € G, then G would admit a quotient iso-
morphic to a subgroup IF; of the multiplicative group F* of IF. However G/Z(G)
is simple while |Z(G)| = 2. Hence 1 and —1 are the only admissible values for
Ag and, if z is the non-trivial element of Z(G) and Ay = —1 for some g € G then
A; = —1. This immediately rules out the case of k even since in this case (z)y is
the identity mapping of Wy. However, even if k is odd, the effect of z on ax(x, )
amounts to multiply the coordinates X; and Y; by —1. This has no effect on the
value ay(x, y) itself. Hence (G)y preserves ay. ]

While ay is non-degenerate as a form of W, its restriction to Vi can be degener-
ate, with radical VkL M Vi, where now _L stands for the orthogonality relation with
respect to ay, denoted by L in the proof of Proposition 2.8. (We have previously
used the symbol L to denote orthogonality with respect to a, but this notational
ambiguity is harmless, since « and &y, live in different environments.)

Proposition 2.9. R(g) = V" N V.

Proof. For two points X and Y of Ay we have Y € H(X) if and only if ay(gx(X),
ex(Y)) = 0, namely H(X) = g (X)*. Hence R(ex) = N(ex(X)* | X point of Ay).
The latter equals VkL NV, as €, (Ay) spans Vj. n

Remark 2.10. When k = 1, ay = «. When k = n, a formula different from (5) was
considered in [10], namely the following;:

Y ()XY =0 Q)
Je()

where {(]) = n(n+1)/2+ ¥;c;j. One can prove that (5) with k = n and (6) are
in fact equivalent on V;, but they are not equivalent on the whole of W;,.

2.5 G-invariant equivalence relations

We finish this section with an elementary lemma, to be used several times in this
paper. Let © be an equivalence relation on the set of points of A;. We say that ©
is G-invariant if (g(X), g(Y)) € © for every ¢ € G and every pair (X,Y) € ©.

Lemma 2.11. Let ® be a G-invariant equivalence relation on the set of points of Ay.
Then © is either the identity relation or trivial.

Proof. By way of contradiction, suppose that © is neither the identity nor trivial.
Then it admits at least two classes, say C and C’, and at least one of them, say C,
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contains at least two elements. Let X and Y be distinct elements of C. As © is
G-invariant, the stabilizer Gx of X in G also stabilizes C. Moreover, G contains at
least one element ¢ mapping X onto Y, since G is transitive on the set of points
of Ar. Hence the setwise stabilizer G¢ of C in G is larger than Gx. This is a
contradiction, because Gx is a maximal subgroup of G. m

3 The basic series of G in W,

Throughout this section L stands for orthogonality with respect to . For 0 <i <
|k/2] (where |k/2] is the integral part of k/2), we denote by Vk(f)zi the subspace
of W; spanned by the vectors ¢ (X) for a k-subspace X of V with dim(X N X+) >
k — 2i. In particular, Vk(k) = Vj. Clearly, Vk(ﬁ)z ; is G-invariant and Vk(f)z . C Vk(f)z j for
0<i<j<|k/2].

Note that k — 2| k/2] is equal to 0 or 1 according to whether k is even or odd.
In any case, V( ) = Wi. We put V, v = = 0, by convention. The series of the

k-2\k/2] — k+2
G-submodules of W, defined above will be called the basic series of G in Wj:

0=v® cvPcv® c. cv¥

k+2 k—2|k/2] — = Wi.

We denote by Vk(k) the set of non-zero vectors w € Wy such that < > = lk( ) X) for
a k-subspace X of V with dim(X N X*) = k — 2i. Clearly, V, k( o; k 21 \ V, 21+2

Lemma 3.1. <Vk(k)21> = Vk_zl.for everyi=0,1,..., |k/2].

Proof. By induction on i. Let i = 0. Then Vk(k) is just the image of the set of points
of Ay by 1. In this case the equality <‘7k—2i> = Vk(g ; rephrases the definition of V.

Assume i > 0. Let A be a k-dimensional subspace of V with dim(A N At) =
k—2i+2and E = {ey, ..., en, f1, ..., fn} a hyperbolic basis of V, with a(ei, fi) = o
fori,j =1,2,...,,n. We may assume to have chosen E in such a way that A = (E 4)
where E4 = Ey UE U {eg_ni40},

]El = {31132/"'/ek—2i+1}/
Ey = {ex—2i+3, fr—2i+3 €k—2ids fr—2it4r s Chit fr—it1}-
PutEp = By UEy U {fr_2i11}, Bc = E1 UBy U {ex_ziy2 + fr—2i41}, B = (Ep) and
C = (Ec). Then dim(BN B+) = dim(CNC*) = k — 2i. Both AFEp and AFE
belong to Vk(E)Zi' Moreover AKE, = AKE- — AYEp. Hence AKE4 € <17k( )21> So
)

far, we have proved that Vk(k)zz e <I7k(k)2 ;). However <Vk(k)2 o) = k( 2io DY the
inductive hypothesis. Therefore <V( ) )2 Vk( )21 1o+ The equality (V, k( )21> = Vk(f)Zi
follows. n

Let Z be a totally isotropic subspace of V of dimension d = k —2i,i > 0.
Define the following subsets of Gy

Gi(Z2) = {X | dim(X) =kand Z C X+ N X},
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H(Z) ={X € G(Z) | Zc X nX}

Lemma 3.2. The set Gx(Z) is a subspace of Gy and it is isomorphic to the 2i-grassmann
geometry of PG(Z1/Z).

Proof. For every k-subspace X of V, we have Xt NX D Zifand onlyif Z C X C
Z+. The lemma immediately follows from this. [

Note also that (4(Gk(Z))) € V¥, (w(Hi(2))) € V.., and 5(Gi(2) \

Hy(Z)) C Vk(ﬁ)zi' (The inclusion 4 (Gx(Z) \ Hi(Z)) C Vk(f)zl is literally incorrect,
since 1, (G (Z) \ Hi(2)) is a set of 1-dimensional subspaces while Vk(f)z ;is a set of
vectors, but we take this way of writing as a shortening for the correct formula-

tion; little abuses like this will be freely committed henceforth.)

Lemma 3.3. The set Hi(Z) is a geometric hyperplane of Gi(Z) and its complement
Gr(Z) \ Hx(Z) is connected. Moreover, i(Hy(Z)) spans a projective hyperplane of

(1 (Gk(2)))-

Proof. Suppose Z = 0, to begin with. Hence k is even. We firstly prove that
Hj = Hi(0) is a subspace of Gy = G¢(0). Let X and Y be two distinct collinear
points of Hy. Hence dim(XNY) =k — 1. Put Ry := XN Xt and Ry := YNY*.
Note that Ry # 0 # Ry, as X,Y € H;. Since X and Y have even dimension, Ry
and Ry have dimension at least 2. Hence Ry N Y #£ 0 # Ry N X. Letry € RxNY
andry € RyNX,rx #0 # ry.

Suppose that rx # ry. Take a point Z in the line of G; spanned by X and Y.
Hence Z = (X NY,z) for a vector z ¢ X NY. There exists at least one point (r) in
the projective line (rx, ry) orthogonal to z. Since X NY is orthogonal to both rx
and ry, X NY is also orthogonal to r. Therefore r € Z N Z+. Hence Z € Hy. So,
the line spanned by X and Y is contained in Hj.

Letrx = ry = r,say. Let Z := (X NY, z) for anon-zero vector z € (x,y) where
x € X\Yandy € Y\ X. Since r L x,y the vector r is orthogonal to every point
of {x,y). In particular, | z. Moreover r € Z N Z* since r is also orthogonal to
X NY. As above, the line of G; spanned by X and Y is contained in Hy. We have
proved that Hy is a subspace of Gy.

Take now a line L of Gy not contained in Hy. As Hj is a subspace of Gy, at
most one point of L belongs to Hi. Let X and Y be two distinct points of L not
in Hy. Then XN X+ = YN YL = 0. Since X NY has odd dimension, there exists
a non-zero vector r € (XNY)N(XNY)L. Takex € X\ Y,y € Y\ X and let
zertN{x,y),z#0.PutZ:=(XNY,z). Thenr € ZNZ*. Hence Z € H;. We
have proved that Hy is a hyperplane of Gy.

By Shult [16], the hyperplane Hy arises from the embedding i;: G, — PG(Wy)
and the complement Gy \ Hy is simply connected (whence connected).

Finally, let Z # 0. Put V7 := ZLt/Z and let Goi 7 be the 2i-grassmann ge-
ometry of PG(Vz). By Lemma 3.2, Gi(Z) = Gy z. Moreover, the embedding
iz Gk(Z) = ((Gx(Z))) induced by 4 on Gi(Z) is isomorphic to the natural
embedding p; : Grz — PG(A%Vy). So, we can replace Z by the null space of V
and k by 2i and we obtain the conclusion by the first part of the proof. m
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For 0 <i < |k/2| we define a mapping fx_»i: Ay_2i — PG( Pl 2Z/Vk
follows: for every point Z of Ax_,; we put

fea(Z) = ((Ge(2)) + V¥, /v, =

21+2) as

= 4 (X)+ VY., forany X € Gi(Z) \ Hk(2).

The latter equality holds because i (Hi(Z)) C Vk(f)zi 4, and (i (Hi(Z))) is a hy-

perplane of (1 (Gx(Z))), by Lemma 3.3. The following lemma is obvious:

Lemma 3.4. ()x(fx—2:(Z)) = fr2i(g(Z)) for every ¢ € G and every point Z of
Ag—2i-

Theorem 3.5. Let i < k/2. Then the above defined mapping

feoait Ax_ai = PGV, /v, )

is a projective embedding and it is isomorphic to the natural embedding ey _»; : Ag_pi —
PG(Vi_»;). Moreover Vk 0i/ Vk 2itp And Vi_o; are isomorphic as G-modules.

Proof. We split the proof in a number of steps.
(1) One of the following holds:

(1.a) fk 21( ) is a point of PG(V, k( 5/ Vi 2Hrz)for every point Z of Ax_p;;

k
(1) Vi, = v,

Let Z be a point of Ay_p;. By Lemma 3.3, i (Hy(Z)) spans a hyperplane of

(i (Gr(2)))- T (1e(G(2))) € Vi, then (i (Gr(2))) + V) / VI, is the

null space. Otherwise, Vk( )21 2

(i (G(2))) + V( )21+2)/ 21+2 is a point ofPG( A 21/ 2i1o)- If the latter case
occurs for every pomt Z € Ag_p; then (1.a) holds. Suppose that (4 (Gk(2))) C

(k)
Viaign

points of Ay_p; and by Lemma 3.4 we obtain that (1 (Gx(Z2))) C Vk( )21+2 for every

point Z € Ay_,;. However, the image 1, (Ax_»;) of the point-set of A;_»; is just the

vk(E)Zi and the latter spans Vk(E)Zi by

is a hyperplane of <l (g ( ) + Vk(—)Zi Lo hence
for at least one point Z € Aj_,;. By the transitivity of G on the set of

set of 1-dimensional linear spaces contained in

Lemma 3.1. Hence Vk( )21 Vk(f).?.i+2 as in (1.b).

(2) Assume (1.a). Then one of the followings holds:

(2.a) fk 21 is injective'

2b) vV, 21/ 21+2 is a point.

Suppose that fx_»; is not injective. Since G permutes the fibers of f;_,;, Lemma
2.11 implies that fx_5;(Z) = fr_2i(Z") for any two points Z,Z" € Ay_,;. Hence
the image of fx_»; is just a point, as in (2.b).

(3) If both (1.a) and (2.a) hold then f_»; is a projective embedding of Ay_»; in PG(Vk( )21 /

k
Vi)
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Assume (1.a) and (2.a). Let Lbe aline of Ay_»;, L={Z | L1 C Z C Lp,dim(Z) =
k — 2i} for two isotropic subspaces Ly C L, of V of dimensions k — 2i — 1 and
k — 2i 4- 1 respectively. Take a 2i-dimensional non-singular space Y of V orthogo-

nal to L, and disjoint from L. (To see that such a subspace exists, consider a com-
plement of Ly in Ly-) Put Z := (Y, Z) for Z € L, Ly := (Y, Ly) and Ly := (Y, Ly).
Then L := {X | L1 CXCcC Lz,d1m( ) = k} is a line of Gy and Z € L for every
ZcL ForZ e LwehaveZNZ = Z, whence Z € Gr(Z) \ Hx(Z). Therefore
fi2i(2) = ((Gu(2))) + VI ) 1V = (@) + Vs Since according
to (2.a), fr_o; is injective, the image of L by f;_,; is the line of PG( k 21 /V, 21 +2)
whose points are represented by the spaces ((Z) for Z € L. It remains to prove

that fi_o;(Ax_p;) spans Vk(f)zi / Vk(f)zi .o, but this immediately follows from Lemma
3.1.

(4) For every i = 0,1,..., |k/2], the mapping fr_o; is a projective embedding of Ay_»;
with vector dimension

. 2 2
dlm(fk_Zl) dlm( k— Zz/Vk 21+2) <k nzl) - (k_z?_z)'

Giveni € {0,1,..,, |k/2]}, suppose that (1.a) and (2.a) hold. Then, by (3), fr_2i
is an embedding of Ar_y;. By Blok [3], dim(fi_») < (7%) — (;_5_,), namely

d1m( k 21 / Vk o; +2) < (*) — (,_3',). The latter inequality trivially holds in
cases (1.b) and (2.b). On the other hand

B0 32)) - (1) -amona -

|k/2]

Zo dim(V, k 21/Vk 21+2)
1=

This forces d1m( i 2Z/Vk 21+2) () — (3 ,) forevery i =0,1,..., [k/2].
(5) fr_oi is isomorphic to the natural embedding € _o; : Ax_2;i — PG(Vi_o;).
By Kasikova and Shult [14] (§§4.6—4.8) Ai_p; admits the absolutely universal em-

bedding which, by Blok [3], is the natural embedding €x_»; of dimension (k2—n2i) —
(k—22rzl ) Hence fk 2i — Ek 2i and Vk 21/ 21+2 = Vk 2. u

When k is even Theorem 3.5 implies that
k/2-1
. (k) _ 2n \ 2n _ (2n)\
dim(V;™) = Z_Zé <k—2i) (k—zi—z) - <k L

So, V )/ V = W) is 1-dimensional and f; affords the trivial representation of
G.In other words,

Corollary 3.6. Let k be even. Then Vz(k) is a hyperplane of Wy.
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Lemma 3.7. Let A be a G-invariant proper subspace of Wy. Then there exists an index
i > 0 such that Vk(f)z]' C Aforj<iand V(E)Zr NA=0Qforr>1i.

Proof. Let i be the largest index j such that Vk(i)z i © A. We must show that
V]ff)zr N A = @ for every r > i. Suppose the contrary. Then A D <‘7k(f)2 .) as G acts
transitively on Vi_,, and, by assumption, A is stabilized by G. However Vk(gr

spans V(E)Zr by Lemma 3.1. Hence A D V(f)z ., contrary to our choice of i. [ |

Corollary 3.8. Let A be a G-invariant proper subspace of Wy and suppose that V(E)zi Z

k k k k k k
A+ Vo Then the subspace (Vi o + AN V) VB of VLV,
defines a homogeneous quotient of the embedding fr_o; : Mg_ni — PG(Vk(f)ZZ./ Vk(f)zi 1)

Proof. By Lemmas 3.1 and 3.7 applied to A’ = k(ﬁ)zi L TAN Vk(ﬁ)zz" either A’ D
k)

Vk(f)zi or A'N Vk(—Zi = @. The first case is excluded by assumption. So, the latter

holds. We have {(w) + Vk(ﬁ)zwz | w e Vk(ﬁ)zl.} = fr_2i(Ax_2;). Inorder to prove that

A/ Vk(f)Zi » defines a (necessarily homogeneous) quotient of f;_»; we only must
(k)

prove that (w1, wy) N A’ = 0 for every choice of vectors wq, wy € vV e
the contrary and let (w1, wp) N A" # 0 for two given vectors wy, wy € Vk(f)zi'
The vectors w; and w; correspond to two totally isotropic (k — 2i)-dimensional
subspaces Xo and Yy of V and f;_7;(Xo) + A" = fr_2i(Yo) + A’. By Lemma 2.11,
fr2i(X) + A" = fr_0i(Y) + A’ for any two points X and Y of A;_»;. In particular,
this also holds if X and Y are collinear in Ax_,;. On the other hand, f;_; maps

lines of Ax_,; onto lines of PG(Vk(f)Zi / Vk(ﬁ)zi +2)- Therefore fy_»(Z) € A’ for a point

Z of Ai_p; belonging to the line spanned by X and Y. This contradicts the fact that
A'N Vk—Zi = Q. u

Suppose

4 The pole of Gin W,

Throughout this section L is the orthogonality relation associated to the fun-
damental form aj, defined in Subsection 2.4. Suppose there exists a point P of
PG(Wy) fixed by G. As G preserves ay, G also stabilizes the hyperplane P+ of W.

Let i be the largest index such that Pt D Vk(f)z o (compare Lemma 3.7). Then

(P+ N Vk(ﬁ)zi) / Vk(ﬁ)zl. ., is a G-invariant hyperplane of Vk(ﬁ)%/ Vk(ﬁ)zl. .o~ However, if
i < k/2 then Vk(f)z i/ Vk(f)z ;1o hosts the embedding ¢;_; (by Theorem 3.5), hence it
cannot admit any G-invariant hyperplane (compare Corollary 3.8). Therefore k is
even and i = k/2. In this case Vk(E)Zi/ Vk(E)Zi o = Vo(k) / Vz(k) is 1-dimensional and

Pt = Vz(k), namely P = (Vz(k) )*. We have proved the following:

Theorem 4.1. If k is odd then G acts fixed-point freely on PG(Wy). If k is even then
P:= (Vz(k))L is the only point of PG(Wy) fixed by G.
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For the rest of this section k is assumed to be even. The unique fixed point P
of G in PG(W;) will be called the pole of G.

Let {e1,...,en, f1, .-, fn} be a hyperbolic basis of V as in the proof of Lemma
3.1, namely a basis as in Section 2.4 but with f; := e;;,. For | = {j1, ..., jx/2} C
I:={1,2,.,n}wepute; =¢j N..\ej,and fj = f; A.. A fj ,. Consider the
following vector:

pi= Z e N N N Ny = ), e A
1<j1 < <jgj2<n JE€ ()

Lemma 4.2. P = (vp).

Proof. We only must prove that G fixes vp. Recall that G = (U, U~) where
U" and U~ are the unipotent radicals of two ‘opposite’ Borel subgroups B and
B~ of G, stabilizing two opposite chambers of A. In its turn U™ is generated
by root subgroups U, with « € R™ (notation as in Subsection 2.2) while U~ is
generated by the root subgroups U_, for « € R™. So, if IT™ is the basis of simple
roots associated to the given set R of positive roots then UT = (Uy) e+ and
U™ = (U_a)ser+- In order to prove that G fixes vp we only need to prove that
vp is fixed by U, and U_, for every a € IT". Put {ay,ay,...,a,} = ITT and let
Xy, (t) be the generic element of U, (see Subsection 2.2). Then x,,(t), regarded as
a linear transformation of V, is represented by a matrix as follows, where I, and
Oy, are the identity and null matrices of order n and the symbol E; ; denotes the
square matrix of order n with only null entries except for the (i, j)-entry, which

is 1:
Iy + tEi,i—i—l On :| |: I tEn,n }
On Iy — tEi+1,i ’ On Iy '
(for x4, (t), i=1,..,n—1) (for x4, (1))

The element x_,,(t) of U~ is represented by the transpose x,,(t)T of the matrix
x4, (t). Having recalled this, it is straightforward to check that v, is fixed by
(xa,(t))x and (x—q,(t))g for every i = 1,2,..,n. Fact 2.2 can be profitably used
here to speed up computations. We leave them for the reader. n

We call vp the polar vector of G. Clearly Vz(k) = v}, since P = (vp) and Vz(k)
PL. Recall that ay, is expressed by the left hand side of formula (3) of Subsection
2.4. Notice also that, if Y] is the J-coordinate of vp for | € (,{), then Y; = 1 if
p(J) = J and Yj = 0 otherwise. (Here I = {1,2,...,2n} and p permutes j with
j+nforeveryj=1,2,..,n,as in formula (3) of Subsection 2.4). It is now clear

that Vz(k) is described by the following equation:

X; = 0. 7)
Te@).p()=J

Theorem 4.3. We have vp € Vz(k) if and only if char(IF) is positive and divides ( k?z)'

Proof. In view of the condition p(J) = ], the k-subsets | € (,ﬁ) to consider in (7)
are those of the form | = J'Up(J') for a (k/2)-subset J' of I' = {1,2,...,n}. Hence
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they bijectively correspond to the (k/2)-sets | € (, /2) Therefore vp € V( )ifand
only if Z], A 1 = 0, namely (;},) = 0. The latter holds if and only if Char(]F) is

positive and d1V1des (k/2)- u

For the rest of this section we assume that char(F) = p > 0 and k is even.
Suppose that p divides (;,). Then vp € Vz(k) by Theorem 4.3. If we knew that

vp € Vk(k) then, by Theorem 2.5 we could conclude that R(e) # 0. However
(k)

Theorem 4.3 does not give any information on where vp is placed inside V,

Suppose that vp € Vk 0 \ Vk 2i+2- By Theorem 3.5, Vk Zz/Vk g and Vk(k 2) e
isomorphic G-modules. Moreover G fixes the vector vl(jk 20) vp + Vk(—)zi 4 of

Vk(f)zi/ Vk(f)zi o = Vk(k 212 ) as it fixes vp. Hence vék_Zi) is the polar vector of G in

Wi_2i, and it belongs to V, k(SiZi). Therefore p divides ((; ”.) ») by Theorem 4.3.

Suppose that forsome j =0, 1, ..., k/2 — 1 the polar vector Ug, ) of G in Wi _2j
belongs to Vk(f;]?'] ). Then we say that vl(j % ), regarded as a vector of the quotient
Vk(f)z J / Vk(f) ., is a virtual polar vector of G in the basic series of G and we call

2j+2/
(Ug{_z] )> a virtual pole of G. So, if the pole P of G in Wy is contained in Vz(k) then

it must appear among the virtual poles. However, it is possible that several vir-
tual poles exist but none of them arises from the true pole. It is also possible
that no virtual pole exists. Note also that, if a virtual pole appears in a section

Vk(i)z]' / Vk(i)z]'#’ then p divides (; 5_ ;), but in general the converse does not hold.
The next lemma immediately follows from the previous discussion.

Lemma 4.4. Suppose that p divides (,),) but does not divide (,,,_;) for every
i=1,2,.,k/2—1. Thenvp € V.

Lemma 4.5. The basic series of G in Wy admits at least one virtual pole if and only if p
divides (. ,,_;) for somei =0,1,..,k/2 — 1.

Proof. In the previous discussion we have already remarked that the ‘only if” part
of the lemma holds. Let us prove the ‘if” part. Suppose that p divides (; ,;_;)-

Then U},k %) ¢ V2(k_2i). Hence vl(jk_Zi) appears among the virtual poles of the

basic series of G in Wy_,;. However every section of this series is isomorphic to a
section of the basic series of G in W;.. Indeed

~ V(k 2i—2j)

(k—2i) (k—2i) ~
4 V k—2i-2j

k—2i— 2]/ k—2i=2j+2 7 “k-— 21 2]/ k 21 2j+2

foreveryj =0,1,...,k/2 — i — 1. Therefore at least one virtual pole appears in the
basic series of G in W;. ]

The next corollary easily follows from the previous two lemmas.
Corollary 4.6. Suppose that p divides (, 5_;) for some i = 0,1,...,k/2 — 1 and let io

be the maximal value of i such that p divides (i ,5_;). Then the section Vk 2,/ Y] k 210 4
contributes a virtual pole.
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In the next two propositions we state a few results that, in certain situations,
can help to locate virtual poles and possibly the true pole among them.

Proposition 4.7. Suppose that a virtual pole P%~%) appears in V. 21 /Vy 21 4o foran
indexi € {1,2,...,k/2 —1}. Then one of the following holds:

(1) p divides neither (”_I§+Zi) nor (k%z ;) and the virtual pole P*=20) grises from the
true pole P of G;

(2) pdivides (”_k+2’) but does not divide (k s l) In this case the true pole of G is con-

(k)
tained in Vi Ditor

for some j < i.

whence it appears as a virtual pole in a section V, 2 y /V, k 2 i

(3) p divides both ("X and (,J42.).

Proof. By assumption, Ul(jk %) ¢ Vk(k 212 2 namely Ug{ 2) =) 5csasvs where S is a

suitable set of singular (k — 2i)-spaces of V, ag is a scalar and vg = u3 A ... A ug_p;
for a given basis {u1,...,u;_»;} of S. We may also assume to have chosen S in

2i)

such a way that the vectors vg are linearly independent in Vk(f;- . Now choose

for every S € S a 2i-subspace Xs such that Xs NS = 0 and (X5 + S)* N (X5 +
S) = S (here L stands for orthogonality with respect to «). Choose also a basis
{v1, ..., v2i} of Xg and put vx, = v1 A ... A vp;. Note that the form a of V induces a
non-degenerate form on Xs. Thus, we may always choose a hyperbolic basis as
{v1, ..., v2i}. Put

_(k—2i k
vé ). Y asvg Aoy, + Vk(_)21.+2.
seS

(k—2i)

Namely, 7, is the vector of Vk 0i/ Vk ©

2i+2
vs NUx, + Vk(—)Zi 4o does not depend on the particular choice of Xg but for a scalar
(see Theorem 3.5; recall that, however, a scalar is also involved in the choice of a
basis of Xs). We are now going to choose the complements X (actually, several

corresponding to vé %) Note that

of them for every S) in a standard way. Consider the polar vector Ug, ) of Gin Wa;,

=) NI
Je(h)
Then vg{ 20 A ZJI(;Zi) = Y sesas(vs A vgi)). We may assume S = (ey, ..., ¢x_p;) and

vs = €1 A ... A ex_p;. (This amounts to change the given basis of V, which can be

done safely since G fixes both vé " and UPk 2)

vé ) such that vs Aej A fj # 0 are those where ] C {k —2i+1,...,n} (and |J| = i).
(n k+21)

.) So the only summands e; A fj of

Exactly choices are possible for such a set. We claim the following:

(¥) vs Aej A f] —vsNep A fp € k(k)21+2 for any two i-subsets | and ]’ of

{k—=2i+1,..,n}
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Suppose firstly that the symmetric difference of | and |’ has size 2. Let ] =
{k—2i+1,k—2i+3,.,k—i+1}and ]/ = {k—2i+2,k—2i+3,..,.k—i+ 1},
to fix ideas. In this case (*) immediately follows by observing that

k—2i41 N fr—2it1 — €k—2i+2 N fr—2it2 =
= (ex—2it1 + ek—2i+2) N (fr—2it1 — fr—2i42)+
+ek_it1 A fr—sit2 — €k—2i+2 N fr—2i+1-

Turning to the general case, we can always find a sequence Jy, /1, ..., i of i-subsets
of {k —2i+1,..,n} such that Jo = J, J;, = J' and the symmetric difference of J;_;
and J; has size 2 for j = 1, ..., m. Hence all differences vg A A f]]._l —vsAep A

f}; belong to Vk(E)Zi .»- The difference vs Aej A ff —vs Aep A fy is the sum of these
(k)
—2i42°
In view of (x) and since there are exactly (
obtain that vg A vg, ) = ("TKT2) Log Aep A f) for a given | C {k —2i+1,...,n}
with |J| = i. Therefore

differences, hence it also belongs to V, Claim (x) is proved.

n=k+2y bossible choices for ], we

9 i n—k-+2i\ _(k—oi
A neff sy, = (MR o, ®
However,
—2i j k/2
vg{ 20) A 0%21) = (k/z B i) vg{). )

Suppose firstly that p divides (k%z ). Then the left side of (8) is the null vector

of Vk 21/ Vk sitp- 1f p does not divide (”_lfrz’) then we obtain z;g‘ 2 — 0 a
contradiction to our hypotheses. Hence p divides ("~ l§+21) and we have case (3)

of the proposition.

Suppose now that p does not divide (k%i ;). Then we can rewrite (8) as fol-

lows:

R I Gl i) 10
Up’ + Vo2 = (X/7) “Up (10)
k/2—i

If p divides (”_IfrZi) then (10) implies Ug{) € Vk(f)zi o, Which is the situation con-
sidered in case (2). Finally, let p do not divide (”_]?in). Then (10) says that vl(jk)

belongs to Vk 5i \ Vk We have case (1). ]

2i42°

Corollary 4.8. Assume that there is an integer 0 < r < k/2—1 such that p divides

(¢/5_i) for some i > r but does not divide (;,, ) for any j > r. Then exactly one of

k/2—
the sections Vk AP 2 i1o contains a virtual pole and that virtual pole is contributed by
the real pole P of G. In particular, if p divides (; ,,_;) for some i but it does not divide
(k /o ) for any j, then exactly one virtual pole appears in the basic series of G and it is
contrzbuted by the real pole of G.
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Proof. Let i be the largest i for which p divides (; ,_;). By Corollary 4.6, a virtual

pole p(k=2i) appears in Vk(ﬁ)zio / Vk(f)Zio Iy If ig = 0then P C Vk(k) by Lemma 4.4
and P is also the unique virtual pole of G, since in this case p does not divide

(4 /g—i) for any i > 0 = ip. On the other hand, let iy > 0 and let i be any index

with r < i < ip for which a virtual pole pk=2i) appears in Vk(f)zl./ Vk(f)Zi 4o
2j

p does not divide (kn/;_ ]) for any j > r, case (1) of Proposition 4.7 holds. Hence
P e Vk(f)Zi \ Vk(f)zl. +o- Consequently, i takes only one value, namely i = ip. m

Since

5 First appearance of reducibility

The following is well known (e.g., see Premet and Suprunenko, Corollary at page
1317).

Lemma 5.1. A subspace S of Wy is G-invariant if and only if it is L(G)-invariant.

The next lemma is also well known. It is a variation of a celebrated theorem
of Lie.

Lemma 5.2. Let S be G-invariant. Given a Borel subgroup B of G, let U be its unipotent
radical. Then U stabilizes at least one maximal flig0 = Sg C S1 C Sp C ... C S3 =S
of subspaces of S, where d = dim(S). Moreover, U, S; 1] C S; for everyi = 0,1, ...,d.
The same holds if U is replaced by any of its subgroups, in particular by the unipotent
radical of a parabolic subgroup containing B.

Let A be a 1-dimensional subspace of V, namely a 1-element of A. We may
assume that A = (eq) for a given hyperbolic basis E = {ey,...,epn, f1,..., fu} of V
(notation as in Section 4). We denote by U4 the unipotent radical of the stabi-
lizer G4 of A in G and we put Wy 1= (g Ax : x € N1 We,) where W,, :=

<€2, cey ek,fz, ...,fk>.

Lemma 5.3. The group U 4 acts trivially on W 4.

Proof. Let us give E the following ordering: (e1, ey, ..., €n, f2, ..., fu, f1). The group
Uy, is generated by the root subgroups X; := {x;(f) }tep fori = 2,..,n,Y; :=
{yi(t) }tep fori = 2,..,nand Z := {z(t) };cr, where the elements x;(),y;(f) and
z(t) are represented by matrices as follows with respect to the above ordering of
E:

In + tEl,l On ) In tEl,l—l + tEi,l’l )
0, I — tE; 1 ] for x;(t), [ 0, I, for y;(t),
In tEl,?’l
l 0, I, ] for z(t).
(Notation as in the proof of Lemma 4.2.) The reader may check that x;(t), y;(t)
and z(t) fix all vectors of Wy. Exploit Fact 2.2 to speed up computations. n

If n is even we denote by P the pole of G (defined as in Section 4). If n is odd
we put P = 0.
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Lemma 5.4. The following are equivalent for a vector v € Wy:
(1) Ua(v) = v;

(2) Ua((v)) = (o);

(3)v e Wy + P.

Proof. Obviously (1) implies (2), while (3) implies (1) by Lemma 5.3. It remains to
prove that (2) implies (3).

LetE = {ey, ..., en, f1, ..., fn} be a hyperbolic basis as above. We turn back to the
notation of Section 2.4, thus writing e; , , for f;. So, the ordering (ey, ..., ex, f2, ..., fn,
f1) of E considered in the proof of Lemma 5.3 is now written as (e, ..., €n, €n42, ...,
e, ent1). For i = 0,1,2 let Z; be the collection of all subsets of {2,...,n,
n+2,..,2n} of size k — i. With this notation, every vector x € Wy can be written
as a sum X = Yy + Uy + Ux + Wy Where

Yx = e1 N\ Yjer, Yiey, Uy = ep1 N\ Ljer, Njusey,
Ux = e1 N1 N\ Yjer, N01e], Wx = Y je1, Wi€J

for suitable scalars yj,uj, vy and w; and with 75 := (—1)VM{23m} The fac-
tor 77; takes into account how many transpositions we must perform in order
to move e, to right in e, 1 A ¢j so that to place it after all factors ¢; with j €
JN{2,3, ..., n}, consistently with the natural ordering (ey, ..., én, €,,41, ..., €2,1) Of E.

We must prove that, if (1), ((x)) = (x) for every (u); € Uy, thenx € Wy + P.
Note that y, € W4 + P. Thus we may safely assume that y, = 0.

As remarked in the proof of Lemma 5.3, U, is generated by root elements
x2(t), s Xn(t), y2(t), .., yu(t), z(t). In the proof of Lemma 5.3 we have also de-
scribed matrices that represent those elements with respect to the ordering (e,
€2, s €1, €142, - €2, €n11) Of IE. We want to see how the vectors uy, vy and wy
should be chosen for (x) to be stabilized by each of x;(t), y;(t) and z(t). (Here
and henceforth we take the liberty of writing x;(t), y;(¢) and z(t) for short instead
of (xi (), (yi(£))x and (z(t))-)

Let us start with z(t), t # 0. By exploiting Fact 2.2 and the matrix given for
z(t) in the proof of Lemma 5.3, it is not difficult to see that (x) is stabilized by
z(t) if and only if te; A Y jez, n7juje; = 0. Therefore, if z(t) stabilizes (x) and ¢ # 0
then u; = 0 for every | € Z;. Hence u, = 0.

Next we consider x;(t), t # 0. By exploiting Fact 2.2 and the matrix given
for x;(t) in the proof of Lemma 5.3 we can see that x;(t) stabilizes (x) (recall that
uy = 0) if and only if

—ter Neyya A Z nyvyer + tep A Z wrep {2} =0.
n+2¢Jel, 2ejely

Therefore

Claim 1. For | € Zo we have w; = 0if 2 € Jbut n +2 ¢ ] while for | € 7, we
havev; =0if2 € Jbutn +2 ¢ J.

On the other hand, if {2,n +2} C | foraset ] € Z; then

top (2,12} - €1 N eny2 AP\ (2 n12) €\ 2042} = tWr-e1 Aep (2}
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Note that |(J \ {2,n+2}) N {2,3,...,n}| is equal to the number of transpositions
to perform in order to move e,> to the right in e; A e,42 A e\ {2,n+2) SO that to
place it in its natural position. Hence,

Claim 2. If {2,1’1 + 2} C J € Iy then Wy = Up\{2,n+2}-

Turning to y(t) with t # 0 and recalling that u, = 0, one can see that y,(f)
stabilizes (x) if and only if

tey Newa A Y mpogep ey Ay (—=1)INERmlwen oy =0,
24JeT, n+2e€Jely

Therefore,

Claim 3. For | € Zo we have w; = 0if 2 ¢ Jbut n 4+ 2 € ] while for | € 7, we
havev; =0if2 € Jbutn+2 € J.

If {2,n+2} C J € Iy then we get just the same conclusions as in Claim 2.
Claims 1 and 3 can be fused as follows:

Claim 4. For | € Zy we have w; # 0 only if | contains either both of 2 and n + 2
or none of them. Similarly, for | € Z, we have v; # 0 only if | contains either
both of 2 and n + 2 or none of them.

If we replace x,(t) and y»(t) by x;(¢) and y;(¢) for any choice of i = 3,4, ..., n
we obtain claims similar to (2) and (4). Thus, for everyi = 2,3,..,nand | € 7,
we have vj # 0 only if | contains either both i and 7 + i or none of them. In other
words, ] is a union of k/2 — 1 pairs {i,n 4 i}. (Clearly, this can happen only if k
is even.) Similarly, for | € Zp we have w; # 0 only if | contains either both i and
n + i or none of them, namely ] is a union of k/2 pairs {i,n + i}. Moreover, if
{Z,l + n} CJe Ty then wy = v]\{i,n+i}'

Let Z, and Z be the subfamilies of Z, and Z; formed by those sets that are
unions of pairs {i,n +i}. By the above, vx = e1 Aey 1 A Zfefz nyvrey and wy =
Yz, wrey. Clearly I, = Zp = @ when n is odd. So, if n is odd then x =
Uy + vy + wy = 0. In this case we are done. Let n be even. We also know that if
] € To with {i,n + i} C ] then v\ (;,,1 /4 = wj. Suppose firstly that n > 2. Then,
given ] € Iy with i,n + i,j,n —|—] € J, we have Un\{in+iy = W) = Up{jntit As
the pairs {i,n + i} and {j,n + j} can be chosen arbitrarily, we eventually obtain
that vx = vk for any two sets K, K" € Tp. Put A := vg. As w; = v g1y if
] € Topand {i,n +i} C ], we also obtain w; = A forevery | € Zo. Therefore x =

Uy + 0y + Wy = Uy + Wy = AZKE( ) €K A fk, where I' := {1,2,...,n}. However
k/2
ZKE( r ex N fx is just the polar vector vp of G. So, x = Avp, namely x € P.

k/2

The case of n = 2 remains to examine. In this case Z, = @. It is straightfor-
ward to check that x = Avp in this case too. [ ]

In view of the next theorem we need to modify our notation a little. We write

Ay, instead of A, to remind that A, is built by subspaces of V(2n,F). Accord-
ingly, we write ¢ ,, instead of ¢;, Wy, instead of Wy, V} ,, instead of V; and Vk(f’;i)

instead of Vk(f)z .~ However, in order to avoid a too heavy notation if not strictly



On natural representations of the symplectic group 23

necessary, we keep the symbols P and vp for the pole and the polar vector of G
in Wy, when k is even (Theorem 4.1). We also keep the symbol A to denote the
building associated to Sp(2n, [F), from which A ,, arises.

We recall that, according to Theorem 2.5, the radical R(gy ;) of g , is the largest
G-invariant proper subspace of Wy ,,.

Theorem 5.5. Suppose that R(gy,,) # 0 but R(ex_1,,—1) = 0. Then:
(1) R(Ek,n) =P;

(2) dim(R(extrptr)) > 1forr=1,2,3,..;

(3) R(gg—sn—s) =0for1 <s <k

Proof. Let R(ex,) # 0 = R(ex_1,,—1). By Lemma 5.2, given a 1-element A of
A, the group Uy stabilizes a 1-dimensional subspace Ry of R := R(gx,). We
recall that Wy = e; AW(e1) = {e1 Ax | x € W, } where W,, := AF1S(ep),
S(eq) := (ey, ...,en,€n+2, ..., €2). Moreover, U, acts trivially on W, (Lemma 5.3).
Clearly Wy = W;_1 , 1 asmodules for G4 := (G4/Uy) = Sp(2n — 2, F), where
(Ga/Uy,)" is the commutator subgroup of G4 /Uy4. (Note that the group induced
by Ga4/Ux on Wy is slightly larger than (G4 /U, ), since it also involves multi-
plications of e; by scalars, but we have ruled them out by considering (G4/Uy)’
instead of G4/Ux.) The isomorphism W4 = Wi_;,_1 maps Vi, N W, onto
Vk—1,—1and Ry N Wy onto a proper subspace of Vj_; ,,_; stabilized by G 4. How-
ever R(gx_1,,—1) = 0 by assumption. Hence Ry N W, = 0 by Theorem 2.5. There-
fore Ry = P, by Lemma 5.4. It follows that 7 is even.

Assume that P C R. By Lemma 5.2, U 4 stabilizes a 2-dimensional subspace R,
of R containing P. As above, R N W4 = 0 since R(g_1,_1) = 0 by assumption.
Pick a vector x € Ry \ P and let vp be the polar vector of G in Wy ,,. So, P = (vp).
If u € Uy then (u),(x) = x + Ayvp for a scalar A, because R is stabilized by Uy.
As in the proof of Lemma 5.4, we write x as x = yy + uy + vy + wy where

yx = e1 A Yjer, Ve, Ux = ent1 A\ Ljer, j4je),
Ux =e1N\ent1 A\ Yjez, Nj07€], Wx = Y jez, Wi€]

(notation as in the proof of Lemma 5.4) and we consider the effect of applying

z(t), x;i(t) and y;(t) to x. We firstly apply z(t). We obtain z(t)(x) = x + te; A
Y e, Uyey. Hence

/\z(t)vP =ter A Z njuje;j. (11)
JeTh

However the vector at the right side of (11) belongs to W4 while vp € P and
Wa NP = 0. Therefore A, ;) = 0and uj = 0 for every | € Z;. So uy = 0, as in the
proof of Lemma 5.4. If we now apply x»(t), recalling that 1, = 0 we obtain

() (x) =x—tey Aepa A Y. e tter A Y. wep (o).
n+2¢Jjel; 2€]€ey

Hence

/\xZ(t)Up = —tegr Neyqo N\ Z nyosey +teg A Z wrep 2} (12)
n+2¢Jel; 2ejely
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The factor e; appears in each of the summands at the right side of (12) while e, ;1
does not appear in any of them. On the other hand, e; A e, is involved in vp.
Hence both sides of (12) are null, namely A, ;) = 0 and the coefficients v; and wy
occurring in (12) satisfy certain conditions that ensure the right side of (12) to be
null. However we will not exploit these latter conditions in the sequel. Finally,
apply y2(t) and recall that u, = 0. We obtain

ya(t)(x) = x+teg Aep A Z nyover + teg A Z NJWren {n+2}-

2¢JeT, n+2€Jely
Therefore
Apop =tet Nea A ) mpogep+ter A ) wpep gy (13)
2¢JeT, n+2€Jely

Again, e; occurs in each summand at the right side of (13) but ¢,,1 doesn’t, while
e1 N e, 11 occurs in vp. Therefore both sides of (13) are null. Hence Ayo(ry = 0.

Similarly, Ay, ;) = Ay, ) = 0 for every i = 3,4, ..., n. It follows that Uy fixes x.
Hence x € P by Theorem 4.1. This contradicts the choice of x € Ry \ P and the
fact that W4 N Ry = 0. Therefore P = R. Claim (1) is proved.

We now turn to claim (2). Givenr > 1, put V := V(2n + 2r,FF), G := Sp(2n +
2r,FF) and let & be the alternating form of V and A the building associated to G.
So, Witrntr = ATV and Aktrpn+r is the (k + r)-grassmannian of A.

Let E = {e1, ...,ean+2+} be a hyperbolic basis of V, with indices chosen so
that &(e;,e;) = &(eiyn,€jrn) = 0fori,j € {1,2,..,n+r}, &(e,ejinir) = 0
and &(ej1nyr€j) = —0;; for i,j € {1,2,..,n+r}, as usual. Turning back to
the notation introduced at the beginning of this section, we put f; := e;4,, for
i=1,2,.,n+r. Alsoé; := ej;, and ﬁ = fiyn fori =1,2,..,r. Given a totally
isotropic r-subspace X of V and a basis {x1, ..., %} of X, letvyx := x; A ... A x, and
Wy := vx A W(X) where W(X) := AKS for a complement S of X in X-. We warn
that vy is defined modulo a scalar, but this has no effect on the definition of WX
Note also that W (X) depends on the choice of S, but this choice has no effect on
the wedge product vx A W(X).

Let A and B be two totally isotropic r-subspaces of V such that AL N B =
0, namely A and B have maximal distance in the r-grassmannian A, of A.
We may assume to have chosen [E so that A = (é1,...,6,) and B = <f1,...,fr>.
ACCOI‘dil’lgly, va = 64 NéN...NE, v = fl AN fz VAN ]?r/ WA = U4 N\ W(A)
and W = vg A W(B) where W(A) = W(B) = AXS, S := (e1,....en, fi, s fr).
Moreover, V4 := WA N Vitrntr = 0a A Vi n, where we regard V as the same thing
as the linear subspace (ey, ..., en, f1, ..., fn) Of V, whence Vi n as a linear subspace
of AKV.

Let G 4 be the stabilizer of A in G and let ﬁA be the unipotent radical of G A-
The group U4 acts trivially on WA (Lemma 5.3). Moreover WA = Wi, asmodules
for (Go/Ux) = G (= Sp(2n,F)). By the first part of the proof, V4 contains a 1-
dimensional subspace P4 = (vp,) corresponding to the pole of G in its action on
Wi n- We may also assume that the vector vp, chosen to generate P4 corresponds
to the polar vector vp of G. So,
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—"UA/\ Z 6]/\f] (14)
JE€ ()

where I = {1,2,..,n}. Note that vp, € V4 because vp € Vi n by the first part
of the proof. Let ay.,,, be the fundamental form of exy, ., in Wiy} oy By
comparing (14) with (5) of Subsection 2.4 it is easy to see that ay, ,+,(vp,, x) =0
for every vector x € Wp. However vp , only depends on the choice of A whereas
B can be any totally isotropic r-subspace of V at maximal distance from A in
Ay nyr. By the second claim of Lemma 2.3, these subspaces span V, . ,. More-
over, Vi, ,1, is the union of the subspaces Wyx where X ranges in the family of
totally isotropic r-subspaces of V. It follows that vp , € Vki »ntr Where L denotes
orthogonality with respect to &y, ,4,. On the other hand vp, € V, C Vitrntr
Hence vp, € R(€k4rn+r). As any totally isotropic r-subspace can be chosen as A,
dim(R(€k4rn+r)) > 1, as claimed in (2).

Finally, R(ex_s,—s) = 0 for 1 <s < k because, if otherwise, by claim (2) with
n and k replaced by n — s and k — s we obtain R(g;_1,-1) # 0, contrary to our
hypotheses. m

Corollary 5.6. If char(IF) = 0 then R(gx,) = 0, namely the G-module Vy,, is irre-
ducible for every choice of n and 1 < k < n.

Let char(FF) = p > 0 and assume that R(ex,) # 0. Then p divides (( /2) for
some i < k with k — i even.

Proof. Suppose that Vj, is reducible as a G-module. Then R(gx,) # 0 by The-
orem 2.5. Let i be the largest integer (< k) for which R(ex_;,—;) # 0. Then
R(&x—i—1n—i—1) = 0. By Theorem 5.5, R(ex_; ,—;) is the pole of G on Wy_; ,_;. By
Theorem 4.3, char(IF) = p > 0, k — i is even and p divides ((k’_llf)i/z). In particular,
if i = 0 then k is even and p divides (;/,). ]

For the rest of this section we assume char(F) = p > 0. Given a nonnegative
integer /1, we denote by n(h, p) the smallest integer n > h such that R(e,,_j, ,,) # 0
if such an integer exists, otherwise n(h, p) := oo (but n(h, p) < co in any case, as
we will see in a few lines). Note that, in view of Theorem 5.5, if n = n(h, p) < co
and k := n — h then R(gg, ) is 1-dimensional, whence k is even and R(gx,) =

(kn)y L
(V277) ™ |

In view of the next theorem we need one more definition. Let h = Z}io hip!
be the expansion of / to the base p. (Needless to say, only finitely many of the
coefficients /1; are > 0.) Let e the smallest j such that ; < p — 1. So,

e—1

h=1[(p—1) Y P +hep +hes1p” + ..
j=0

with 0 < h, < p — 1. Note that e = 0 is allowed. In this case iy < p — 1, namely
h+1 # 0 (mod p). With this convention, we define:

N(h,p) =2(p —1—he)p° + h. (15)
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Theorem 5.7. n(h,p) < N(h, p).

Proof. Put n := N(h,p) and k = N(h, p) — h. We firstly prove the following:
(%) The prime p divides (,),) but it does not divide (, ,,_;), for any positive integer
i <k/2

For a positive integer m, let ord,(m) be the largest exponent f such that pf
divides m. It is well known that ord,(m!) = Y;5q1[m/p/|, where [m/p/] is the
integral part of m/p/ (see [15, page 1336] for instance). Therefore

ordy (")) = r (L5 - 15 - 1), (16)

(Note that all summands of the right hand side of (16) are nonnegative.) By
straightforward calculations, which we leave to reader, one can check that

n k/2 n—=k/2
while k2 (k/2— i)
n —1 n— —1
T R

for every j and every i = 1,2,..,k/2 — 1. Claim (x) follows from this with the
help of (16).

By (*) and Lemma 4.4, the pole of G in W ,, belongs to V} ,. Hence R(¢y ,,) # 0.
By Theorem 5.5, n(h, p) < n. n

Theorem 5.8. Suppose that p does not divide h + 1, namely h = ho + h1p + hap® + ...
withhy < p — 1. Then n(h, p) = N(h, p).

Proof. Putn = n(p, h) and k = n — h, for short. Also, h = hy+ xp where x := hy +
hop + h3p? + ... We recall that the pole P of G belongs to Vk(k’n), whence k is even
and p divides (;,). By Theorem 5.7, n = N(h,p) =2 =2(p —ho — 1) + h —2¢
for a nonnegative integer ¢. According to this, k = 2(p — hp — 1) — 2¢. Hence
¢ < p—ho—2since k/2 > 1. We want to prove that { = 0. To a contradiction
suppose that ¢ > 0. We shall firstly prove the following;:

p divides < (17)

n
k/2—-1)
We know that p divides

(n)_n—k/Z—e—l'( n )
k/2) k/2 k/2—-1)"

So, if p does not divide (; ,_;) then p divides n — k/2 + 1 to a higher power than
k/2. Howevern —k/2+1 = (p—1—hy)+h—C¢+1 = p+ xp—¢ whichis
prime to p because 0 < ¢ < p —hp —2 < p. We have reached a contradiction.
Claim (17) is proved.
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Let now r be the smallest even integer i > 2 such that p divides (;,). By (17),
r < k. By assumption, p divides (,},) but it does not divide (,,,_;). We can repeat
the argument used to prove (17), now obtaining that p dividesn —r/2+1to a
higher power than r/2. In particular, p divides n — r/2 + 1. We now have

n—r/241 =2(p—1—ho)+h—-2—r/2+1
=2p+xp—1—hy—2C —r/2.

As p divides n —r/2+1, we obtain 1 +hg +2¢ +7r/2 = 0 (mod p). However
r/2<k/2—1=(p—hy—1)—¢—1and ¢ < p —ho — 2. Therefore 1 + hy + 2¢ +
r/2 < 2p. It follows that 1 + ho + 2¢ + r/2 = p, namely

r/2=p—1~—hy—2C. (18)
Consequently,
n—r =2(p—1—hy)+h—-20—r=h+2¢,
(k—r)/2 =¢, (19)
n—r—(k—r)/2 =h+¢.

Moreover 2¢ < p — 1 because 2§ = p —1 — hg — r/2 by (18). By combining this
inequality with (19) we see that

n—r k—r1r)/2 n—r—(k—r)/2
oty (2o R N2
p p p
for every positive integer j. By (16),
.. n—r
p does not divide ((k—r)/Z)' (20)

On the other hand, we have chosen r in such a way that p divides (,),) but it does
not divide (,,_;) for any positive integer i < r/2. Hence a virtual pole appears

in Vr(k’n) / y k) by Corollary 4.6. By (20), we are in case (i) of Proposition 4.7: the

r+2 7
polar vector vp of G belongs to Vr(k’n) \ Vr(jﬁ; ). This contradicts the hypothesis that
Up € Vk( ) . ]

Remark 5.9. It is not difficult to see that the number N (h, p) defined in (15) is in-
deed the smallest n > h such that n — his even and (n — h)/2 <, n + 1. Equiva-

lently, N (I, p) is the smallest n > h such that p divides (** U,:’if )2 ), which also is

called N(h, p) in Theorem 1.1. Hence Theorem 1.1 implies that n(h, p) = N(h, p)
for any choice of /1, while our method has allowed us to prove this equality only
when 1+ 1 # 0 (mod p). We believe it is possible to exploit our methods to prove
that n(h, p) = N(h, p) in any case, but at present we are not yet able to do that.

Remark 5.10. So far, we have regarded  as given, letting n and k to vary subject
to the condition n — k = h. Conversely, assume to have chosen k and let n and h
vary subject to the restriction n — h = k. Put

n—i—k—l_ n+k—1

fi=ordy(n—k+1), v:= o7 pLWJ
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By exploiting the equality n(h, p) = N(h, p) one can see that R(gx,) # 0 if and
only if

k

p
Moreover, dim(R(gg,)) = 1 if and only if k is even and v = p — k/(2p/). The
proof of the above claims is straightforward. We leave it for the reader.
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