A finite axiom scheme for approach frames
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Abstract

The theory of approach spaces [5, 6] has set the context in which numer-
ical topological concepts exist. The successful interaction between frames
and topology on the one hand [4] and the search for a good notion of sobri-
ety in the context of approach theory on the other hand was the motivation
to develop a theory of approach frames [1].

The original definition of approach frames was given in terms of an im-
plicitly defined set of equations. In this work, we describe a subset of this
by a finite axiom scheme (of only six types of equations) which implies all
the equations originally involved and hence provides a substantial simplifi-
cation of the definition of approach frames. Furthermore we show that the
category of approach frames is the Eilenberg-Moore category for the monad
determined by the functor which takes each approach frame to the set of its
regular functions.

Introduction and background

An approach frame is a frame equipped with two families of unary operations,
(Aa)we[0,00] a0 (Sa)ae0,00) Which satisfy all identities that hold for A, V/,0, 00, Ay,
Sq in the frame [0, oo] with

Ag:Ar A+aand Sy: A — (A—a) V0.

In general, the A, and S, are called shift operators, and specifically the up-shift
and the down-shift operators, respectively. Also, at times, we shall use a unified
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notation and define O, for each « € R as

0. {A,X (« > 0)
S_a (a<0).

A morphism between approach frames is a shift operator preserving frame ho-
momorphism.

In order to obtain the desired simplified axiomatic presentation of the cate-
gory AFrm of approach frames, we introduce a finitely described subset F of
the equations defining approach frames and then prove that any frame equipped
with unary operations A, and S, « € [0, oo], which satisfy the equations in F is in
fact an approach frame. The technique for this is to show that any frame of the lat-
ter kind is the image of some approach frame by some shift operator-preserving
frame homomorphism and hence itself an approach frame.

Approach spaces have applications in approximation theory [7, 8], probability
theory [6] chapter 5.1, functional analysis [9, 14, 15, 16], categorical topology [3, 6]
and many other fields. They have several well known equivalent characteriza-
tions [6]. One that is of particular interest to us is the characterization in terms
of the regular function frame. Thus an approach space is a pair (X, R) where
R C [0,00]X is a collection satisfying

R1) VACR: Voeap €R,

R2) Vo, p €c R: o NP €R,

R3) Va e RT,Vp e R:¢p+a R,

(R4) Va e RT,Vop e R: (¢ —a) VO € R.

A map f : X — Y is a contraction between approach spaces (X, Rx) and
(Y,Ry) ifand only if Rf(¢) := ¢ o f isin Rx whenever ¢ is in Ry. The category
of approach spaces is denoted Ap.

Approach spaces form a topological construct [10] in which the constructs of
metric spaces (with contractions) and of topological spaces are nicely embedded.
Given a source (f; : X — (Xj, RX;))ie1, the initial regular function frame is given
by

RX = {ujo filj € L pj € RX;}"V, 1)

with 8" and SV respectively the saturation of S with respect to finite meets and
arbitrary joins [6].

Because the join and meet operation as well as subtraction S,¢ := ¢ © & with
BEa:= (B —a)VO0and addition Ay¢ := ¢ + a are defined in a pointwise way,
any regular function frame is an approach frame. The resulting approach frame
is denoted R¢X. We will also use the fact that Ap has an initially dense object
P = ([O, OO],R]p) with

Rp = {¢ € [0,00] [0'°°]|Vx € [0,00],VA C [0,00] : ¢(x) —sup @(a) < x —sup A},

acA (2)
see e.g. [6].
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1 A basic set of equations

We start by describing, in terms of a finite axiom scheme, a specific part of the
equations used to define approach frames.

Definition 1.1. Let us put OFrm for the category of frames with arbitrary families
(Aa)wefo,00] AN (Sa)ne[0,00) Of unary operations and the frame homomorphisms
that commute with each of these as morphisms. For each &, in [0, o] and for
each subset Y C [0, oo] we consider the following formulas:

(Il) A“ o A,B = ADH—,BI

(I2) Va: SyAxa = a for all (¢ < o0),
(I3) Va: Seoa = L, (I6) Va : Vyey Aal = Agupya-

Let F be the set of all equations (I1),...,(I6), where «, § runs through [0, co] and Y
runs through 20}, and let Mod.F be the subcategory of those L. € OFrm which
satisfies these identities.

We denote the forgetful functor from Mod.F to Set by U and we use the nota-
tion A for A, L.

Since F is a subset of the equation-set defining approach frames, it is clear
that
AFrm C Mod F.

In the next section we show that both categories are equal. To this end we derive
some further approach frame identities from those given in 1.1.

Proposition 1.2. Given any L € Mod.F, the following identities hold for all a, 8 €
[0,00],and foralla,b € L, X C L, Y C [0, ].

rule(S) Sa (ﬂ VAN b) - S“a VAN Slxb,
rule(l) Awa =T,

rule(2) Aga =a rule(®) a < Awa,

rule(3) Spa = a, rule(10) Viey Sat = Sinfya,
rule(4) Savp = Su© Sp, rule(11) Sya < a,
rule(5) Sa(V X = Vaex Sat, rule(12) Aga A Aga = Agnpa,
rule(6) Ay(aANb) = Aga N Ayb,

©) Au{anb) = A A As rule(13) Sxa A Spa = Sy,
rule(7) Ax(VX) = VsexAax for

X #Q, rule(14) Oqa < Opaifa < B.
Proof.

(1) By (I3) and (I4) we have for alla € L that Axw L = AxSeot = aV AsL, hence
Aw L = T. Using (I5), we then conclude that Aea = T foralla € L.
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(2) Note that by (I1) Apa = Ag+0a = AoAoa, so applying So and (I2) yields the
desired result.

(3) From the previous result and from (I2) we obtain Spa = SgApa = a.
(4) For a, B < oo, we have by (I1), (I4) and (I5) that

=aV(a+ ,B) = Auc+ﬁspc+ﬁa
and applying S, g and (I12) gives the wanted result.

If &« = oo the result is immediate and if B = co we use the easily seen fact that
S,XO - 0.

(5) It suffices to show that S, (a Vb)) = Spa V Syb. This shows that S, is order-
preserving, we have that A, has this property by (I5) and combined with (I12)
and (I4) this gives us that A, is the right Galois adjoint of S, for all «. Since
we are working in a complete lattice, we then have that S, commutes with all
joins and A, with all meets.

For a = oo, the result is immediate. For a < oo use (12), (I4) and (I5) to find
Su(aVb) =5,A5,(aVb) =S, (aVbVa)=5,((aVea)V(bVa))
(6) Immediate consequence of the proof of the previous rule.

(7) For & = oo, we have nothing to prove. For a < co we use (I12), rule(5) and the
fact that A, is order-preserving, hence Aya V &« = A,a and obtain

Ae (VX) = Aq <\/ (SLXA,xa)> — AuSa <\/ Aaa> = \/ Awa

aeX aeX aeX

(8) This is shown analogous to the proof of rule(5), using distributivity and
rule(6) instead of (I5).

(9) Immediate from rule(2) and (I6).

(10) First, remark that Sea < Sya for all a by (I3). Then, for o, B € RT with a < B
we have by (I1), (I4), (I5) and rule(9)

A/;(S,Xa V Sﬁﬂ) = A/;S,Xa V AﬁS/;a = Aﬁ_,xA,xS,xa V A/;Sﬁa
=Ag_a(@aVa)V(aVvp)=Ag avaVp
= A/;_,Xa V ﬂ = Aﬁ_,x(a V 0&) = A/;_,XA,XS,Xa = A/;S,xa.

Applying Sg and (12) then gives the identity Spa V Sga = Sya.
Now take an arbitrary set Y C R™. By our remarks above, we can limit
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ourselves to a bounded set Y. Take B = sup;.;«;, using (I1), (I4) and rule(7),
we see

Aﬁ (\/ S,;ﬂ) = \/ A’B_,xa\/ﬂ = Asup(/;_,x)a\/ﬁ

aeY aneY
= Ap_infya V B = ApSintyal

and by (I2) we obtain \/,cy Saa = Sinsya.
(11) Immediate from rule(3) and rule(10).

(12) (I6) implies Aqa < Apa whenever a < p and hence also Aga N\ Aga = Apa =
Agnpa which proves the point since [0, o] is totally ordered.

(13) Analogous to the previous rule, using rule(10) instead of (I6).

(14) If « < 0 < B, use rule(9) and rule(11). For a, B > 0, we use (I6) and given
a, B < 0 we need rule(10). ]

Note that there are dependencies between these derived rules and the axioms,
for example given (I1)—(I4) and the finite version of rule(5) we can prove (I5). Fur-
thermore, with (I1)—(I5) given, we can show that rule(10) implies (I6) for collec-
tions (;);c; with sup;;a; < co.

Remark also that by rule(5) we have that rule(10) is equivalent to rule(10)
formulated for bounded sets Y C [0, oo] with inf Y = 0.

2 Main result

Theorem 2.1. For any set S, the approach frame R (IP°) is free on {ev(-,s) | s €
S} in the category Mod.F: for any set map 7 : S — UL, L € ModF, there exists a
unique h : R¢ (IP°) — L in ModF such that

Vs € S:h(ev(,s)) = 1(s).

Proof. Any ¢ € Rp can be expressed as Vye[g o[ ((Id + (¢(x) — x)) V0) A ¢(x),
S0

Rp = {(1d S &) AA | a, A € RTINY

and hence from (1) we find the following formula
+ AV
Rf(]PS):{(ev(-,s)@«x)/\)\]ses, a,Ae]R*} : €))

Let f be in R; (IP%). By (3) there exists a collection Y C [0, %], a collection (K ) ey
of finite subsets of S, and for each K a collection (&s)scx, C R, such that

f=\V A Ouwev(-,s)AA.

A€Y seK)
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It suffices to show that the assignment

h: R (]PS) —L:\/ A Onev(,s)AA—= \/ A Ont(s)AA
AeY seK), A€Y seK)

is a well defined Mod F-morphism, uniqueness of /1 then follows from (3).
We first show that & is well defined, that is,

VA Ount(s)AA=\ A Opt(t)Ap

A€Y seKy pEZtEM,

whenever

\V A Owev(,s)AA=\ A Opev(,t)Ap

A€Y seK) HEZtEMy,
So the desired result follows by symmetry if we show that

N Out(s) ANA<\/ A Opt(t)Ap

seK peZ teMy,

for A € [0, 0], K a finite subset of S and («s)scs a collection in [0, o] such that

N Owev(,s) ANA <\ A\ Opev(-t) Ap. (4)
s€K HEZ teMy

We can suppose that s < A for each s € K, since if a5 > A, then also O, ev(-,s) >
A. We can also suppose that A < oo, since for A = co we use that f = \/,,cn f A7
and the same goes in L by (I3) and (16). Take now K, := {s € Klas > 0} and
K_ := K\ K4, then evaluating (4) in ¢ € [0, ]° given by

A_IXS S€K+,
¢(s) =4 A+a; seK_,

0 otherwise,
we obtain
A< inf (O B)) A u.
< i‘;l; fé’%( g (1) A
For each € €]0, A[, take pte € Z such that
A—e< telr&fle(oﬁtfp(t)) A He (5)

For each € we make the decomposition M, = (M, \ K) UM, U M, with
M;{€ i= My, NKy and M, := M, N K_. Thus the inequality (5) falls apart:

A—¢e < min Og, (A —a;), 6

< B t) (6)

A—¢e < min O/;t(/\ +ay), (7)
te My,

A — < in Og, (0), 8

¢S OO o

A—e < e )
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Explicitly inequality (6) looks like
A—e < min(A—a; +Br) Amin(((A —a) = |Bi]) V 0),
teM,

te M,

with My := {t € My, | Bt > 0} and M, := {t € M,,. | B+ < 0}. Thus for t € M,
we have oy — € < By and s0 Se Ay, T(t) < Aﬁtr(t) by rule(14) (since Se Ay, = Og,—e
by (I1), (I2) and rule(4)). For t € M, we formally have A —e < (A —ay — B¢) VO,
which actually reduces to A — e < A — a; — B¢, thus oy — € < —fy, so analogously
we find Sc Ay, T(t) < SgT(t). By rule(8) we then obtain

Se \ Awt(s) = N SeAnt(s) < J\ Op(t

S€K+ S€K+ tEM?[E

We decompose (7) analogously and for t € M; we have Sy, et < Ag, T(t) and
for t € Mp we find Sy, 1¢T(t) < Sg,T(t) by rule(14). Using rule(8) and rule(4) we

get
Se N\ Sat(s) = A Satet(s) < N\ Opt(s) < A Op(t)

seK_ seK_ seK_ teM;e

From (8) we deduce in a similar way that

A—e< N Ogr(d)
teMy \K

Finally, from (9) we know by rule(14)
A—e <.
Using rule(3), rule(10) and rule(8), we find

N AxT(S) AN SaT(s) AA =\ Se ( N Awt(s) AN S,XST(S)/\/\)

seK seK_ e>0 seKy seK_
= \/ Se( /\ Ap,T(5) /\ Sa,T(S)) NA —€
e>0 seK seK_
< \/ /\ O.Bt ) A /\ O,Bt t) A /\ O/;tT(t)/\’ue
€>0teM+ teM;,, teMy \K
<\ A Optt)Ape< \/ N\ Opr(t)A
e>0teM,, HEZtEMy,

To show that h is a ModF-morphism, we will first remark that it is a frame
homomorphism: by construction it is clear that # commutes with arbitrary joins
and, since Ry (IPS) and L are frames, I also commutes with finite meets. We have
that i commutes with A and Se by (I3). Take & < co. To see that

B(Aa( VA Owev(-,s) M) ) =h( \/ (\ Onsaev(c,s) AA+a)) v )

AeYseK) A€Y seK)

=V (A OutaT®) AA+a)) Va=A(\/ A Ou1(s)

A€EY seK, A€Y seK)
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we use that A,Og = Oy g V & (which follows out (I1), (I12), (14) and rule(4)), rule(7)
and rule(6). For S,, the proof is analogous with the application of S540p = Op_4,
rule(5) and rule(8). ]

Corollary 2.2. Any L € ModF is the homomorphic image of an approach frame.
Proof. Take an onto map 7 : S — UL and apply the previous theorem. m

Using that AFrm is equational and that homomorphisms transport algebraic
equalities we can conclude the following theorem.

Theorem 2.3. The categories ModF and AFrm are equal. Hence, in order to
prove that a frame L with operation A, and S, is an approach frame, it suffices
to check the equalities in 1.1.

Corollary 2.4. The functor R¢ (IP™) : Set — AFrm is left adjoint to the underlying
set functor U : AFrm — Set.

3 AFrm as Eilenberg-Moore category derived from approach
spaces

Note that we have a functor

R :Ap® — Set: (X L v) —s (RY M RX),
with Rf(¢) = ¢ o f. It follows from the fat that R = Ap(—,P) that the assign-
ment

P~ : Set — ApP : (S; 5 5,) —s (P2 T oy,

with P~ (f)(a) :=ao f fora: Sy; — [0, 0], introduces a functor that is left adjoint
to R.

Since Rf is a shift operator preserving frame homomorphism, the functor R
extends to

R
Re: Ap® — AFrm : (X 5 Y) — (Rey L ReX).
Theorem 3.1. The category AFrm is monadic. Moreover, in the following dia-
gram
Ry

op /,
Ap 2 AFrmy (10)
R ‘F‘ P U|H Re(P7)
Set Set,

Rt is the comparison functor of the adjunction R - P~.

Proof. Note that the co-unit of the adjunction R - P~ is the map

ex: X = PRX x5 ev(-,x),

so the monad is

T = (T,n,un), (11)
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with T = R(IP~) and where the multiplication is = Rep- [12], thus given on a
set S by

ps: T2S - TS: ¢ —s (ns(yp) : [0,00]° — [0,00] : a > Y(ev(-,a))).

Since AFrm is an equationally defined category with a left adjoint to the for-
getful functor, it follows follows from [4, 12] that this category is monadic.

It is clear that both adjunctions R¢(IP~) 4 U and P~ 4 R have the same unit
1. Let S be a set. The assignment

PS — PRIPY) ;g s ev(-,a)

is a morphism in Ap. Hence, by applying R¢, we obtain the following morphism
of approach frames

Ry (PRPD) = R (P5) : g h(y),

with
h(y) : [0, 0]® — [0,00] 1 a2 — P(ev(-,a)).

Note that for any ¢ € R (P°) = UR; (P®),

h(ev(. ) = ¢,

so h is the counit of the adjunction R¢(IP~) 4 U and hence Uh the corresponding
multiplication. This shows that both adjunctions have the same multiplication,
and hence the same monad T (11).

The fact that R¢ is indeed the comparison functor follows from [11] (VI The-
orem 1), because in the diagram (10) both the |Z|-square and the 1= 1-square
commute. [ |

With the previous result we can also compare the AFrm — Ap and the Frm —
Top situations with each other. For the latter there is the diagram analogous to
the one in (10)

Top® Frm,
Top(—,9) ‘I— S- U os-
Set —— Set,

where S is the Sierpinski space, 5~ is left adjoint to Top(—,S) as a general fact,
UO ~ Top(—,S) by the nature of S, and OS~ is left adjoint to the underlying set
tunctor U. Furthermore everything works out as in the previous case, so that Frm
is seen as the Eilenberg-Moore category determined by Top(—,S) with O as the
comparison functor.
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