Cone-Decompositions of the Special Unitary
Groups

Hiroyuki Kadzisa

Abstract

The Lusternik-Schnirelmann category of a space is a homotopy invari-
ant. Cone-decompositions are used to give an upper bound for Lusternik-
Schnirelmann categories of topological spaces. The purpose of this paper is
to construct cone-decompositions of the special unitary groups, for which we
use a filtration due to Miller. We observe also that Miller’s filtration is closely
related to a CW-decomposition.

1 Introduction

Throughout this paper, each space is assumed to have the homotopy type of an
ANR.

The Lusternik-Schnirelmann category, L-S category for short, of a space is a
homotopy invariant defined as follows.

Definition 1.1. Let X be a space. The non-negative integer (or infinity)
min{ n | X = J}_, Uk, and each Uy is open and contractible in X }
is denoted by cat(X) and called the Lusternik-Schnirelmann category of X.

To determine the L-S category of a space, we often use a cone-decomposition
of the space, which is defined as follows.
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Definition 1.2. Let X be a space. A cone-decomposition of X with length m is a

sequence of m cofibration sequences Ay 5 X — Xik+1, 0 < k < m, satisfying
Xo ~ *and X;;; ~ X.

The cone-decomposition gives a homotopy invariant of a space, which is called
the cone-length defined as follows.

Definition 1.3. Let X be a space. The non-negative integer (or infinity)
min{ m | X has a cone-decomposition with length m }

is called the cone-length of X and is denoted by cl(X)

It is well-known that the cone-length gives an upper bound for the L-S cate-
gory (see [2]). We also use the cup-length (see [4]) for a lower bound for the L-S
category. The definition of cup-length is given as follows.

Definition 1.4. Let X be a space. The non-negative integer (or infinity)
max{ n | there exist multiplicative cohomology theory h
and x1,...,Xx, € E*(X) such that x; ---x, #0 }
is denoted by cup(X) and called the cup-length of X.

We will mainly use the following inequalities in this paper:
cup(X) < cat(X) < cl(X).

The L-S category and the cone-length of SU(n) are already determined by
Singhof in [9] and [10] respectively, and are both equal to n — 1. We give here
a explicit cone-decomposition of SU(n) with minimal length related with Miller
filtration of Stiefel manifolds [7]. A complex Stiefel manifold V,, ;; is defined by

Vum ={Aisann x m matrixon C | A*A = E,,},

where A* denotes the transposed conjugate matrix of A and E;,; the unit matrix
of the unitary group U(m). We identify the special unitary group SU(n) with
V, »n—1 and the homogeneous space U(n) / U(n —m) x {E} with V,, ;. A map
p : U(n) — V; n, denotes the natural projection. Miller’s filtration {FcVy,m}L, is
defined by

EVym={VeEV,,| dmKer(V—-E})>m—k},

where El}, = p(Ey).
The main result of this paper is the following theorem, which gives a cone-
decomposition of V,, ,_1.

Theorem 1.5. There exist spaces Xy, Ay (k = 0,...,n —2) and maps f, : Ay —
Xy (k=0,...,n—2) satisfying that

Xe~ FVun-1,  XeUp CAr >~ FeyVin-1,

where éAk denotes the reduced cone over Ay.
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Theorem 1.5 gives an alternative proof of Singhof’s theorem.
Theorem 1.6 (Singhof).
cup(SU(n)) = cat(SU(n)) = cl(SU(n)) =n — 1.
Proof. We have
n—1<cup(SU(n)) < cat(SU(n)) < cl(SU(n)) <n-1
by the singular cohomology of SU(7n) and Theorem 1.5. ]

We will show that relationship between this cone-decomposition and the usual
CW-decomposition of the unitary groups given in [11] and [12] (cf section “Pre-
liminaries” for the precise statement of this relation).

The author would like to thank Prof. Mitsutaka Murayama for having nu-
merous discussions and many useful suggestions. He would also like to thank
Dr. Tetsu Nishimoto for calling his attention to the topics, Prof. Mamoru Mimura
and Prof. Norio Iwase for reading the manuscript and giving him some advice.

2 Preliminaries

Throughout this paper, we regard the unit matrix E, as the base point of SU(n).
We will introduce some based spaces. We have the following four notations.

Notation 2.1. For each integerk =1,...,n, I k denotes the k-cube [0, 1]k with base
point 0 = (0,...,0) € [0,1]~.

Notation 2.2. For each integer k = 1,...,n, Tk denotes the k-torus
{z € C||z| =1 }* with base point (1,...,1) € {z€ C| |z| =1 }*.

Notation 2.3. For each integer k = 1,...,n, let Vn,k+ be a space obtained from
V.. x by adding a base point O, the zero n x k matrix.

Each element of V,,  is called an (orthonormal) k-frame, which is represented
as an n X k-matrix. Especially, each 1-frame is a unit (column) vector.

Notation 2.4. A finite sequence (m,...,m;) of positive integers is a partition of k
if my + - - - +m; = k. For each partition (my,...,m;) of k, F, x(my, ..., m;) denotes
the flag manifold
Vi / U(my) x - x U(my).
k

——
The flag manifold F, x(1,...,1) is denoted by F, . Observe that the space
VT / U(1) x - - x U(1), denoted by F,, ;*, is the space obtained from F,, ; by
adding a base point [O].

Each element of F,, \ is called a k-flag, which is represented as an equivalence
class of a k-frame. For example, the k-flag is denoted by [V], where V is a k-frame.
Foreach V = (vy,..., Vi) € V, 4, (V) denotes the subspace of C" spanned by the
vectors vy, ..., Vg, which is called a k-plane. Especially, each 1-plane is also called
a line.

In the following two definitions and one notation, we will define key maps in
this paper.
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Definition 2.5. For each integer k = 1,...,n, we define ¢ = ¢ : Ik — Tk by

271/ —1 2/ —1
ek(xl,...,xk):(e mv=Lo L etk ),

which is called an exponential map.

Definition 2.6. For each integer k = 1,...,n, we define x = x : 5 A Fn,k+ —
U(n) by
k

Kk(()tl,. . .,/\k) A [Vl,. . .,Vk]) =E,+ Z()\l — 1)V1'Vi*,
i=1

which is called a constructing map.

Notation 2.7. For abbreviation, the composite map x o (¢ A idg k+) CIEAF T —
U(n) is denoted by e : IF AF,,t — U(n).

The following equivalence relation is used in Section 3.

Definition 2.8. We define an equivalence relation ~ on I kA Fn’k+ by

(xl,...,xk)/\[vl,...,vk]N(yl,...,yk)/\[wl,...,wk]
< (xl,...,xk)/\[vl,...,vk]z(yl,...,yk)/\[wl,...,wk]
or Y vivi* =) w;w;*, foreachre[0,1],

Xi=r y]:T

where (x1,..., %) A[vy,...,viland (y1,...,yx) A (Wi, ..., wi| belong to IF AF, ;.

Since the relation ~ is compatible with the map «e : IF AF, ;© — U(n), a new
map ke = (ke / ~): (IFAF,t / ~) — U(n) is induced.

We will define the angle formed by each k-frame and each unit vector and state
the properties of angles. Let V be a k-frame and u a unit vector. The definition of
angle is necessary to understand what is going on in the proof of Theorem 1.5.

The orthogonal projection onto the k-plane (V) is represented as the idempo-
tent Hermite matrix VV*. The value of VV* at uis VV*u. The angle formed by
the k-plane (V) and the line (u) is given as the one formed by two vectors VV*u
and u. The inner product of VV*u and u is (VV*u)*u = w*VV*u = ||[V*u|>.
Then

0<u'VV*u<1.

We define angles as follows.

Definition 2.9. The real number cos~! vu*VV*u is denoted by agl(V,u) and
called the angle formed by V and u.

Remark 1. We can define the angle formed by a quaternionic k-frame and a quater-
nionic unit vector, in the same manner as Definition 2.9.
From the definition, we can easily show the following proposition.

Proposition 2.10. Let V' be a k-frame and u’ a unit vector. Suppose that (V) = (V')
and (u) = (u’). Then agl(V,u) = agl(V’,u’).
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It follows from Proposition 2.10 that the angle of a k-frame and a unit vector
induce the one of the k-plane and the line as well as of the k-flag and the 1-flag.
Definition 2.9 and Proposition 2.10 can be extended to O € V,, ;" by agl(O,u) =
7 for each unit vector u.

We consider rotating (V) to a k-plane including e; where (eq,...,e,) = E,.
We suppose that agl(V, e1) # 0, 7. Let 8y denote agl(V, eq), and

VV*e1 — (e1 *VV*e1 )e1

V) = .
W( ) HVV*e1 — (el*VV*el)e1||

The vector w(V) is perpendicular to e; and

VV*e1

TVVoel] = ey cosfy + w(V)sin0y.

For each t € I, we define w(V) by
wi(V) = ejcos((1—t)0y) +w(V)sin((1—t)0y).
Then
i VV*e1
[VV*eq|’
If agl(V, e1) = 0, then we define w(V) by w;(V) = e;. For unit real vectors a, b

such that a # —Db, the rotation T(a,b) € O(n) which maps a to b, and leaves
everything perpendicular to a and b fixed is defined by

(a+b)*v
(a+b)*b

wo(V) wi(V) = ey

T(a,b)v =v — (a+b)+2(a*v)b, (for each v € R")

(see Milnor and Stasheff [8], Section 6). The similar construction extended to C"
is necessary for CW-decompositions of the complex Grassmann manifolds. To
use the idea, for each t € [0, 1], we define a matrix p(t, V) € U(n) by

(we(V) +e1)'v
(Wt(V) + el)*el

p(t, VI)v=v— (We(V) +e1) +2(we (V) v)eq
(for eachv € C").

The matrix p(t, V) € U(n) maps w¢(V) to e1, and fixes everything perpendicular
to w¢(V) and e;. Especially, p(1, V) is the identity translation.
For each matrix A = (a;;), the norm [|A[| is defined by [|A|| = }; ; |a;j]?.

Lemma 2.11. For each k-frame V € V, rand1 > s >t > 0,
lo(s, V)V = VI < llo(t, V)V = V.
Proof. We take an arbitrary vector v € (V), which is represented by
v =awy(V)+V, (a € C, v L wy(V)).
Then v/ L e;. Hence

lo(t, V)v = v = llap(t, V)wo (V) — awo(V)|| = [al[[w1—(V) — wo(V)]|
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Since ||[w1_s(V) —wo(V)|| < [[w1_+(V) — wo(V)]|, we obtain
lo(s, V)v —v]| < lpt,V)v —v].
If we represent V as (vy,...,Vvg) € V, x and substitute vy, ..., vy for v, then

k k

lo(s, V)V = VII> =} llp(s, V)vi = vill> < Y llo(t, V)vi — il
i=1 i=1

= [lp(t, V)V = V% m

We will use Lemma 2.11 for a proof in Section 4.

We recall a CW-decomposition of V,, ;. In the case k = 1, the constructing
map « : T AF,;7 — U(n) is used to construct a CW-decomposition of the
unitary group in [11] and [12]. A CW-decomposition of K(T1 A F,,,1+) is given by

U < U 62”1_1> )
n>n1>0

The CW-decomposition of V,, ;; described in the following theorem (see Steen-
rod [11]).

Theorem 2.12. The Stiefel manifold V, ,, has a CW-decomposition

p(e’)u ( U p (e2”f—1e2”ff1—1 . -62”11)) .
j=1

= nzn]->nj_1>~~~>n1>n—m

We will prove the following theorem in Section 3, which describes the rela-
tionship between Miller’s filtration and the CW-decomposition.

Theorem 2.13. The 0-th filter FoV,, , is equal to p(e®), and the k-th filter FV,, , for
eachk =1,...,m has a CW-decomposition

k

P(eO) U U U p (e2n]»—162n]-,1—1 . _62711—1) )
j=1 \nz2nj>nj_1>-->nm>n—m

Remark 2. One can generalize and verify Theorem 2.13 in the case F = R, H.

We will see the relationship between cells and ang]les.
We take a unitary matrix U € F,U(n) \ F,_1U(n), and suppose that U belongs
to a cell e~ 12171, .. ¢21~1 Then the matrix U is represented by

U = (En+ (e — D)wew*) - -+ (En + (1 — )wiwy "),
where (1i1,...,ux) € (T'\ {1})* and w; € C" \ C"~1. From the spectral resolu-

tion, it is also represented by

k
U=E,+) (A —1)vvi,
i=1
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where (A1,...,Ay) € (T'\ {1})F and [V] = [v1,...,vk] € Fu. The k-plane (V)
is the direct sum of the eigenspaces of all eigenvalues which are not equal to 1.
We have that (vy,...,vg) = (wq,...,Wy), since their orthogonal complement is
equal to the eigenspaces of U with eigenvalue 1. By using angles, one can show
the following lemma which states that n; = 1.

Lemma 2.14. ny = 1 ifand only if agl(V,e;) = 0.

3 Proofs of theorems

Using the four lemmas stated below, we will verify Theorem 1.5 in this section.
Proofs of the lemmas will be given in Section 4.
Foreachk =0,...,m, we hold

K(TF AFu i) = (TP AF 1P = RU®n), p(FU(n)) = BVamn.

They are proved at Lemmas 4.4 and 4.6.

We can see that ke(I** ' AF, 1,11/ ~) = F1U(n) from Lemma 4.4 and that
p(Fe1U(n)) = Fi1Vin—1 from Lemma 4.6 mentioned later. We define a sub-
space B’y C (I'AF,; 17/ ~) by

Bi={ xA[V]] € ! ARt/ ~) | 5 max(x) = agl(V,e1) |,
and Yy C F1U(n), Xk C Fy1Vyn—1by
Yk = p_l(FkVn,n_l) U kVS(B/k), Xk = FkVn,n_l U p(;&s(B’k))
The subspace (ke) ! (p~ 1 (FV,,,_1)) of By is denoted by By. For the two maps
e - p

(Bt B) —— (Y p '(FcVaun-1)) — (X BeVin-1)
given, there hold the following two lemmas.
Lemma 3.1. Foreachk =0, ...,n — 2, the maps ke and p in the sequence

(Bt Br) —— (Y, p ' (BeViu-1)) —— (X, FeViu1)
are relative homeomorphisms.

Lemma 3.2. Foreachk =0, ...,n — 2, the space By, is a deformation retract of B'y, that
s,
(B, Bk) =~ (By, Bi) rel By.

We obtain FV, ,_1 ~ X) from Lemmas 3.1 and 3.2.
We define a subspace A’y 1 C (I AF, 117/ ~) by

Al = { XA [V]] € (I AF, 1™/ ~) | gmax(x) < agl(V,eq) }
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and Ay C A'yiq by
A = (fe) (Vi)

For the two maps
& p
(A'ks1, Ar) —— (FiU(n), Yo) —— (Fes1 V-1, Xi)
given, there hold the following two lemmas.

Lemma 3.3. Foreachk =0, ...,n — 2, the maps ke and p in the sequence

e 4
(A1, A) —— (BaU(m),Y%) —— (FyaViu-1, Xx)
are relative homeomorphisms.

Lemma 3.4. Foreachk =0,...,n — 2, we have
(CAk, Ar) = (A'ki1, Ar) el Ay
where the base point of Ay is [(0,...,0) A [V]].

We define a map f; : Ay — Xi by fx = p o xe. Then it follows from Lemmas
3.3 and 3.4 that N
Fri1Vin—1 ~ Xi Uf, A/k—|—1 ~ Xg Uf, CAg.

We will prove Theorem 2.13 by using Lemmas 4.4 and 4.6 in Section 4.

Proof of Theorem 2.13. Tt is clear that FyV,, ,, = p(e?).

Foreachk =1,...,m, EV,m = p(FU(n)) = p(x(T' AF, 1)) from Lemmas
4.4 and 4.6. Tt is already shown in Steenrod [11] that the space p(x(T! A F,, 1 1)F)
has the CW-decomposition

p(eO) U CJ ( U P(e2nj—162nj,1—1 . .627111)) ) -

j=1 \nz2nj>n;_1>-->n>n—m

4 Proofs of the lemmas

In this section, we will prove the lemmas.

Notation 4.1. For each [V] € F, 117, ay denotes Zagl(V, ;).
Notation 4.2. Let 1 denote (1,...,1) € I,

To prove Lemma 3.2, we recall that

By = {xA[V]]€ """ AF, 1™/ ~ | max(x) > ay }, 1)
By = {[xA[V]] € B'y| min(x) =0or max(x) =loray =0} (2

The equality (2) is a result obtained by applying Lemma 2.14 to the definition of
By.
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Proof of Lemma 3.2. We will show a partition of B’y into three closed subspaces

B'\}, B> and B/;>, and an analogous partition of By into three closed subspaces
B!, B2 and B>, and construct three homotopies

W.IxB, =B, KW:IxB—=B2  W:IxB =B}
We define B/y' and By respectively by

B'kl = {[xA[V]] € B¢ | ay <1 —max(x), ay < 2min(x) },

Bi' = By NBr={[xA[V]]€B |ay=0}.
The homotopy k' : I x B',' — B} is defined as follows. For each (t,[x A [V]]) €
Ix B},

2x — 0(\/1

n(t [xA[V]]) = Ktx+ (1 —t) (max(x) + ay) ) Aot V) V]]

2max(x) —ay

if 2max(x) # ay and
(A V) = oA [V]]

if 2max(x) = ay.
We define B';” and B2 respectively by

B " = {[xA[V]] € By |1 —max(x) < 2min(x), 1 —max(x) < ay },
B2 = B ’NBr={[xA[V] €B | max(x) =1}.

The homotopy K2 : I x B> — B';* is defined as follows. For each (t,[x A [V]]) €

Ix B2,
e R )

A [p <t+(1—t) (1—%),0 VH

2 (t [x A [V]]) = [x A [V]

if ay = 0, 1. Continuity of the map h? follows from Lemma 2.11.

ifay #0,1,and

We define B, and B;® respectively by
B = {[xA[V]] € B/t | 2min(x) < ay, 2min(x) < 1 — max(x) },
B& = B ’NBr={[xA[V]] €B} | min(x) =0 }.

The homotopy k3 : I x B',> — B’ is defined as follows. For each (t,[x A [V]]) €
Ix B,

3 — X — t)(max(x min(x X~ min(x)1
P kAW]) = | (s (1 (max(x) + 2minge) X0

levomn(o-220) )]
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if max(x) # min(x) and ay # 0,1, and
Bt xAV]]) = XA V]

if max(x) = min(x) or ay = 0,1. Continuity of the map k> follows too from
Lemma 2.11.
We define a homotopy h : I x B’y — B’y by

Rt xAV]) i [xA V] € By,
ht, [x A [V]]) = S B2(t, [x A [V]]) if [xA[V]] € B2,
Bt x A[V]]) if [xA[V]] € B

The homotopy / is well-defined and hence we obtain that
(B't, Bk) = (By, Bx) rel By.

To prove Lemma 3.4 we recall that

Ay = {IXAV]] € IFTUAF, 1T/ ~ | max(x) < ay },
Ay = {[xA[V]] € Ayq | min(x) = 0 or max(x) = ay }.

Notation 4.3. Let ¢y denote 1.

It is clear that [x A [V]] € Ay if and only if ||x — cy||e = . The proof of
Lemma 3.4 is essentially the same as the one in the paper Kadzisa [5], Section 4.

Proof of Lemma 3.4. We define a homotopy equivalence ¢ : CA; — Ay, by
e(EAXAVI]) =[x A V],

and its homotopy inverse ¢ : A’y — CA; by

PxAV] = ol el | (%

2 Jx— eyl

X —Cy

+ Cv) AN [V]} .
The map ¢ is well-defined and continuous. Then a homotopy # : I x CAr — CA;
from 1 o ¢ to the identity map is defined by
(s tA XA V) = pltx +s(1 = t)ey) A[V]],
and a homotopy ¢ : I x A’y 1 — A'kyq from ¢ o 9 to the identity map is defined
by
2
I(s, [xN[V]]) = {((1 —5) (x —cy + EHX - Cv||ooCV) + sx) A [V]] :

For each s € I and each [x A [V]] € Ak, we see that
PANXAV]) =[xA V], pxA [V =1AKXA[V]],

and
n(s,IAXAV]) =1TAKXAV]L (s xAV]]) = [xA[V]]
Therefore N
(CAk, Ak) ~ (A/k—i—l/ Ak) rel Ak- |
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We will prove the following three lemmas for the CW-decompositions of Mil-
ler’s filtration.

Lemma 4.4. Foreachk = 1,...,n, there holds that
K(TF AF i h) = (T AF, 1 H)F = BU(n).

Proof. Itis clear that k(T* AF, ") C x(T* AF, 1)K, since

k
En+ ) (A = 1)vivi" = (En+ (M — 1)vavy™) - - - (En 4 (A — 1) vgvi™)
i=1
for each (A1,...,AL) A[ve,...,vi] € TFA Foih.

We will show that x(T! AF, 1 7)¥ € FU(n). Take U € «(T* AF, 17)* and sup-
pose that U is described as (E, + (A — 1)vivy*) - - (Ey + (A — 1)vgvy™), where
M,..., Ay € T'and vy,..., vy € V. 1. There exists an (n — k)-frame (uy,...,u,_g)
of the orthogonal complement of the space (v, ..., vi) spanned by vy, ..., v;. The
matrix U belongs to the filter F,U(n), since Uu; = u; foralli=1,...,n — k. Con-
sequently we have x(T' AF, 1 7)¥ C FU(n).

We will show that FU(n) C x(TX AF, ;). Take U € FU(n). There exists an
orthonormal basis {vy,...,v,} whose elements are eigenvectors of U. We may
suppose that the eigenvalues of vi,1,...,v, are 1, since the dimension of the
eigenspace of eigenvalue 1 is greater than or equal ton — k. Foreachi =1,...,k,
a scalar A; denotes the eigenvalue of v;. Hence

k
U=E,+ Z()\l — 1)Vl'Vi*
i=1

and U € x(T* AF, ;). Consequently we have F,U(n) C x(T* AF, ;™). Therefore
we have «(TF AF, 7)) = x(T' AF, 1)k = RU(n). m

Lemma 4.5. To every m-frame V € V,, ,,, there exists a matrix U € F,,U(n) such that
pl) =V.

Proof. Take an m-frame V € V,,,. There exists a matrix U’ € U(n) satisfying
p(U') = V. By Theorem 2.12, there exist scalars Ay,..., A, € T! and vectors
vi € Vi1 (i=1,...,n)such that

Define a matrix U by
u= u/(En + (/\_1 - 1)V1V1*) T (En + (/\n—m - 1)Vn—mVn—m*)-

Since we have (E, + (A; — 1)v;vi*)(E, + (A; — 1)v;vi*) = E, foralli = 1,...,n,
we have

U= (E;+ X —=1)vuevy,™) - (En + M—ma1 — DVi— 1 Vi—ma1)-
The matrix U belongs to F, U(n) by Lemma 4.4. We obtain that
(En+ M —Dwvivi™) - (B + M — DV V™) € U(n — m) x {En},
which implies that p(U) = p(U') = V. ]
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Lemma 4.6. Foreachk =0, ..., m, there holds
p(FU(n)) = FVum.

Proof. We will show that p(F,U(n)) C F V., Take a matrix U € F.U(n). The
eigenspace of 1 of U is denoted by W. Then dimW > n — k. Thus we have
dim(W N (ey—m+1,---,€n)) > m — k. Consequently there exists an (m — k)-frame
(V1,...,Vy_k) in the space W N (e;,—m1, - - -, €n). The transposed matrix of EJ}, is
denoted by E}}. Then the matrix (E}'vy,..., El'v,, k) is an (m — k)-frame in the
space C", since vi,...,Vy_ € (€y—m+1,---,€xn). One has

p(U)EMv; = UELEMv; = Uv; = v; = ELEMv;

foralli = 1,...,m — k. Thus we have dimKer(p(U) — E},) > m — k, that is,
p(U) € FVym. Therefore p(F.U(n)) C FVym.

We will show that F,Vy,,, C p(FU(n)). Take a matrix V € FV, . There
exists an (m — k)-frame (uyiq,...,um) € Vyy —k such that Vu; = Ej,u; for all
i = k+1,...,m. Adding unit vectors uy,...,ur € C" to them, we obtain an
orthonormal basis {uy, ..., u, } of C". Define U; and V; respectively by

E,_ O
Ul = (ul,...,um), V1 = < me Ul_l) VU1

Then we have V(e 1,...,en) = EJ(€xy1,...,em). Hence there exists a matrix

Vo € Vy_ ik i satistying that
AZENe
i= <o Em_k) '

It follows from Lemma 4.5 that there exists a matrix U, € F,U(n — m + k) such
that V, = p' "5 (W), where p{ =" : U(n — m + k) — V,,_+xx is the natural
projection. Then the dimension of the eigenspace of 1 of U is equal to or greater
than n — m. Define a matrix U by

y— (En-m O\ (U2 O Enom O
O uw/)\O E,; o ')

The matrix U belongs to the filter F,U(n), since the matrix (léz EO ) belongs
m—k

to FU(n) and (E’gm ], ) is a unitary matrix. Thus we have p(U) = V, which
1
implies V € p(F.U(n)). Thus we have shown p(F.U(n)) = FVym. u

Foreachk =0,1,...,n — 2, we see that the space F.V,, ,_1 has the CW-decom-
position by Theorem 2.13 and that it is homotopy equivalent to X} by Lemmas
3.1 and 3.2. Consequently we obtain that the space X} has the homotopy type of
an ANR.

We will show that the following lemma.

Lemma 4.7. The space Ay is a compact Hausdorff ANR.
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We recall the following theorem which is used for the proof of Lemma 4.7.

Theorem 4.8. If h : (X, A) — (Y, B) is a relative homeomorphism, where X, A, B are
compact ANR’s and Y is a Hausdorff space, then Y is also an ANR.

(For a proof of Theorem 4.8 see Hu [3].) Theorem 4.8 implies the following
corollary.

Corollary 4.9. If h : (X, A) — (Y, B) is a relative homeomorphism, where X, A, B are
compact Hausdorff ANR’s, then Y is also a compact Hausdorff ANR.

Proof. The space Y is homeomorphic to the adjunction space
B Uh\ A X.

The space Y is compact, since X and B are compact.

We will show that the space Y is a Hausdorff space. Take two different points
in BUj, 4 X. If the points belong to B then they are separated by two disjoint open
subset, since B is a Hausdorff space and since (X, A) is an NDR-pair. If the points
belong to X \ A then they are separated by two disjoint open subset, since X \ A
is an open subset of the Hausdorff space X. If a point belongs to B and the other
belongs to X \ A, then they are separated by two disjoint open subset, since X
is a regular space and since A is a closed subset of X. Hence the space Y is a
Hausdorff space.

Therefore the space Y is an ANR from Theorem 4.8. n

We will prove Lemma 4.7.
Proof of Lemma 4.7. The space Ay is equal to
{[xA[V]] € A'k41 | min(x) = 0 or max(x) = ay },

which is decomposed by using some flag manifolds and simplices. We defined in
Section 2 the flag manifold F,, ;.1 (my, . ..,m;1) with a partition (my, ..., m;;1) of
k+1. Foreach! =0,...,k, the (I + 1)-dimensional simplex A1 ig defined by

AT = {(x1,...,x41) eRFNO<xy < -+ < xppq <1}

A subspace
{(x1,...,x01) € AV x; =00rx; 1 =1}

is denoted by D!, where the boundary 9D’ is defined by
oD' = { (x1,...,x41) € D' | x; = xj41 forsomei =1,...,1 }.

Foreach! =0,...,k we define a map

Y
Tki+1 - D" x U Fn,k+1 (ml, ceey ml+1) — Ak
my -ty =k+1

by

1y 1y mpyq

-\ Z\ /\\

rk,lﬂ((xl,. . .,xl+1), [V]) = [ocy(xl,. . .,X1,5C2,. . .,.XE,. cer Xia1, - .,xl+1) A [V”
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for each ((x1,...,%41),[V]) € D! x Uy 4-tmys=k1 Fugr1(ma, ... ,mpyq). The
map 7y ;41 is well-defined. The image of ;.1 is denoted by Ry ; 1. Define a
subspace Ry o of Ay by

Rio = { [(0,...,00 A[V]] € Ax |ay =0}
Then we obtain a filtration
Rio CRk1 C -+ C Rgpyr = Ay

We will prove by induction that the space Ay is a compact Hausdorff ANR. The
space Ry is a compact Hausdorff ANR, since it consists of the single element
[(0,...,0) A [V]].

We will show that if the space Ry ; is a compact Hausdorff ANR then so is the
space Ry ;11 foreach [ = 0,..., k. Suppose that Ry is a compact Hausdorff ANR.
The space Ry 41 is equal to the adjunction space

!
Rk,l Ur D" x U Fn,k+1(ml,...,ml+1) ,
Myt =k+1

where r denotes the restriction of 7, 1 to the (r ;1) 1 (Ry;). The space

z
D' x U Fojra(my, ... ,mpq)
My 4oy =k+1

is a compact Hausdorff ANR, since it is a finite disjoint union of compact mani-
folds.

We observe that the space (r¢;.1) }(Rg;) is a compact Hausdorff ANR. The
space (rx;+1) *(Rg;) is equal to

1
oD" x U Fn,k—|—1 (ml, ey ml+1)
my+---+myp 1 =k+1

U | D' x U { [V] € Fupra(ma, ..., mppq) [ay =0}
my-tmp g =k+1

The space
{[V] € Fupya(m,...,mp1q) [ay =0}

is a compact Hausdorff ANR, since it is a deformation retract of an open subset

{ [V] € Fuppr(my,...,mppq) [ay #1}

of the the flag manifold F, . 1(my,...,m;11). If | = 0 then dD' = @. Conse-
quently the space (r¢1) " 1(Ry) is a compact Hausdorff ANR. We suppose that
[ > 0. Itis clear that the space

1
aD X U FTZ,k+1 (ml, sy ml+1)
my+-+my g =k+1
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is a compact Hausdorff ANR. The spaces

D' x U { V] € Fyppa(my,...,mpq) lay =0},
ey =k 41
aD! x U { [V] € Fn,k+1(ml,. . .,ml+1) | oy = O}

ey g =k+1

are compact Hausdorff ANRs. Hence the space (rx;.1) (Rg;) is a compact
Hausdorff ANR from Corollary 4.9.
We have shown by Corollary 4.9 that Ry ;. is a compact Hausdorff ANR.
Therefore the space Ay is a compact Hausdorff ANR by induction. n

Concluding Remark. We have already known the cone-decomposition { A, &
X — Xkt1}—, of the unitary group U(n) such that FU(n) ~ X in [5]. Miller’s
tiltration of Stiefel manifolds are closely related to Morse-Bott functions of them
defined by Frankel [1]. By using Frankel’s Morse-Bott function, we can con-

struct cone-decompositions { Ay = X — Xi+1}], of the complex Stiefel man-
ifold V,,;; such that FV,,,, ~ Xj. For each real and quaternionic Stiefel mani-
folds containing all the orthonormal m-frames in R" and H" respectively, where
0 < m < 7, we obtain a similar result to the above, but not for the case of rotation
groups and symplectic groups. We can also expand the above method into some
symmetric Riemannian spaces. These further results will be written in [6].
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