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Abstract
For a fixed generalized reflection matrix P, i.e., PT = pP,P?2 = I, and

P # +I, then a matrix A is called a symmetric P-symmetric matrix if A =
AT and (PA)T = PA. This paper is mainly concerned with finding the
least squares symmetric P-symmetric solutions to the matrix inverse prob-
lem AX = B with a submatrix constraint, where X and B are given matrices
of suitable size. By applying the generalized singular value decomposition
and the canonical correlation decomposition, an analytical expression of the
least squares solutions is derived basing on the Projection Theorem in Hilbert
inner products spaces. Moreover, in the corresponding solution set, the ana-
lytical expression of the unique minimum-norm solution is described in de-
tail.

1 Introduction

Let R"*™M QOR"*", SR"*" ASR" " denote the set of all n x m real matrices, the
set of all n x n orthogonal matrices, the set of all n x n real symmetric matrices,
the set of all n x n real anti-symmetric matrices, respectively; The symbols, A™
and || A|| denote the Moore-Penrose generalized inverse, the Frobenius norm re-
spectively. For two matrices A = (a;;), B = (b;j) € R"*™, A x B = (a;jb;;) € R"™"
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denotes their Hadamard product, (A, B) = tr(BT A) represents their inner prod-
uct, where tr(.) denotes the trace of the corresponding matrix. Then we can easily
see that R"*"™ is a Hilbert inner product space equipped with the Frobnius norm
of matrices, which is induced from the inner product (A, B) = tr(BTA) .

Matrix inverse problem: given three sets of real n X n matrices S, real n—vectors
X1,...Xm, and n—vectors by, - - - by, m < n, find a real n X n matrix A € .Z such
that

Axi:bi, 121,2,71’1

Let X = (x1,x2,...xm), B= (b1,by,...by), then the above relation can be written
as
AX =B

If B= XA, A = diag(AM,M,...Am), where Aq, Aq,... Ay are numbers, then the
above problem is called the inverse eigenvalue problem.

The prototype of those problems initially arose in the design of Hopfield neu-
ral networks [9, 10]. It is applied in various areas, such as the discrete analogue of
inverse Sturm-Liouville problem [7], vibration design [22], and structural design
[8].

For decades, many authors have been devoted to the study of matrix in-
verse problem associated with several kinds of different sets ., and we refer
to [11, 14, 15, 20]. However, we should point out that the matrices X and B occur-
ring in practice are usually obtained from experiment and they may not satisty
the solvability condition. Therefore , we need further study the least-squares so-
lutions for the problem above which is associated with several kinds of different
sets .Z, for instance, general matrices, symmetric matrices, symmetric nonnega-
tive definite matrices and so on.

Let P € R™ " be a fixed generalized reflection matrix, ie,PT = p P2 =],
and P # =1, then a matrix A is called a symmetric P-symmetric matrix if A =
AT and (PA)T = PA, or symmetric P-skew symmetric matrix if A = AT and
(PA)T = —PA. The set of all symmetric P-(skew)symmetric matrices is denoted
by SR}*"(SARR™"). In particular, if | is the flip matrix with ones on the sec-
ondary diagonal and zeros elsewhere, then a symmetric J-symmetric matrix is
bi-symmetric, ie., a;; = aj; = ay_j110-j+1, 1 < i,j < n, while a symmet-
ric [-skew symmetric matrix is symmetric and skew-antisymmetric, Le.ajj =
aj = —ay_it1n—j+1, 1 < i,j < n. Bi-symmetric matrices, such as symmet-
ric Toeplitz matrices and autocovariance matrices, have practical application in
information theory, linear system theory and numerical analysis. If P = I,
then SR}*" is a symmetric matrix set and SAR},*" is trivial due to the fact that
SR"" M ASR™ " = 0.

The symmetric P-symmetric matrices were initially considered by Zhou, Hu
and Zhang, associated with matrix equations and inverse eigenvalue problems,
see[25, 26]. Peng [18] has investigated the symmetric P-symmetric solution to the
matrix equation

ATXA =B,

which arose in an inverse problem of structural modification or the dynamic be-
havior of a structure. However the inverse problem for symmetric P-symmetric
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matrices with a submatrix constraint has not been discussed. The inverse prob-
lem with a submatrix constraint comes from a practical subsystem expansion
problem. Researchers have great interest in studying a variety of inverse problem
under submatrices constraint in recent years. For example, Deift and Nanda [4]
discussed an inverse eigenvalue problem of a tridiagonal matrix under a subma-
trix constraint; Peng and Hu [16] considered an inverse eigenpair problem of a
Jacobi matrix under a leading principal submatrix constraint; Peng and Hu [17]
studied a inverse problem of bi-symmetric matrices with a leading principal sub-
matrix constraint, for more we refer the reader to [6, 12, 24]. To our knowledge,
there is no result about the least-squares solutions of matrix inverse problem for
symmetric P-symmetric matrices with a submatrix constraint. In this paper , we
will mainly discuss this problem.

Throughout, we always assume that P is a fixed generalized reflection matrix.
The problem studied in this paper can be described as follows

Problem I. Given matrices X, B € R"*™ and Ay € SR7*1. Let
I'={A e SR}"||AX — B|| =min },
find A € T such that

IA([L = g]) — Aol = min [|A([1 : q]) — Ao||.
A([1 : q]) is the principal submatrix of A lying in the first g rows and columns.

Problem II. Let Sg be the solution set of Problem I. Find A € Sg such that

IA]l = min [|A]. (1.1)
A€SE

We remark that when g = 0, Problem I is reduced to the inverse problem for
symmetric P-symmetric matrices discussed by [5] and [25]. When g = n, Ay is the
best approximation of the matrix A € T. In this paper, we consider the general
case when 0 < g < n. Problem Il is in fact to find the minimum-norm solution of
the solution set of Problem I.

The paper is organized as follows. After introducing some necessary concepts
of two matrix-factorization techniques in Section 2 and some useful preliminary
results in Section 3, we will derive an analytical expression for the solution of
Problem I in section 4. The expressions for the unique solution of Problem II is
obtained in Section 5. At last, in Section 6, we use some brief conclusions to end
the paper.

2 Two matrix-factorization techniques
As a preliminary, we briefly state the concepts of generalized singular value de-

composition (GSVD) and canonical correlation decomposition (CCD), which are
essential tools for deriving the solution of Problem I.
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Let Ny € R7*(=m) N, € R1%(572) then the GSVD of the matrix pair (N7, Np)
is given by
N{ = QiuM, N; = Qo M, (2.1)
where M € R7*7is a non-singular matrix, Q; € OR(—r)x(r=r1) 0, € ORE=2)*(s-72),
and

Is : f 0z : "
M = 5 e § , M= S o | 8 :
f 8§ t—g—f gt f g t—g—f q-—t

where my =r —r; — f — g,my = s —ry, —t+ f, with the diagonal matrices S; and
S» being given by

S1 = diag(p1, p2, - - - 4g) > 0 and Sy = diag(Aq,Az,- -~ Ag) > 0.
Here
t = rank [Ny, Np|, f=1t—rank(Ny), g = rank(Ny)+ rank(N,) —t,

O, 01, O, are zero matrices of suitable sizes.
We further partition the non-singular matrix M as

M1 = (My, My, M3, My), (2.2)

where M; € R1*f, M, € R7%8, M5 € R1*(t=f=8) M, € R1*1-1),
The CCD of the matrix pair (N7, Ny) is given by

Ny = H(Y1,0)E;' Na = H(Y2,0)E; !, (2.3)

where E; € RU=r)x(r=r) E, e RE=2)x(6-r2) are non-singular matrices,
H € OR7*1, and

I, 0 0
0 Sy O
o 0o o I
0 Cy O
0 0 I

are block matrices, with the diagonal matrices Sy and Cy given by
Sy = diag(ay,a, - - - asy) >0, and Cy = diag(B1,B2, - Bsy) >0
Here
h = rank(Ny), ro = rank(Ny) +rank(Na) — rank [Ny, Na], so = rank(N{ No) — rq.
We further partition the orthogonal matrix H as
H = (Hy, Hy, H3, Hy, Hs, Hg), (2.4)

where H; € R"* "0, H, € R"™% Hz € R”X(h—ro—so),H4 c R"X(q—h—fo—So),
Hgs € R"*%, Hg € R"*to,
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3 Preliminary results

Let r and s be respectively the dimensions of the eigenspaces of P associated
with the eigenvalues A = 1and A = —1; thusr,s > 1 and r +s = n. Since a
generalized reflection matrix is diagonalizable and P # +1I. Let

P1 = [pl,...,pr] c R™" and P, = [511/---,615] € Rnxs,

where py,...,p,and gy, ..., qs are orthonormal bases for the eigenspaces. P; and
P, can be found by applying the Gram-Schmidt process to the columns of I + P
and I — P, respectively.

The following lemma characterizes the class of symmetric P-symmetric ma-
trices, which are the special case of [[14], Theorem 1].

Lemmal. A € R"*" is symmetric P-symmetric if and only if

B A 0 =
a=trel |40 0115 6.)
where
Ay = Pl AP; € SR™" and A, = PfAP, € SR**. (3.2)

The following lemma from [21] is a directly use for our mainly results.

Lemma 2. (Projection Theorem) Let X be a finite dimensional inner product space, M
be a subspace of X, and M~ be the orthogonal complement subspace of M. For a given
x € X, there always exists an my € M such that ||x —mg| < ||x —m||, Vm € M,
where ||.|| is the norm associated with the inner product defined in X. Moreover, mg € M
is the unique minimization vector in M if and only if (x —mg) LM ie, (x —my) €
M-+

To derive the solutions of Problem I, we need to characterize the elements in
the set I'. In order to do that, let the SVDs of PlT X, PZT X be, respectively,

21 0 Zz 0
PlTX:U1< 0 O>V1T, PZTX:U2< 0 0)\/{, (3.3)
where U = (Ull ,ulz) € OR"™"and V] = (Vn ,Vlz) € OR™™ ™ U, = (U21 ,Uzz)
€ OR** and V, = (V1 , Vo) € OR™™; %y = diag(oy,02...04,), and
Y, = diag(y1,72...7r,) are diagonal matrices with positive diagonal entries;
U € R, Vi1 € R™", Uy € R*™2, Uy € R™ "2, here r; = rank(PiTX)
(i=1, 2).

From [5] and [25], we know that the matrices A in the set I" have the following
expression

0)
A—(p py [ AN H+URGUL o 0 {Pli } (3.4)
0 AY 1 unGul, ) L P
where
o ¥y * (UL PTBVIE) + 5 VEBTP Uy) Z0MWEBTP U, o1
Ap =U T pT -1 Uy,
ul, Pl BVy1%, 0

(3.5)
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A0 _qp, (Yo (Uzy Py BVnTo + X2V B Pollnt) X5 V)BT Palln \
22 ULPIBVyx; ! 0 2(‘3 0
with
¥1= () e R, gl = Sl 1<ij<n,

UZ+02 ’

Yr = (lpz(Jz)) € R277, %(]2) 4 i%l Lshis

and G; € SRU=")%(=) and G, € SR~72)%(5772) are arbitrary symmetric matri-
ces.

4 General expression of the solutions to Problem |

In this section, we derive an analytical expression for the solution of Problem I.
Obviously, solving Problem I is equivalent to find A € T such that A([1 : g]) is
the best approximation leading principal submatrix of Ay, i.e., find A € T such
that

1(I,,0)A(I;,0)T — Ag|| = min, (4.1)

where (I;,0) € R7*". We further partition
(I, 0)[Py, Po] = (D1,Dy), Dy € R?", Dy € RI*, 4.2)
Then for A € T', we have
1(15, 0) A(I, 0)" — Ao|

(0) T T
= || (4, 0)[P1, P] et L(?zGlun A,g_(z)) + l(l)zszusz ) { IIZT ] (13, 0)7 = 4o
= ||(D1, D7) ( Ay + UnGil 0) ’ < Dl; ) — Ao
0 A22 + Uzszusz DZ
= || DU G UL DT + Dyl GoUL DI — (A — DAY DT — DAY DI
Denote
DUy = Ny, Dyllyp =Ny, Ag—D1AYDT —D,AY0D] = w. (4.3)

Then ||(I;,0)A(L,;,0)T — Ao = 1}11119 is equivalent to find the least squares sym-
€
metric solution (G1, Gy) with respect to the inconsistent matrix equation
N1GiN{ + NoGoNJ = W. (4.4)
Therefore, the remainder of this section is devoted the solution of the following

equivalent least squares problem:

_ Problem A: Given matrix Ny € R7%(r=11) N, € R1%(=2) and W € R9*4, find
G1, Gy such that

IN1GINT + NoGoNT — W|| = __min IN1G1NY + N2GoNJT — W|.
G;esmk r2) % (k= V2>
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Actually Problem A has been investigated by [23], and the explicit solutions
was obtained by using the canonical correlation decomposition(CCD). However
the optimal approximation solution to a given matrix pair (Gj, G;) cannot be
obtained in the corresponding solution set, and the difficulty is due to that the
invariance of the Frobenius norm only holds for orthogonal matrices, but does
not hold non-singular matrices that appear in CCD used in [23]. For the purpose
of overcoming the above mentioned difficulty, another expression of the general
solution of Problem A is derived by adopting a new approach, which is not only
tavorable for finding the optimal approximation solution to a given matrix pair
(Gj, Gj3) in the solution set of Problem A , but it is also useful for finding the
minimum-norm solution in the Sg. Our approach is based upon the Projection
Theorem in Hilbert products spaces, as well as GSVD and CCD of matrix pairs,
and can be essentially divided into three parts:

part 1: Find a least squares solution (qo) , ééo)) of Problem A by using CCD.

part 2: By utilizing the solution (é}o) , ééo)) and the Projection Theorem in Hilbert
spaces, we transform Problem A to a problem of finding the symmetric so-
lutions of a consistent matrix equation.

part 3: Find the symmetric solutions of this consistent matrix equation by using
GSVD.

Next, we first transform the least-squares problem with respect to the matrix
equation (4.4) to the problem of finding the symmetric solution of a consistent
matrix equation by applying the Projection Theorem. This technique is precisely
described in the following theorem.

Theorem 1. Given matrices Ny € R7*(="1) and Ny € RI*(5-72) gud W € SRT%9, let
(é&o) , ééo)) be one of the solutions of Problem A , and define

Wo = NiGNT + N, GIVNT. (4.5)
Then the matrix equation
N1GiN{ + NoGoNS = Wy, (4.6)
is consistent over the symmetric matrices, and its symmetric solution set is the same as
the least square symmetric solution set of inconsistent matrix equation (4.4).
Proof. : Let

S ={Z|Z = NiGiN{ + N,G,NJ, Gy € SRU=)x(r=n1) G, ¢ GREE=2)x(5772)}
4.7)
then S is obviously a linear subspace of SR7*7. Because (éio) , ééo)) is a least

squares solution of the inconsistent matrix equation (4.4), from (4.5) we see that
Wp € § and

~(0 ~(0
Wo - W[ = |NiGI”N] + NoGYNT — W|
= Inin IN1GIN{ + N,GoNy — W|
1,92

= min||Z - W]|.
VAN
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Now, from Lemma 2 (Projection Theorem), we have
Wo—W) LS, (Wo—W)esSt.

For Gy € SRU—1)x(r=11) G, € SR572)%(5772) we know that
(N1GIN{ + NoGoNT —Wp) € S

it follows that
INIGINT + NaGoNJ — W2 = | (NiGiNT + NaGalNJ — W) + (Wo — W)
= ||N1G1N1T + NszNZT — Wo”z + |[Wo — W||2,
which implies that the conclusion of this theorem holds. n

Form Theorem 4.1, we can easily see that Problem A is equivalent to the prob-
lem of finding the symmetric solutions of the consistent matrix equation (4.6), and
the key is to find Wp. The crux of finding Wy is to derive a least square solution
of the matrix equation (4.4). In order to do that, we denote

H'WH = (Wyj)exe, Wij=H/WH,, i,j=1,2,---6 (4.8)

where the matrices H;(i = 1,2---6) are given by (2.4), and W is given by (4.3).
Based on the CCD of the matrix pair (N7, N;), the following lemma gives such a
matrix W.

Lemma 3. The matrix Wy, which corresponds to a least squares solution (é? , ég ) of
the matrix equation (4.4) and satisfies (4.5), is given by

Wi Wi Wiz 0 Wis Wis

W1;2 W2T7_ Wy 0 SyYCn SnYos
W. W. Wis 0 0 0
13 23 33 T
Wo=H1 0 0 0 0 0 H, (4.9)
ng C]\_]YZZSN 0 0 C]\_]YZZCN CNY23
WL YuSy 0 0 YLCn  Wes

where
Yoo = @ * (SyWasCn + CyWasSy + CnWssCn), Yoz = SyWas + CyWse, (4.10)

with
1

2.2/
1 txioc].

Proof. : From Theorem 3.1 in [23] we know that the least squares solution of the
matrix equation (4.4) can be given by using the CCD of matrix pair (N3, N;), and
have the following form:

b = ((PI] c RSOXSO)I (Pl] — 1,] = 1,2,‘”’ S0-

Wi — Zn W1§5K;1 Wie Y4

- SyIWE Y2 Yoz Yo T
G1="h W[, YL We Ya t
YL Y, Y Yu (4.11)
Z11 Wip — W15(_3NSR;1 Wiz Zys '
G, =E, Wi, — Sﬁ;CNW% Woy — SZT\[YZZSN Woz Zoy El,
W13 W23 Wsz  Zzy

ZlT4 ZzT4 Z3T4 Zyy
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where Yy € R0*% and Yo3 € R%*' are defined by (4.10); Yy € RN*A,
Z17 € R, and Zy € RP2*P are arbitrary symmetric matrices; and

Yi4 € Ro*f)Y,, € R0*fYs € Rio*fi and Zﬂxfz,Z;ixfz,Zéz_ro_SO)sz are ar-
bitrary matrices, where f{ =r —ry —r9 —sg —to, fo =k —rp — h.

By inserting the matrices N and N in (2.3) and the matrices G; and G, in
(4.11) into Eq.(4.5), we can immediately get (4.9) by straightforward computa-

tions. -

Remark 1. Evidently, (4.9) shows that the matrix Wy given in Lemma 3 is unique
and only dependent on the matrices Nj, N, and W, but is independent on the
least squares solution (é? , ég ) of matrix equation (4.4). The characteristics is in
accordance with the Projection Theorem in the Hilbert space. In fact Wy is the
orthogonal projection of W onto subspace S defined by (4.7).

From Theorem 1 and Lemma 3, we know that the least squares symmetric
solution set the matrix equation (4.4) is the same as the symmetric solution set of
the consistent matrix equation (4.6), with the matrix Wy being given by (4.9), and
from [3], the solution of (4.6) can be obtained by using the GSVD of the matrix
pair (N1, N2). So we have the following conclusion.

Theorem 2. Let matrices N1, Ny and W be given in Problem A. Denote

A~

M TWoM ™! = (Wij)axa, with Wi; = MJWoM;, i,j=1,2,3,4, (4.12)

where M;(i,j = 1,2,3,4) are given by (2.2) and Wy is given by (4.9). Then the expres-
sions of the solutions (G1, Gy) of Problem A are as follows:

N Wiy WSt Y13 )
G =0Q 51_11;\/12 Sy (W — STzzzzsz)Sl_1 Yoz | Qr/
Yis Y23 Ya3 (4.13)
N Zu Zi Z13
G=Q| Z], 2> Sz_AlW23 Q7f,
Zi; WiSy'  Wa

where Y3t "™, 727", Zgzx 8 are arbitrary symmetric matrices, Y{; m Y2g3X o Z'lﬂz2 8
Z\ =178 are arbitrary matrices.

So, we know that the solution (G, G;) of Problem A can be expressed by
(4.13). From the discussion above, after substituting (G;, Gy) in (4.13) into (3.4),
we can derive the following conclusion:

Theorem 3. Given matrices X, B € R"*™ and Ay € SR7*9. The solution set Sg of
Problem I can be expressed as

o (0) ~ 11T T
S = A|A= [P, Py | A0 TGt (0) G [ ot ] '
0 A22 + U22G2U2T2 PZ
N N (4.14)
where Gy and Gy are given by (4.13).
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The solvability conditions of the matrix equation AX = B over symmetric
P-symmetric matrices with a submatrix constraint , that is, the set

Su={A|A€SRY, AX =B, A([1:q]) = Ao}

is non-empty, from Theorem 1 and Theorem 2, we can obtain the equivalent solv-
ability conditions, which are described as follows.

Corollary 4.1. Given X,B € R"*" and Ay € SR7*9. The set S 4 is non-empty if and
only if
+ .
(a) X'PP'B=B'PP'X, PIB(PTX) P'X=P!B, i=1,2,

(b) (Wi, W), Wl) =0, (Wa, Was, Wae) =0, (W35, Wag) =0, (4.15)

() SnY2Cn = Was, CnY22Cn = Whs

where the matrix blocks Wl-j (i,j=1,2,...,6) are determined by (4.12). When the conditions
above all hold, the set S 4 is the same as Sg in (4.14).

Proof. : Evidently, the set S4 is non-empty if and only if there exists a matrix
A € SR} such that

IAX — B[l =0, [[A([1:4]) — Aol =0.
From Lemma 1, we know ||AX — B|| = 0is equivalent to
IA1P{ X — P{B|| =0, |[A2P; X — P, B| =0,
and from [19], the above equalities are hold if and only if
XTp,PTB = BTP,PTX, PTB(PTX) PTX = PTB, i=1,2.
From Theorem 1, we have

IA([1:9]) = Aoll® = [[NiGIN] + N2GoN,y — W2
= [(NiGIN{ + N2GoNJ — Wp) + (Wp — W)|2
= [[INiGIN{ + NoGoNT — W ||? + [[Wo — W2

Since the matrix equation N;G; NlT + N> GQNZT = W) is consistent over symmetric
matrix space, then ||A([1 : g]) — Ao|| = 0 if and only if

Wy = W.
From (4.8) and (4.9), we know that Wy = W if and only if
(Wi, Wi, Wi) =0, (Wi, Wis, Wig) =0, (Was, Wag) =0
and
SNY2Cn = Was, CnYa2Cn = Wss, SnYaz = Was, CnYaz = Wae.

Furthermore, for all Wye, Wse € R%0*10 it is easy to know that SyY23 = Wy and
CnYo3 = Wsg from Yoz = SyWag + CnyWsg. Therefore, from the discussions above,
the set S4 is non-empty if and only if (4.15) holds and S can be expressed by
(4.14). ]
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5 The solution of Problem I

It is easy to verify that the solution set Sg is nonempty and is a closed convex
subset of the Hilbert space R"*". From the best approximation Theorem [1] that
there exists a unique matrix A € S satisfying (1.1). From Theorem 3, we can
obtain the analytical expression of the solution A of Problem II.

Theorem 4. Given matrices X, B € R"™™, Ag € SRT*1, then the solution A of problem
I can be expressed as

. (0) A 0T T
A=[P,P) ( Ay + UG U, o 0 - ) [ 1131T } , (5.1)
0 A22 + U22G2U22 2
where N R
Wi WipS; ! 0
G1=Q1 51_1W1T2 Sl_l(sz — 5223252)51_1 0 Q{/
0 0 0
0 0 0
=Q2| O Azz 52_A1W23 Q7.
0 W S W3
with R
Zzz = K* (SszzSz) (5.2)
and .
K = (x;;) € R8*8, x;; = ———> Li=12...,
( z]) ij — ‘ul “I/l] n /\ZAZ ) 8

Proof. : From Theorem 3, we know that the solution set Sg of Problem L is given
by (4.14). For all A € Sg, if follows from (4.14) and (4.13) that

T 2 (0) ~ T 2
AR || A e < ( Aot 0
P, 0 A5y + UpnGoUd,
2 2
0 0 O 0 0 0
:HA§1>+L11(0 él)u{ +‘A§2>+u2(0 GZ)UZT

0 =~ 0 =~
— | ADI2 4+ 1C + | AD |2 + 1 Ga P
0 = 0 =
— 1A 12 + 10T G| + |AD |12 + || GzQsz

Wi WinS; !
= 51_11;\712 S (W22 — SzZzzSz
Y13 Y23

VAV EAY) 2112 o
+HI| Zi  Ze ) Sy Was + HA11 12+ 1A% |12
Ziy WpSy'  Ws
Thus, ||A||? = min ||A|? if and only if

AGE

Ys=0, Z;;=0, i=1,23, (5.3)
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and
f(Zzz) = ||Sl_1(W22 — 5222252)51_1”2 + ||Z22||2 =min, VZy € SR8*8  (5.4)

Let Zp; = [z;j] € SRS™S, Way = [w;j] € SR8*$. Form (5.4) we have

" 1 1 A AN
Zy) = zi + (_wii_ - _lzii_l) +
f(Z2) i§1( . Mi  Hi MHi o Hi )

2
2 E Zi + | —Wij— — —zjj

. it/
1<i<j<n Hi Wi Hi W

Clearly, f(Z») is a differentiable function of 1¢(g — 1) variables zij(1<i<j<
n). According to the necessary condition of function which is minimizing at a

point, function f(Z;,) attains the smallest value at
)Ll/\]wl]
Zii = 5555 (5.5)
TR

Let K = [W] € R$*&, then the solution Zy, of (5.4) can be expressed by

(5.2). Now , after substituting (5.2) and (5.3) into (4.14) we immediately get (5.1).
[

6 Conclusion

In this paper, we have considered the least squares symmetric P-symmetric solu-
tions to the matrix inverse problem AX = B with a submatrix constraint. First
we have introduced some preliminary results, then we have converted this least
squares problem to a equivalent least squares problem, i.e., Problem A. trickily.
Then by applying the generalized singular value decomposition and the canon-
ical correlation decomposition and basing on the projection theorem, we have
obtained an analytical expression for the solutions of corresponding problem, we
have also derived the necessary and sufficient conditions under which the corre-
sponding inverse problem is consistent. Moreover, we have given the analytical
expression of the unique minimum-norm solution of the solution set Sg.
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