Multiple Solutions for Noncoercive Problems
with the p-Laplacian

Leszek Gasinski* Nikolaos S. Papageorgiou

Abstract

We consider a nonlinear elliptic equation driven by the p-Laplacian and
with a Carathéodory right hand side nonlinearity which exhibits an asym-
metric asymptotic behaviour at +co and at —co. These hypotheses imply
that the Euler functional of the problem is noncoercive (indefinite). Using
critical point theory, we prove the existence of at least two nontrivial smooth
solutions. Also in the last section for the asymmetric functionals considered
here, we compute the critical groups at infinity.

1 Introduction

Let Z C RN be a bounded domain with a C?>-boundary dZ. We consider the
following nonlinear elliptic problem

{ _div (||Dx(z)||P_2Dx(Z)) = f(z,x(z)) fora.a.z € Z, (1.1)

x|,, =0,

with p > 1. Recently there have been multiplicity results concerning problem
(1.1), without any symmetry condition on the right hand side nonlinearity f(z, -).
We refer to the works of Dancer-Perera [4], Jiu-Su [8], Liu [11], Liu-Liu [10] and
Zhang-Chen-Li [15]. In the papers of Jiu-Su [8], Liu [11], Liu-Liu [10], the Euler
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functional is coercive and in the works of Dancer-Perera [4] and Zhang-Chen-
Li [15], the asymptotic limits at zero and at infinity exist. Here we examine what
happens if the Euler functional is noncoercive and the nonlinearity f(z, -) exhibits
as asymmetric behaviour at +oc0 and —co. We should mention that an asymmetric
behaviour is also present in the works of Dancer-Perera [4] and Zhang-Chen-Li
[15], but their asymptotic limits exist and are related to the Fucik spectrum of the
negative Dirichlet p-Laplacian.

2 Mathematical Background

First let us recall some basic facts about the spectrum of the negative p-Laplacian
with Dirichlet boundary condition. Let m € L®(Z)4, m # 0 and consider the
following nonlinearity weighted (with weight m) eigenvalue problem

—div (||Dx(2)[P-2Dx(2)) = Am(z)|x()|P2x(2)
fora.a.z € Z, (2.1)
x’az =0,

with p > 1and A € R.
Problem (2.1) has a smallest eigenvalue denoted by A;(m), which is positive,
isolated, simple and admits a variational characterization

0 — inf ||Dx||§ . 1p
1(m) = Imn W X E WO (Z), X 7& 0,. (22)
Z

In (2.2) the infimum is realized at an eigenfunction #; and by nonlinear reg-
ularity theory, we have u; € C(l) (Z) (see Lieberman [9]). Moreover, u; > 0 and
in fact by virtue of the nonlinear strong maximum principle of Vazquez [14], we
have that u1(z) > 0 forall z € Z. If m = 1, then we write A;(1) = Aq. If
ue WS P(Z) is an eigenfunction corresponding to an eigenvalue A # Aq(m), then
u € C}(Z) and changes sign. Finally, it is clear from (2.2) that

i an 1 b = Ram) < ) 23

In our analysis of problem (1.1), we will also use Morse theory, in particular
critical groups in order to produce new critical points. So let X be a Banach space
and let ¢ € C'(X) satisfy the PS-condition. We use the following notation

K? = {xeX: ¢'(x) =0} (critical points of @),
K¢ = {x€K?: ¢(x) =c} (withc€R),
¢ = {xeX: ¢o(x)<c} (withceR).
Let xo € X be an isolated critical point of ¢ with ¢(x9) = co and let U be a

neighbourhood of xp containing no other critical point. The critical groups (over
Z) of ¢ at x, are defined by

Ce(p,x0) = Hi(ponU, (9oNnU)\{xo}) Vk=>0,



Multiple Solutions for Noncoercive Problems with the p-Laplacian 85

where Hi(-,-) as the k-th singular relative homology group with integer coeffi-
cients.

Suppose that —co < inf ¢(K?) are choose ¢ < inf ¢(K?). The critical groups
of ¢ at infinity, are defined by

Ck(go,oo) = Hk(X,QDC) Vk>0

(see Bartsch-Li [1]). If K? is finite, then the Morse-type numbers of ¢, are defined
by
My = ) rankCy(g,x)

xeK?

and the Betti-type numbers for ¢, are defined by
Br = rank Cy(¢, ).

By Morse theory (see Bartsch-Li [1], Chang [2, Theorem 6.1, p. 55] and Mawhin-
Willem [12]), we have

()" ¥ m>0 (2.4)

=

m
Yo (1) My >
k=0 k

0

and
Y (=DM = Y (—1)Br (2.5)
k>0 k=0

From the inequality (2.4), we have By < My for all k > 0. Therefore, if
Brx # 0 for some k > 0, then ¢ must have a critical point x € X and the crit-
ical group Ci(¢, x) is nontrivial. The equality (2.5) is known as the “Poincaré-
Hopf formula”. If x,y € X are critical points of ¢ and for some integer k > 0,
we have Cr(¢,x) # Ck(¢,y), then obviously x # y. Finally if K¥ = {x}, then
Cr(p,0) = Ci(¢, x) forall k > 0.

Finally let us recall the notion of the Clarke subdifferential, which will be
needed in the statement of our hypotheses. Let X be a Banach space and let
¢: X — R be a locally Lipschitz function. The generalized directional deriva-
tive of ¢ at x € X in the direction /1 € X is defined by

p(x' +Ah) — p(x')
A

¢°(x;h) = limsup
x = x

AN 0

The function h — ¢°(x; h) is sublinear, continuous and so it is the support func-
tion of a nonempty, w*-compact and convex set d¢(x), defined by

dp(x) = {x* € X*: (x*,h)x < ¢"(x;h) forallh € X}.

The multifunction x — d¢(x) is known as the generalized (or Clarke) subdiffer-
ential of ¢. If ¢ € C!(X), then dg(x) = {¢'(x)}. The generalized subdifferential
has a rich calculus, which generalizes the subdifferential calculus of continuous,
convex functions. For details we refer to Clarke [3].
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3 Multiple Solutions
The hypotheses on the nonlinearity f are the following;:

H(f) f: Z xR — Ris a function, such that
(i) forall { € R, the function z — f(z,{) is measurable;
(ii) for almostall z € Z, the function { — f(z,{) is locally Lipschitz and

f(z,0) =0;

(iii) there exista € L®(Z)4 and ¢ > 0, such that
lul < a(z) +clg]P7

for almostallz € Z,all{ € Rand allu € 9f(z,);
(iv) there exist 9,8, € L®(Z)4, 9(z) < Ay < B(z) for almost all z € Z,

with strict inequalities on sets (not necessary the same) of positive

measure and
lim sup f (Z'_? < 9(2)
{—+o0 gp

uniformly for almost all z € Z and

imin f(z,0) im su f(z,8) B
pl2) < %égmp%<z+£MW%<ﬁ@

uniformly for almost all z € Z;

(v) thereexisté > 0and 0 < u < p, such that

f(z,0) > 0 foraa. ZEZandallO<|§]
f(z,0) > 0 foraa.z€ Zandall{ >
uE(z,0) — f(z,0) 2 0 fora.a.zGZandall 7] <6,

with F(z,0) = | f(z,r)dr.

O~

Let 74 : R — R4 be the truncation map

_f0if ¢<q,
u@>—{gifg>a

Then we introduce

fr(z0) = fET Q) Y0 € ZxR

Clearly f is still a Carathéodory function and

f+(z,) = 0 foraa.z€ Zandall <0
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We set
4

RGO = [ filzr)ar

0

The next lemma is an easy consequence of the strict positivity of u; € C}(Z)
and of the hypothesis on ¢ € L*(Z),.. So we omit the proof.

Lemma3.1. If ¢ € L®(Z) 4, 8(z) < Ay for almost all z € Z and the inequality is strict
on a set of positive measure,
then there exists o > 0, such that

1,
||Dx||g—/19|x|pdz > COHDng Vx € WOP(Z).
z

Let ¢: WS P(Z) — R be the Euler functional for problem (1.1), namely

o(x) = %||Dx||§—/l—"(z,x(z))dz Vx € W (2). (3.1)
Z

Evidently ¢ € CY(W," (2)).
In the next proposition we produce the first nontrivial smooth solution for
problem (1.1). In what follows

Ci={x€C}Z): x(z) >0forallz € Z}
(the positive cone of Cj(Z)) and
intCy = {x€Cy(Z): x(z) >0forallz€ Z

and —n(z) < Oforallz € 9Z}.

Proposition 3.2. If hypotheses H(f) hold,
then problem (1.1) has a solution xy € int C, which is a local minimizer of ¢.

Proof. Because of hypothesis H(f)(iv), for a given ¢ > 0, we can find M; =
M;j(g) > 0, such that

f(z,0) < (0(z) +€)gP~! foraa.z€ Zandall7 > M. (3.2)

Moreover, due to hypothesis H(f)(iii), we can find a, € L*(Z)4, a; # 0, such
that
f(z,0) < ag(z) fora.a.ze€ Zandall0< ¢ < M. (3.3)

Since
f+(z,{) = 0 foraa.ze€ Zandall{ <0, (34)

from (3.2), (3.3) and (3.4), we infer that

fi(z,0) < (0(z) +&)|¢|P~ +ac(z) foraa.z€ Zandall{ € R,
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SO

Fi(z,0) < =(0(z)+9)|C|P +as(2)|f| foraa.z€ Zandall € R.  (3.5)

=

Then, using (3.5), (2.2) and Lemma 3.1, for a given x € Wé’p (Z), we have

pilx) = %nmnﬁ— Z/ Fy (2, x(2)) dz

1 1 e

> CIDxl = [ olal? dz = 5|lxll} — cul|Dx],
p Py p

> < (8- ) IDxlly - calDx] 36)
p A p ps

for some ¢; = c1(e) > 0. If we choose € < A1, then from (3.6), we infer that ¢

is coercive. Also exploiting the compact embedding of W&’p (Z) into LP(Z), we
can easily check that ¢ is weakly lower semicontinuous. Hence by virtue of the

Weierstrass theorem, we can find xg € WS P(Z), such that

91 (x) = inf{p.(x): x e W¥(Z)}.

First we show that xy # 0. To this end, note that hypothesis H(f)(v) implies that
there exists ¢, > 0, such that

F(z,{) > ¢! foraa.z€ Zandall0 < <. (3.7)

Since u; € intCy (by the nonlinear strong maximum principle of Vazquez [14,
Theorem 5, p. 200]; see also Gasifiski-Papageorgiou [6, Theorem 6.2.8, p. 738]),
we can find o € (0,1) small enough, such that

0 < oui(z) <6 VzeZ

Since cu; € intCy and using (3.7), we have
oP p
¢+(ow) = ?HDual - /F(Z,Uul(z))dz
Z

oP
< —|IDulp — o [lu [l
= 307 —cq0" = o (czoPF —¢y),

for some c3,c4 > 0.

Since u < p, by choosing ¢ € (0,1) even smaller if necessary, we can have
c3oP™* < ¢y and so @4 (ouy) < 0 = ¢4 (0). Therefore ¢ (x9) < 0 = ¢4(0) and
so xo # 0. Because xy is the minimizer of ¢, we have

¢’ (x0) =0

and so
A(XO) = N+(XO), (38)
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where

Ni(x)() = f+(,x() VYxell(Z)
and A: Wé’p (2) — W' (2) (with 5 14 % = 1) is the nonlinear operator de-
tined by

(A),y) = [ IDx]"2(Dx, Dy) iz ¥x,y € We(2).

Here by (-, -) we denote the duality brackets for the pair (W~ L'(z), W, ( ))

We take the duality brackets of (3.8) with the test function —x, E W P(Z)
and obtain
IDxg [lp =0,

ie. x; =0andsoxg >0, x0 # 0.
From (3.8), we have

{ —div (|| Dxo(2)[P~?Dxo(2)) = f+(z,x0(2)) = f(z x0(2))
fora.a.z € Z, (3.9)
Xol5, = 0.

Then, from (3.9) and nonlinear regularity theory (see Lieberman [9] or Gasiriski-
Papageorgiou [6, Theorem 6.2.7, p. 738]), we have xo € C.. Hypothesis H(f)(v)
implies that

fi(z,x0(z)) =2 0 foraa.zeZ

and so from (3.9), we have
Apxo(z) < 0 foraa.ze Z.

Therefore, by the nonlinear strong maximum principle of Vazquez [14], we have
that xg € int C. Hence, we can find r > 0 small enough, such that

Cl
Br(’( = {ueCy2): lullcaz) <r} CCq.
It follows that
¢+}B§5<z> - q[)}Bg(l)<z>

and so xyp € intCy is a local C}(Z)-minimizer of ¢. Invoking Theorem 1.2 of
Garcia Azorero-Manfredi-Peral Alonso [5, p. 387], we have that x( is a local min-

imizer in Wé’p (Z) of ¢. ]

From the well known characterization of the critical groups at a local mini-
mizer (see Chang [2, p. 33] or Mawhin-Willem [12, p. 175]), we have the following
corollary.

Corollary 3.3. If hypotheses H(f) hold and xo € intCy is the solution obtained in
Proposition 3.2, then
Ck((p,xo) = (Sk,OZ Vk } 0
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Also because of hypothesis H(f)(v) and Proposition 2.1 of Jiu-Su [8, p. 592],
we have the following proposition.

Proposition 3.4. If hypotheses H(f) hold, then
Ck(go,O) =0 Vk > 0.
Now we are ready for the multiplicity result.

Theorem 3.5. If hypotheses H(f) hold, then problem (1.1) has at least two nontrivial
solutions xo € int C and vy € C}(Z).

Proof. From Proposition 3.2, we already have one solution xy € intCy being a
local minimizer of ¢. Because of hypothesis H(f)(iv), we have

q)l(—tul) — —o0 ast — oo,

and so the functional ¢ is unbounded below. Thus we can use the mountain pass

theorem and obtain a second solution vy € W&’P(Z). From Chang [2, p. 89], we
know that

C1(§0, UO) 75 0.

But from Proposition 3.4, we already know that all critical groups at the origin
are zero. So vp is nontrivial. Finally nonlinear regularity theorem (see Lieberman
[9]) implies that vy € C}(Z). n

Remark 3.6. If N = 1 (ordinary differential equation), then we can replace hy-
potheses H(f)(ii) and (iii) by the following more general ones:

H(f)(ii)' for every M > 0 there exists a,, € L'(0,1), such that

£(20) - fD)] < ay(2)Ig 7| foraa.z e Zandall 2], ] < M;
H(f)(iii)" there exista € L'(0,1) and ¢ > 0, such that

1f(z,0)| < a(z)+x|¢|P7! foraa.z€ Zandall{ € R;

Note that in the new hypotheses we do not need the generalized subdiffer-
ential of f(z,-). Indeed, now by virtue of hypothesis H(f)(ii)’ and exploit the

embedding W&’p (Z) € C(Z), we can show that Ny is locally Lipschitz in (4.25).

4 Critical groups at infinity

In this section we compute the critical groups at infinity for the asymmetric Euler
functional of the problem. We believe that our result here can be useful to people
using Morse theoretic techniques in their study of multiple solutions. We start
with an auxiliary result that is related to Lemma 2.4 of Perera-Schechter [13, p.
365].
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Lemma 4.1. If X is a Banach space, (t,x) — @:(x) is a function which belongs to
C1([0,1] x X;R), such that:

(i) x — 91 @¢(x) and x — @}(x) are both locally Lipschitz;

(ii) there exists R > 0, such that

inf {[lg4(x)] : t € [0,1], x| >R} > 0 (@.1)

and
inf {g¢(x): t€[0,1], [|x]| <R} > —oo; (4.2)

(iii) @1 is unbounded below and
Ck(QOQ,OO) =0 Vk =0, (4.3)

then
Ck(qol,OO) =0 Vk>0

Proof. Note that by (4.1) we have that K? C By.

For every t € [0,1], let v;: X \ K — R be the pseudogradient vector field
corresponding to ¢; Gasiniski-Papageorgiou [6, Definition 5.1.16, p. 614 and The-
orem 5.1.19, p. 616]). By definition it is locally Lipschitz, so the map

|0t i (x)]|
X\K?>x —s — vi(x) € X
\ To R

is locally Lipschitz (see Clarke [3]).
Let
o < inf{gi(x): t€0,1], ||x]| <R}

and let u € ¢f. We consider the Cauchy problem

o el
{m_ To oy rt) foraa.t<0l] @)

7(0) = u.

By the local existence theorem (see e.g. Gasinski-Papageorgiou [6, Theorem 5.1.21,
p. 618])), there exists local flow 7(t). Then

L) = {gln(®),1(0) +drgi(n(t)

)
= b, 0 (r(0)) R + i (1)

i 210t (17 (t))]
= [0t (1(£))| + 9 (1(t)) < 0.

Therefore the function t — ¢;(7(t)) is decreasing and we have

pe(n(t)) < @o(17(0)) = @o(u) < a.
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Thus ||7(#)]] > R and the global solution 7(t) of (4.4) exists in X \ Eﬁ. Hence
17(1) is a homeomorphism of @ onto a subset of ¢f. Let ¢ > 0 and let us set
C = @7 °\ ¢{. Then

C = ¢ “\¢j C intof.
By virtue of the excision property of singular homology, we have

H(X\C, @1\ C) = H(X, ¢1),

Hi(X\ G, 9p) = He(X,977°) = Hi(X, 97) = Ci(g,00).
Note that
n(1)(g5) € 97 C X.
Let
i: (@1, 71(1)(¢5)) — (X,7(1)(¢5))
and

j+ (Xm(1)(95)) — (X, 91)
be the inclusion maps. We have the following exact sequence:
a 0 a a [
Ci1(g1,00) = Hen (X, 0f) —— Hilgf,1(1)(9h)) —
'* a ]* a
= He(X,7(1)(9§)) — Hr(X, 91).

Since 7(1) is a homeomorphism and using hypothesis (4.3), we have

He(X,n(1)(95)) = Hi(X, 95) = Ci(po,00) = 0.

So, it follows that
Ck(qol,oo) =0 Vk > 1.

Moreover, since @1 is unbounded below, we have that ¢ # @ and so
Co(g1,0) = Ho(X, ¢7) = 0.
Therefore, finally we obtain that
Cr(p1,00) =0 Vk>=0 ]

Now we are ready to compute the critical groups of the Euler functional ¢ at
infinity.

Theorem 4.2. If p > 2, hypotheses H(f) hold and ¢ is defined by (3.1), then

Celg,00) = 0 Vk>0.
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Proof Let h € L®(Z)4, h # 0 and consider the one parameter family of C!-maps
Pt (Z) — R, defined by

prlx) = —||Dx||p—t/F” 2)) dz
1_t/‘3 VWdz+ (1—1t) /hxdz vt € [0,1].

Claim 1. There exists R > 0, such that

inf {||¢}(x)|| : t€[0,1], |x|| > R} > o. (4.5)

To prove the Claim we argue by contradiction. So suppose that the Claim is

not true. We can find sequences {t,},>1 C [0,1] and {x,},>1 C W&’p(Z), such
that

ti — t €[0,1], [xu]] — 4o and ¢} (x,) — 0in WP (Z).

We have
‘(A(xn),w —tn/f(z,xn(z))v(z) dz+(1—tn)/ﬁ(x;)p_1vdz

Z Z
-|—(1—tn)/hvdz el YoeW(2), (4.6)

with g, N\, 0.

In (4.6), weletv = x, € WS’P(Z). We obtain
1D~ /f 2 %) (2) dz (1= t) [t dz < enllxfl @)
Z

From hypotheses H(f)(iii) and (iv), we know that for each ¢ > 0, there is a, €
L*(Z)4, such that

f(z,0) < (0(z) +e)fP ! +a.(z) foraa.z€ Zandall{>0

Hence (4.7) becomes
D - /z9 Pz = ellxf ) < el |
(recall that t, € [0,1], h > 0), so using (2.2) and Lemma 3.1, we have

&
(co - A—l) I3 < &,lIDx 49)

with €}, \ 0.
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So, if we choose ¢ < A1, then from (4.8) we infer that the sequence {x; },,>1 C

Wg’p(Z) is bounded. Because ||x,|| — 400, we must have that ||x, || — +oo.
We set

n
[E

By passing to a suitable subsequence if necessary, we may assume that

X

Vn>1

Yn =

v %y inW,7(2),

yn — y inlLP(Z),
yn(z) — y(z) foraa.ze€ Z,
() < Kz Va1,

withk € LP(Z) ;.
In (4.6), we take v = y, — y € W, (Z) and we find

A e — ) — (A)vn — )

[Eols (1 )
Z,X
—ty f”x |TP : (Yn—y)dz+ (1 —t,) /,Byn Yn —VY)dz
n
7’1
Due to the boundedness of {x;} },>1 C W&’p (Z), we have
1 +
n
We have
f(z,x4(2))
T @11)
f(z,x4(2)) f(z, % (2))
i e / o )
Evidently, we have
/ 1z x"p ~(yn—y)dz — 0. (4.12)
o Tl

Also from hypotheses H(f)(iii) and (iv), we have

]N(_—x,j}] < a_(z) ] +Clyn(2)|P7! foraa.z€ Zandalln>1, (4.13)
[E L [ [P~

with@ € L®(Z)4 and ¢ > 0. Thus the sequence { \1|\;(*_|\J;a } C LV (Z) is bounded.
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Therefore, passing to a subsequence if necessary, we may assume that

N(=x,) w

— sy ¢ inLF(2), (4.14)
bt 0 & P

for some g € LP (Z). For every ¢ > 0 and n > 1, we introduce the set

flz, =%, (2) _ 2
S g )

Cen = {z €Z: x,(z) >0, B(z) — ()" < B(z) +e¢

Note that
x, (z) — 400 foraa.z e {y >0},

so from hypothesis H(f)(iv), we have
Xc.,(2) — 1 foraa.z € {y >0}
From this and (4.14), it follows that

N —X, w . ’

From the definition of the set C¢ ;, we have that

N(=x,)(z)

S e

_Xcg,n (

+ €)Y
f(z, =%, (2))
(2) ) yn(2)P”

< ~Xe,(2)(B(z) —e)y 2(z)P71 foraa.z € Z.

Passing to the limit as n — +oco0 and using (4.15) together with Mazur’s lemma,
we obtain

—(B(z) —e)y(z)P7! < g(z) < —(B(z) +e)y(z)P~! foraa.ze€ {y >0}

Since ¢ > 0 was arbitrary, we let ¢ *\, 0, to obtain

—B2)y(z)P' < g(z) < —B2)y(z)P"! foraa.z e {y >0} (4.16)

Moreover, from (4.13), it is clear that

= Xcs,n

¢(z) = 0 foraa.z € {y=0}. (4.17)
Since Z = {y > 0} U {y = 0}, from (4.16) and (4.17), we infer that
g(z) = —3(2)y(z)P~! foraa.z € Z, (4.18)

with § € L®(Z), and B(z) < §(z) < B(z) for almost all z € Z. Note that

/ fExn@) (4.19)
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Clearly, we also have
h _
/W(yn—y) dz — 0 and /,Byﬁ 1(yn—y) dz — 0. (4.20)
n
z

So, if we pass to the limit as n —> +o0 in (4.9) and use (4.10), (4.11), (4.12), (4.19)
and (4.20), we obtain

lim (A(yn),yn—y) = 0. (4.21)

n—+oo

But A is an operator of type (S) (see e.g. Gasinski-Papageorgiou [6, Definition
3.2.55(b), p. 338]). So from (4.21), it follows that

yn — y inWyP(2).

We write (4.6) in the following form:

1 fzxn
—— _(A(x]"),0) — ) —t
ey 1 VA G )] ) n||P1
+<1—tn>//sy Yoz + (1 / o \ < ol
/ i AT

So, in the limit as n — +o00, because of (4.14) and (4.18), we have

(A),o) = [ (tg+a-Dp)y "odz Yoe Wy (2),
Z

S0
Aly) = 3y",
withg =13+ (1 —#)B € L®(Z)+ and thus

—div (|Dy(2)||P2Dy(2)) = 3(2)ly(z)|"2y(z) foraa.zeZ,
{ y|az =0, y 3’é 0. (4.22)

From the strict monotonicity of the principal eigenvalue on the weight (see (2.3)),
we have

ME) < MB) < (M) = 1. (4.23)

Combining (4.22) and (4.23), we infer that y must change sign, a contradiction. So
Claim 1 is true.

Clearly, we also have
inf {g¢(x): t€[0,1], [|x]] <R} > —oo. (4.24)

Obviously d;¢; is locally Lipschitz. We need to check that also ¢; is locally
Lipschitz. We have

¢i(x) = A(x) = Ny(x) + (1= )B(x" )P + (1 - )h, (4.25)
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where N¢(x) = f(-,x(-)). Obviously the first (since p > 2), the third and the
fourth terms on the right hand side are locally Lipschitz. Because of hypotheses
H(f)(ii) and (iii) we also have that N is locally Lipschitz (see Clarke [3]). So ¢}
is locally Lipschitz.
Note that
1

o0(x) = ;||Dx||§—%/,B(x_)r’dz—e—/hxdz vx € W (2),
z z
p1(x) = %HDng — /F(z,x(z))dz = ¢(x) Vxe Wg’p(Z).
Suppose that ¢ has a critical pZoint. Then
A(x) = —p(x" )P~ —h. (4.26)
We take duality brackets with x* € Wg’p (Z) and obtain
IDx*[l, =0,

ie. xT =0and sox <0, x # 0 (see (4.26)).
Hence from (4.26), we have
A(=x) = B(=x)"" " +h,

SO

{ —div (|[D(=2)(2)[[P72D(=x)(2)) = B@)|(=x)(@)["7*(=x)(2) + h(2)
fora.a.z € Z,
x[,, =0,
Without any loss of generality, we may assume that

M < B(z) < Mq+e foraa.zeZ,

with ¢ > 0 small enough (depending on /). So invoking the antimaximum prin-
ciple of Godoy-Gossez-Paczka [7, Theorem 5.1], we infer that x € intC,, a con-
tradiction. Therefore, ¢g has no critical points and so

Cr(po,0) = 0 Vk > 0. (4.27)
Moreover, due to hypothesis H(f)(iv), we have
p1(—tuy) — —oo ast — +oo,
and so ¢; is unbounded below. Thus, using also (4.5), (4.24) and (4.27), we can
invoke Lemma 4.1, to conclude that
Ci(p,00) = 0 Vk=>0. n

Remark 4.3. Because of the Theorem 4.2 we can obtain the second nontrivial so-
lution in Theorem 3.5 arguing in another way. Suppose that 0 and x are the
only critical points of ¢. From Corollary 3.3, Propositions 3.4, Theorem 4.2 and
Poincaré-Hopf formula (see (2.5)), we have that (—1)° = 0, a contradiction. This

implies that we can find vy € Wé’p (Z), vg # 0, a third critical point of ¢.
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