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Abstract

In the present work, we investigate the simultaneous and converse ap-
proximation by trigonometric polynomials of the functions in the Orlicz spaces
with weights satisfying so called Muckenhoupt’s A, condition.

1 Introduction

A function ® is called Young function if ® is even, continuous, nonnegative in R,
increasing on (0, o) such that

®(0) =0, im® (x) = oo.

X—00

A nonnegative function M : [0,00)— [0, 00) is said to be quasiconvex if there exist
a convex Young function ® and a constant ¢; > 1 such that

D (x) <M(x) <D(c1x), Vx>0.

A Young function @ is said to be satisfy A, condition ( € A;) if there is a constant
¢y > 0 such that
D (2x) < 0P (x)

forall x € R.
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Two Young functions & and &®; are said to be equivalent (we shall write
O ~ P,) if there are c3,c4 > 0 such that
Dy (c3x) S D (x) < Dp(cgx), Vx> 0.

Let T := [—7m,7]. A function w : T — [0, 00] will be called weight if w is
measurable and almost everywhere (a.e.) positive.
A 27t-periodic weight function w belongs to the Muckenhoupt class A,, p > 1,

p—1
su i w(x)dx i w V(=1 (x) dx c
Ip(]]/ ()d>(1/ P ()d) =6

with a finite constant cs5 independent of |, where | is any subinterval of T.
Let M be a quasiconvex Young function. We denote by Ly, (T) the class of
Lebesgue measurable functions f : T — C satisfying the condition

if

JMAf )@ (x) dx < e
T

The linear span of the weighted Orlicz class Ly, (T), denoted by Ly, (T), be-
comes a normed space with the Orlicz norm

where M (y) := sup,~, (xy — M (x)), y > 0, is the complementary function of M.
For a quasiconvex function M we define the indice p (M) of M as

1
——— =inf{p:p > 0, MP is quasiconvex} .
) {p:p q t

If o € Aym), then it can be easily seen that Ly, (T) C L' (T) and Ly (T)
becomes a Banach space with the Orlicz norm. The Banach space Ly, (T) is
called weighted Orlicz space.

Detailed information about the classical Orlicz spaces, defined with respect to
the convex Young function M, can be found in [24]. Since every convex function
is quasiconvex, Orlicz spaces, considered in this work, are more general than the
classical one and are investigated in the books [13] and [22].

For formulation of the new results we will begin with some required informa-
tions.

Let

f(x) w k_Z_:OO cxe’* = %0 + 1; (ax cos kx + by sin kx) (1.1)
and

f(x) » Z (ax sinkx — by cos kx)
k=1
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be the Fourier and the conjugate Fourier series of f € L! (T), respectively. In addi-
tion, we put

n n
; ap .
= ek = 2 4 apcoskx +bysinkx), n=1,2,....

By L} (T) we denote the class of L! (T) functions f for which the constant
term cp in (1.1) equals zero. If & > 0, then a-th integral of f € L} (T) is defined as

) _ Z Ck (ik)—txeikxl

keZ*

where o
(ik) " = |k| % e("1/2)miasignk ang 7* .= {+1,42,43,...}.

Fora € (0,1) let

FO (x) = iy (. f).

r r+1
FOE) (x) = (fw (x))( . %h_“ (x, f)

if the right hand sides exist, where r € Z* := {1,2,3,...}.
Throughout this work by C(r), ¢, ¢1, ¢2, ..., ¢i (&,...), ¢j (B,...), ... we de-
note the constants, which can be different in different places, such that they are

absolute or depend only on the parameters given in their brackets.
Letx,t € R,y € RT := (0,00) and let

(e e]

Af (x) =Y (D) [Cf (x+ (r=K) ), feLN(T), (1.2)

k=0

Izvhege C] = w fork > 1, [C] := rfork = 1and [C}] := 1 for
Since [34, p. 14]

cy]| = r(r—l)..I;!(r—k—l-l) < ck6r(+r1)’

kezZ"

we have that
o0

C(r) =) G < oo,
k=0
and therefore A} f (x) is defined a.e. on R. Furthermore, the series in (1.2) con-
verges absolutely a.e. and A f (x) is measurable [37].
If r € Z*, then the fractional difference A f (x) coincides with usual forward
difference. Now we define

)
1
0(5f 5/ Arf ’dt fGLMw(T)/weAp(M)'
0
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Let M € Ay, M is quasiconvex for some 6 € (0,1) and w € Ap(m)- Since the

series in (1.2) converges absolutely a.e., we have ojf (x) < o a.e. and using the
boundedness of the Hardy-Littlewood Maximal function [13, Th. 6.4.4, p.250] in
Lmw (T), w € Aypr), we get

losf (o < €7 (M) [ fll g0 < 00 (1.3)

Hence, if r € RT and w € Ap( M) We can define the r-th mean modulus of
smoothness of a function f € Ly, (T) as

O (f M) = P losf ([ aeo - (14)

Ifr € 2%, M(x) := x/p,1 < p < coand w € Ay then Q; (f, h),,, coincides
with Ky’s mean modulus of smoothness, defined in [26].

Remark 1. Let Ly, (T) be a weighted Orlicz space with M € Ly and w € A,y If

M® is quasiconvex for some 0 € (0,1), then r-th mean modulus of smoothness
Oy (f, 1)y 7 € RY, has the following properties:
1) O (f, h) 1, is non-negative and non-decreasing function of h > 0.

(
(i) O (A + f2r I < (f1 ) meo + (20 ) Mo
(i) im O (f, 1)y = 0.

Let

Ey (f)M,w = Tlg7f’ ||f—T||M’w, fe€lpme(T), n=0,12,...,

where 7, is the class of trigonometric polynomials of degree not greater than n.
A polynomial T, (x, f) := Ty, (x) of degree n is said to be a near best approxi-
mant of f if

1f = Tullstw < 8 (M) En (e 7 =0,1,2,....

Let Wy, (T), a > 0, be the class of functions f € L, (T) such that f (@) ¢
Lmw (T). Wy, (T), & > 0, becomes a Banach space with the norm

Ay, my 2= 1 Do ],

In this work we investigate the simultaneous and inverse theorems of approx-
imation theory in the weighted Orlicz spaces Ly, (T).

Simultaneous approximation problems in nonweighted Orlicz spaces, defined
with respect to the convex Young function M, was studied in [12]. In the weighted
case, where the weighted Orlicz spaces are defined as the subclass of the measur-
able functions on T satisfying the condition

[ M(f ()@ () dx < o,
T
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some direct and inverse theorems of approximation theory were obtained in [17].

Some generalizations of these results to the weighted Lebesgue and Orlicz
spaces defined on the curves of complex plane, were proved in [19], [21], [14],
[15], [18], [16], [2] and [1].

Since Orlicz spaces considered by us in this work are more general than the
Orlicz space studied in the above mentioned works, the results obtained in this
paper are new also in the nonweighted cases.

The similar problems in the weighted Lebesgue spaces L, (T, w), under dif-
terent conditions on the weight function w, were investigated in the works [11],
[25], [6], [30], [29], [31], [8], [10] and also in the books [39], [7], [9], [32].

Our new results are the following.

Theorem 1. Let M? be quasiconvex for some 0 € (0,1), M € Ay, w € A p(M) and
feWy, (T), a € Ry :=[0,00). If Ty € Ty is a near best approximant of f, then

H £l

with a constant ¢ = c¢(M, ) > 0.

< cE, (f("‘)> Cn=0,1,2,... (1.5)

M,w M/w

This simultaneous approximation theorem in case of « € Z* for Lebesgue
spaces LP (T'), 1 < p < oo, was proved in [5]. In the classical Orlicz spaces Ly (T)
some results about simultaneous trigonometric and algebraic approximation of

type (1.5), where E, ( f ("‘)> M is replaced by the modulus of smoothness of f(%)
x € Z, were obtained in [3?;] and [12].

Theorem 2. If M? is quasiconvex for some 6 € (0,1), M € Ay, w € Apmy and
feEWY,(T) re R, then

O (f 1) g0 < || F)

, 0<h<m
M,w

with a constant ¢ = ¢(M,r) > 0.

In the case of r € Z, for the usual non weighted modulus of smoothness
defined in the Lebesgue spaces LP (T), 1 < p < oo, this inequality was proved in
[28] and for the general case ¥ € R™ was obtained by Butzer, Dyckhoff, Gérlich
and Stens in [4] (See also Taberski [37]). Incase of r € Z+, w € Ap, 1 <p < oo,
this inequality in the weighted Lebesgue spaces L? (T,w) was proved in [26]. For
the classical Orlicz spaces similar result in nonweighted and weighted cases were
obtained in [33] and [17] (see also [3]).

The following converse theorem holds:

Theorem 3. Let Ly, (T) be a weighted Orlicz space with M € Ap and w € Ap ).
If M is quasiconvex for some 6 € (0,1) and f € Ly, (T), then for a given r € R

n

Y (v+1)" 1Ey(f)]\,Lw, n=20,12,...
=0

(f ﬂ/(n+1))Mw— n+1 o AN\

with a constant ¢ = ¢(M,r) > 0.
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In the space L¥ (T), 1 < p < oo, this inequality was proved in [37]. In case of
r € Z* this theorem in the spaces L? (T,w), 1 < p < oo, w € A,, was proved by
Ky in [26]. For the positive and even integer r this theorem in the spaces L? (T,w),
1 < p <oo,w € Ap, by using Butzer-Wehrens’s type modulus of smoothness was
obtained in [11]. In case of r € Z™ for weighted Orlicz spaces Ly (T,w), w € Ap,
similar results were obtained in [17] and [3].

Theorem 4. Let M® be quasiconvex for some 6 € (0,1), M € Ay and w € Apmy- If

[e0]

Z le_lEV (f)M,w <

v=1

for some o € (0,0), then f € Wy, , (T) and

Eq (f@) Sc{<n+1>“En<f>M,w+ y v“-lmf)M,w} (1.6)

Mw v=n+1
with a constant ¢ = ¢(M, a) > 0.

In the space L? (T), 1 < p < oo, this inequality for « € Z* was proved in
[35]. When & € R™ in the classical Orlicz spaces Ly (T), similar inequality was
proved in [20]. Incase of « € Z*,in LV (T,w), 1 < p < o0, w € Ap, an inequality
of type (1.6) was recently proved in [23].

Corollary 1. Let M® be quasiconvex for some 6 € (0,1), M € Ay, w € Ap(my and
r>0.If

o0

Z le_lEV (f)M,w <

v=1

for some a € (0,00), then f € Wiy, (T) and forn =0,1,2,...

Q, (f(a)’ n —T— 1)M,w <c { (n —i 1)7 i (V + 1)“+r_1 Ey (f)M,w +

v=0
Y, v 'E (f)M,w}
v=n+1

with a constant ¢ = ¢(M, a, 1) > 0.

In cases of o, 7 € Z and a,r € R™, this corollary in the spaces L? (T), 1 <
p < oo, was proved in [38] (See also [35]) and in [36], respectively. In the case of
a € RT and r € Z7, in the classical Orlicz spaces Ly (T) the similar result was
obtained [20]. For the weighted Lebesgue spaces LP (T,w), 1 < p < oo, when
w e Apanda,r € Z7, similar type inequality was obtained in [23].
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2 Auxiliary Facts
We begin with

Lemma 1. Let M € Ay, w € Apypy and v € R*. If M? is quasiconvex for some

6 € (0,1)and T, € Tp, n > 1, then there exists a constant ¢ > 0 depends only on r and
M such that

Q (To )y < b ||TV| , 0<h<n/n

M,w

Proof. Since

t\"
ALT, (x— %t) = Z <2isin Ev) cyeV,

veZ;,
[r] ,
Ay]T,(lr_[r]) <x— mt) =) <2i sin E1/) (iv) 1 ¢ e
2 veZ;, 2

with Z}, .= {F1,F2,...,Fn}, [r] = integer part of r, putting

t [r] 2 t r—=[r]
¢ (z):= (21’ sin EZ) (iz) 1, ¢(z):= <E sin EZ) , —n<z<mn,
g(0):= "V,

we get

T (r=1[r ¥ ivx r r ivx
AE]T,(Z 2 (x—%t) =Y ¢)ce™, AT, (x—§t> =) o) gv) e

veZ; veZy,

Taking into account the fact that [37]

g(z): Z dkeiknz/n

k=—0o0

uniformly in [—n,n], with dg > 0, (—1)k+1 dy > 0,d_ =dp (k=1,2,...), we
have
AT ()= Y T < + k% + = _ZM t) :

k=—o0

Consequently we get

s 51 o
%/!AITH(-)ldt = %/ Y deal Ty <-+kﬂ+r_[r]t) dt
k=—0o0 2
0 M,w 0 M,w
. 1 Ir] (r—1r]) ke v — 1]
< _ e
_k_z_oo|dk| 5 AT, + , + £ | dt
M,w
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and since [39, p.103]

t

AT () = /t---/T,S’) (~+t1+...+tm) dty ...dty,
0 0

we find

Q, (Tn,h)M/w < sup Z |d|
16| <h k=—oo

A=t <+k7n+r_[r]t>‘dt

1
L
0
t t
/ /T(’ e dtya
" 5 1 o ) di- - dty
0 0

r k -
T,S)(-+7ﬂ+ﬂt+t1+...+t[r]) X

=sup ) |dl dt

|6|<hk=—o0

Z

M,w

o—

18] k=0 2
thl...dt[,]dtHM
>0 1 ’ ’ 1 k
W sup Y gl W//{S m(-—i—%—k%t—kh—i—...—i—im) X
16| <h k=—o0 oy

th} di’l e dt[,] M
w

l

< co (M, r) hlTsup 2 |di|

o ( Kkt r—1r]
Ty (+n+—2 t)‘dt

10]<h k=—oo e
<o (M, r)hMsup Y |dy] s / ") (u)‘ du
0] <h k=—co 20
n M,w
On the other hand [37]
Yo || <2g(0) =21, 0<t<m/n
k=—o0
and for0 < t < é < h < 7t/n we have
Yo |di| < 207l
k=—o0

Therefore the boundedness of Hardy-Littlewood Maximal function in Lps, (T)
implies that

Q (T, 1) 1.0 < c10 (M, 1) W || T

W

Further, by the similar way for 0 < —h < 7/n, the same inequality also holds
and the proof of Lemma 1 is completed. n
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Lemma 2. Let M € Ay, M? is quasiconvex for some & € (0,1) and w € Apmy- If
Ty € Tnand « > 0, then there exists a constant ¢ > 0 depending only on « and M such
that

Proof. Since M € Ay, M? is quasiconvex for some § € (0,1) and w € Ap(my we
have [3]

T\

Mo < cn® ||T”||M,w'

150 f o < €11 (M) (| fllpg,co -
H]FHM,W < C12 (M) HfHM,w

Following the method given in [27] we obtain the required result. m

Definition 1. For f € Ly, (T), 6 > 0andr = 1,2,3,..., the Peetre K-functional is
defined as

M/w} . @1

Lemma 3. Let M € Ay, MY is quasiconvex for some & € (0,1) and w € Apmy- If
fe€Llyw(T)andr =1,2,3,..., then

(i) the K-functional (2.1) and the modulus (1.4) are equivalent and

(ii) there exists a constant ¢ > 0 depending only on r and M such that

K (6, f; Limew (T), Wi, (T)) := inf — 6 lg")
(65 oo (1), Wi (1) 1= _int 1 =g+

Ex (o << (£

M,w

Proof. (i) can be proved by the similar way to that of Theorem 1 in [26] and later
(i) is proved by standard way (see for example, [17]). ]

3 Proof of the results

Proof of Theorem 1. We set

1 2n
W, =W, = =0,12,....
n(f) n(x, f) n—i—lV;SV(x’f)' n=20,1,2,
Since .
Wa(-, f) = Wa" (-, f)
we have

OO -10C ], < [F90 = Wat £
| 6wt - 10|,
W6 =T W), = B Rt I

M,w
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We denote by T;; (x, f) the best approximating polynomial of degree at most n
to fin Lae (T, w). In this case, from the boundedness of W, in Ly, (T, w) we
have

< [f9O0 =T |+

o T =Wl g

<ep M, (10),,, + [t T~ £, e (70)

From Lemma 2 we get

I < c15 (M, a) n® | Tu(-, Wi (f) — Tu (s )l mo

M,w '

and
I3 < ¢4 (M, 0() (271)“ HWn(/f) - Tn('/ Wn(f))HM,w

<17 (M, a) (27’l)lx En (Wy (f))M,aJ :
Now we have

ITa (s Wi (f) = T At < Il Wa(F)) = Wi () )l o

Wl ) = f (Ol + 11 ) = Tuls )l ag
< c18 (M) En (Wn(f)) pmow + €19 (M) En () p100 + €20 (M) En (f) p10 -

Since

En (Wa(f)) mew < €21 (M) En (f) po -
we get

[0 -TC ], <en M) B (F9) |+ ea (M) 1 Ey (WalF))

+C23 (M) H“En (f)M,w + 17 (M/ 0‘) (zn)(x Ex (W” (f))M,a)

<en (M By (f©) | em (M) En (g

Since [3]
Co6 (M,UC) (“)
En (f)mew < 1) Ey (f )M’w, (3.1)
we obtain @
Hf(a)(') — T (,’f)HMw < 7 (M, &) By (f((x)>Mw
and the proof is completed. n

Proof of Theorem 2. Let T,, € T, be the trigonometric polynomial of best approxi-
mation of f in Ly, (T) metric. By Remark 1(ii), Lemma 1 and (1.3) we get

QO (f o) o < Qr (Tus W) a0+ Qr (f = T ) g

< cp (M, r)h" Tf(lr)

M,w+c7 (M,7)En (f)pmew, 0<h<m/n.
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Using (3.1), Lemma 3 (ii) and
QO (f, 1) 1,0 < ch! Hf(l)HMwl feWh,(T),1=1,23,...,

which can be showed using the judgements given in [26, Theorem 1], we have

c26 (M, 1) (r—Ir]) cog (M, 1) ( (r—[r]) 27 )
E, < 200% 0 < BT |
(Fme < (n+1)r—[ﬂ (f )M,a) (n+1)7—[f] n\f n+1)pmw

< (M, 1) Hf
T (n+1) 1 n+1
On the other hand, by Theorem 1 we find

< c27 (M, ) En (f ) Hf Mw '
Then choosing h with 7t/ (n + 1) <h< n/n, (n =1,2,3,...), we obtain

f(r)

and we are done. n

T T — )

<|

i

M,w

S ca0 (M) Hf(r)

Qr (fi 1)y < 31 (M, 1) 1

M,w

Proof of Theorem 3. Let T, € T, be the best approximating polynomial of f &
Lmw (T), w € Ay and let m € Z*. Then by Remark 1(ii) and (1.3) we have

Qr (f, 1/ (n4+1))p10 < Qo (f = Tom, 7w/ (n+1)) pg o + Qo (Tom, 71/ (1 41)) 3,
< c7 (M, 1) Egn (f) g0 + Qr (Tom, 70/ (n4+1)) 1, -

Since

T T
O (Tom, 70/ (1 +1)) g1 < 54 (M, 7) (n—+1) HT2<;) e 12"

and .
) (x) =17 (0 + L {10 (0 -1 (0},
v=0
we have

Q (Tom, 7/ (1 41))py <

c10 (M, 1) <n—j_1) r { HTl(r)

By Lemma 2 we find

+2:HWH

M,w} )

S e (M 1) 27 [Ty = Torflp < 32 (M,7) 2" Eye (f)

H 2v+1 W
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and
|

IR,

. <33 (M,r) Eg (f)M,a) .

Hence

O (Tyn, 70/ (n+1)) g0 <

r m—1
¢34 (M, 1) ( - 1) {Eo (Dt L 2" E <f>M,w} -

It is easily seen that
1 s 1
7 (v+ )rEZV (f)M,a) < ¢35 (7) Z uE, (f)M’w, v=1,2,3.... (3.2)
p=2v-141
Therefore,
Q) (szr mt/ (n + 1))M,w

7T

¢34 (M, 1) <n + 1) {EO (mew +2Er (fme +

IN

m 2v
ci5(r) Y. Y. WUE, (f)M,w}

v=1 y:QV—l.H

IN

- r 2m
c36 (M, 1) <n—+1) {Eo (Fmew+ 2 #E (f)M,w}

p=1

r2m—1
< o) () K 0+ 0T E D

If we choose 2" < n+1 < 2"+l then

c36 (M, 1) & r—1
Qp (Tom, 7t/ (n+1))p10 < 1) Y v+ T E (e
v=0
C37 M r) &
Exn (Fmw < Eont ()Mo < (n+1) ) Z v+1)" 1Ev(f) Mw
v=0
and Theorem 3 is proved. m

Proof of Theorem 4. 1f T, is the best approximating trigonometric polynomial of f,
then by Lemma 2

S (M) 20 D% Epn () o

H om+1

and hence by this inequality, (3.2) and hypothesis of Theorem 4 we have

Y Ty = Tomlly, 2 | Tyner = Tonll g0 + 2 | Ty =18
m=
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00 00 om
=39 (M,a) Y 20" DBy (f) 0 <cao Ma) Y Y PTUE i (F e
m=1 m=1j=pm-141

o0
< caq Mocz Mo < 0.

Therefore,
(e )
n; 1 Tomer = Tom [y, 1y < 0,

which implies that {Ton } is a Cauchy sequence in Wy, , (T). Since Tom — f in
the Banach space Ly, (T), we have f € Wy, (T).

It is clear that
(1), 2 -],

< ||8ameaf® = 5,

ot y HSZ"“f S2kf(“)HM/w. (33)

k=m+2
By Lemma 2

HSzm+2f(“) — Snf((x)

< ca3 (M) (1 +1)" Ex (F)pg (3.4)

< cpp (M, a) 2" FRE, (),

W

for 2™ < n < 2m+1,
On the other hand, by Lemma 2 and by (3.2)

Y [Jsaaf 5@ SewMa) ¥ 26 EL (P,

k=m+2 k=m+2
00 ok %)
Seos (M) Y Y W TE(Awe =cas M) Y V' TE (fme
k=m+2 y=2k-141 y=2m+141
< g6 (M, ) Z v IE, (f (3.5)
v=n+1

Now using the relations (3.4) and (3.5) in (3.3) we obtain the required inequality.
[
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References

[1] R. Akgiin and D. M. Israfilov, Approximation and moduli of fractional order in
Smirov-Orlicz classes, Glas. Mat. Ser. 111, 43-1 (2008), 121-136.

[2] —, Approximation by interpolating polynomials in Smirnov-Orlicz classes, ]. Ko-
rean Math. Soc. 43-2 (2006), 413-424.



26 R. Akgiin — D. M. Israfilov

[3] —, Approximation in weighted Orlicz spaces, submitted.

[4] P. L. Butzer, H. Dyckhoff, E. Gorlich and R. L. Stens, Best trigonometric ap-
proximation, fractional order derivatives and Lipschitz classes, Can. J. Math. 29-3
(1977), 781-793.

[5] J. Czipszer and G. Freud, Sur I'approximation d"une fonction périodique et de ses
dérivées successives par un polynme trigonomtrique et par ses dérivées successives,
Acta Math. 99 (1958), 33-51.

[6] M. C. De Bonis, G. Mastroianni and M. G. Russo, Polynomial approximation
with special doubling weights, Acta Sci. Math. (Szeged) 69 (2003), 159-184.

[7] R. A. DeVore and G. G. Lorentz, Constructive approximation, Springer, 1993.

[8] Z. Ditzian and V. Totik, K-functionals and best polynomial approximation in
weighted L? (R), ]J. Approx. Theory 46 (1986), 38-41.

[9] —, —, Moduli of Smoothness, Springer Ser. Comput. Math. 9, Springer, New
York, 1987.

[10] —, —, K-functionals and weighted moduli of smoothness, ibid. 63 (1990), 3-29.

[11] E. A. Haciyeva, Investigation of the properties of functions with quasimonotone
Fourier coefficients in generalized Nikolskii-Besov spaces, author’s summary of
dissertation, Tbilisi, 1986, (In Russian).

[12] W. Garidi, On approximation by polynomials in Orlicz spaces, Approx. Theory
Appl. 7-3 (1991), 97-110.

[13] I. Genebasvili, A. Gogatishvili, V. M. Kokilashvili and M. Krbec, Weight the-
ory for integral transforms on spaces of homogeneous type, Addison Wesley
Longman, 1998.

[14] D. M. Israfilov, Approximation by p-Faber polynomials in the weighted Smirnov
class EP (G, w) and the Bieberbach polynomials, Constr. Approx. 17 (2001), 335-
351.

[15] —, Approximation by p-Faber-Laurent rational functions in the weighted Lebesgue
spaces, Czechoslovak Math. J. 54 (2004), 751-765.

[16] D. M. Israfilov and R. Akgiin, Approximation in weighted Smirnov-Orlicz
classes, ]. Math. Kyoto Univ. 46-4, (2006), 755-770.

[17] D. M. Israfilov and A. Guven, Approximation by trigonometric polynomials in
weighted Orlicz spaces, Studia Math. 174-2, (2006), 147-168.

[18] D. M. Israfilov, B. Oktay and R. Akgun, Approximation in Smirnov-Orlicz
classes, Glas. Mat. Ser. 111, 40-1 (2005), 87-102.

[19] V. M. Kokilashvili, On analytic functions of Smirnov-Orlicz classes, Studia
Math. 31 (1968), 43-59.



Approximation Theorems in Weighted Orlicz Spaces 27

[20] —, O priblijenii periodicheskih funktsii, Trudi Tbiliskogo Matematicheskogo In-
stituta, 34 (1968), 51-81.

[21] —, A direct theorem on mean approximation of analytic functions by polynomials,
Soviet Math. Dokl. 10 (1969), 411-414.

[22] V.M. Kokilashvili and M. Krbec, Weighted inequalities in Lorentz and Orlicz
spaces, World Scientific, 1991.

[23] V.M. Kokilashvili and Y. E. Yildirir, On the approximation in weighted Lebesgue
spaces, Proceedings of A. Razmadze Math. Inst. 143 (2007), 103-113.

[24] M. A. Krasnoselskii and Ya. B. Rutickii, Convex Functions and Orlicz Spaces,
P. Noordhoff Ltd. Groningen, 1961.

[25] N. X. Ky, On weighted approximation by trigonometric polynomials in L} [277]-
space, Studia Sci. Math. Hungar. 28 (1993), 183-188.

[26] —, Moduli of mean smoothness and approximation with Ap-weights, Annales
Univ. Sci. Budapest 40 (1997), 37-48.

[27] —, An Alexits’s lemma and its applications in approximation theory, Functions,
Series, Operators (L. Leindler, F. Schipp, J. Szabados, eds.), Budapest (2002),
287-296.

[28] A. Marchaud, Sur les dérivées et sur les differences des fonctions de variables
réelles, J. Math. Pures appl. 6 (1927), 337-425.

[29] G. Mastroianni and V. Totik, Jackson type inequalities for doubling and A,
weights, in: Proc. Third International Conference on Functional Analysis and
Approximation Theory, Vol. 1 (Acquafredda di Maratea, 1996), Rend. Circ.
Mat. Palermo (2) Suppl. 52, Vol. 1 (1998), 83-99.

[30] —, —, Weighted polynomial inequalities with doubling and A weights, Constr.
Approx. 16 (2000), 37-71.

[31] —, —, Best approximation and moduli of smoothness for doubling weights, J. Ap-
prox. Theory 110 (2001), 180-199.

[32] H. N. Mhaskar, Introduction to the theory of weighted polynomial approximation,
Series in Approximation and Decompositions 7, World Sci., River Edge, NJ,
1996.

[33] A.R-K. Ramazanov, On approximation by polynomials and rational functions in
Orlicz spaces, Anal. Math. 10 (1984), 117-132.

[34] S. G. Samko, A. A.. Kilbas and O. I. Marichev, Fractional integrals and
derivatives, Theory and applications, Gordon and Breach Science Publish-
ers, 1993.

[35] S. B. Stechkin, On the order of the best approximations of continuous functions,
Izv. Akad. Nauk SSSR Ser. Mat. 15 (1951), 219-242.



28 R. Akgiin — D. M. Israfilov

[36] R. Taberski, Two indirect approximation theorems, Demonstratio Mathematica,
9-2, (1976), 243-255.

[37] —, Differences, moduli and derivatives of fractional orders, Comment. Math. 19
(1977), 389-400.

[38] A.FE Timan, Investigations in the theory of approximation of functions, Dis-
sertation, Khar’kov, 1951.

[39] —, Theory of approximation of functions of a real variable, Pergamon Press
and MacMillan, 1963; Russian original published by Fizmatgiz, Moscow,
1960.

Balikesir University, Faculty of Science and Art,
Department of Mathematics, 10145, Balikesir, Turkey
email:rakgun@balikesir.edu.tr, mdaniyal@balikesir.edu.tr



