Composition methods and homotopy types of
the gauge groups of Sp(2) and SU(3)

Younggi Choi Yoshihiro Hirato Mamoru Mimura*

Abstract

We estimate the number of homotopy types of the gauge groups of Sp(2)
and SU(3).

1 Introduction

Let G be a compact, connected, simple Lie group. The fact that m3(G) = m4(BG) =
7Z leads to the classification of principal G bundles P, over S* by the integer k in Z.
The gauge group Gi(G) acts freely on the space Map(Py, EG) of all G equivariant
maps from P, to EG and its orbit space is given by the k—component of the space
Mapy(S*, BG) of maps from S* to BG. Since Map(Py, EG) is contractible, we
get BGL(G) ~ Map,(S* BG). Similarly, if G°(G) is the based gauge group which
consists of base point preserving automorphisms on Py, then BG(G) ~ Q3G [1].
Then we have the following fibrations:

QiG — ng(G) — BG, Qk(G) — G QzG.

In this paper we study the homotopy types of of gauge groups associated with
principal Sp(2) and SU(3) bundles over S*.

This paper is organized as follows. In Section 2, we collect some known facts
concerning some homotopy groups of spheres, Sp(2) and SU(3), which will be used
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in the next section. In Section 3, we calculate the homotopy group [G,Q2*G] for
G = Sp(2) and SU(3). In Section 4, we apply the results to estimate the number
of homotopy types of gauge groups of Sp(2) and SU(3).

2 Some known results

In this section we collect some known results which will be used in Section 3.
Notation. 7;(X : p) denotes the p-primary component of the homotopy group
m;(X); in particular 7)) = m,,(S™ : 2).
Firstly, we recall from [8] some results on homotopy groups of spheres:

m4(S?) = Zo{ns}, 7e(S°) = Za{v'} @ Zs{n (3)}, (2.1)
m9(S?) = Zs{a1(3) 0 a1(6)}, m0(S?) = Zs{aa(3)} @ Zs,
7T7(S7) = Z{L7}, 7T11(S7) = 0, 7T10(S7) = Zg{l/7} D Zg{a1(7)},

where {—} indicates a generator of the group;

w2 Lo{nz}, m = Za{v'}, w2 Za{vne}, (2.2)
Mo = Lo{ns}, m = Lo{nz}, 7= Zs{vsh
By (5.3) and (5.5) of [8], we have
2V =3, mE = dus. (2.3)

Secondly we consider the symplectic group Sp(2), which is a S3-bundle over S
5% L Sp(2) & 57 (2.4)
so that we have a cellular decomposition
Sp(2) ~ SPue’ue,

where e’ is attached to S? by the Massey element w = (13, 13}, the Samelson product.
Associated with (2.4), we have a homotopy exact sequence

(A, e (%) B T (Sp(2) 5 (ST) B i (S7) — -

We recall from [6] some results on homotopy groups of Sp(2):

IIZ

76 (Sp(2
m7(Sp(2
m13(Sp(2

Il

Z{[12L7]} (2.5)

)
)
) = 2y @ Lo,

1%

)
)
)
where [z] denotes an element of 7, (Sp(2)) such that p.([z]) = z. We also have

A7) =w =1+ a1(3), (2.6)
A (7)) = ( ) 0 1(6).
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Thirdly we consider the special unitary group SU(3), which is a S3-bundle over
S5
5% 4 5U(3) & 5P (2.7)
so that we have a cellular decomposition
SU3)~ S*ue’Ue®,

where €° is attached to S3 by 73, a suspension of the Hopf element 7,. Associated
with (2.7), we have a homotopy exact sequence

(B). o ma(8%) 5 m(SU)) B ma(5°) B maa(S°) - -
We recall from [6] some results on homotopy groups of SU(3):

76(SU(3):2) = Zo{in(t))}, m(SU(3):2) =0, (2.8)
7T8(SU(3)2) = Z4{[2L5]V5}, 7T11(SU(3) 2) = Z4{[l/52]},

where we denote by [z] an element of 7, (SU(3):2) such that p.([z]) = .

3 The homotopy group [G, 2*G] for G = Sp(2) and SU(3)
Firstly we calculate [Sp(2), Q3Sp(2)] = [S® A Sp(2), Sp(2)].
Theorem 3.1. [Sp(2), 2®Sp(2)] & Zyy ® 24 © Zs .
Proof. Recall from [5, Lemma 2.1] that
S3Sp(2) ~ S Ugs,, e v 51,
where w = 1/ + a;(3). Hence we have
[S? A Sp(2), Sp(2)] = [S® Ugsw €', Sp(2)] & mi3(Sp(2))

where we have m13(Sp(2)) = Zy @ Zo by (2.5). Hence it is sufficient to calculate
[S6 Ugs,, €12, Sp(2)]. For simplicity we put v = S3w. Then we have

v = 205 + a1(6) € m9(S°®) = Zg{vs} ® Zs{a1(6)}.

We consider the exact sequence

* -k

= me(Sp(2)) T mn(Sp(2) T [S° Uy €, Sp(2)] B wo(Sp(2) = -
associated with the cofibration
§° 288 L S0y, e,
where we have m6(Sp(2)) = 0 by (2.5). Hence we have

[S® U, €' Sp(2)] = Coker(S7)*.
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We consider the exact sequence (A), associated with the fibration (2.4). In
particular, we consider the case n = T7:

7r(S%) 15 mr(Sp(2)) 5 7 (ST) S me(SY),
where by (2.1) we have
7 (ST) = Z{iz},  wo(S®) = Za{v'} @ Zs{0a (3)}
and we have

A7) =V +ai(3), m(Sp(2)) = Z{[12¢7]}

respectively by (2.6) and (2.5).
We consider the exact sequence (A)j:

= i (87) = m0(S%) 5 mp(Sp(2)) 5 mi0(ST) S me(SP) — -
associated with (2.4), where by (2.6) we have
A (7)) = a1 (3) 0 an (6),
which implies that
m10(5p(2)) = Zs{[v7]} @ Zs{in(2(3))} @ Zs. (3.1)

We will calculate
(S7)" : m(Sp(2)) — m10(SP(2)).

Since A(e7) is of order 12, we can define a Toda bracket
{A([,?), 12L6, Oél<6>} C 7T10(53).

Then we have

{A(17),12t6, 1 (6)} = {V' + a1(3), 1216, 1 (6) } by (2.6)
D {(V + a1(3))4e6, 3t6,1(6)} by Proposition 1.2 of [§]
= {a1(3), 36, a1(6) } by the fact 40/ =0
> as(3) by Lemma 13.5 of [8].

Hence by Theorem 2.1 of [6], there exists an element 3 of m7(Sp(2)) such that

p*(ﬁ) = 1217,
ix(a(3)) = Boay(7). (3.2)
Since p, : m7(Sp(2)) — m7(S7) is an injective by (2.5), we have 3 = [1217]. So by
(3.2) we have
iw(2(3)) = [12t7] 0 a1 (7).

Then we have

(Sy)*([12¢7]) = [12¢7] 0 2v7 + [1207] 0 a1 (7) (3.3)
[1207] 0 2v7 + i, (a(3)).
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By the facts that p.([12¢7]02v7) = 2417 = 0 and that p, : T10(Sp(2) : 2) — 71(S7 : 2)
is an isomorphism, we have [12¢7] o 217, = 0. So by (3.3) we have

(59)"([1207]) = i (22(3)).
Then by (3.1) we have Coker(Sv)* = Zg{[v7]} @ Zs. ]
Next we calculate [SU(3), Q*SU(3)] = [S® A SU(3), SU(3)].

Theorem 3.2. [SU(3),23SU(3)] = Zs ® Zy ® Loy -
Proof. Recall from [5, Lemma 2.1] that

SPSU(3) =~ SOU,, e® v S
Since ng is of order 2, we have

S2SU(3) ~, S®v S®v S,
where p is an odd prime. So localized at p > 2, we have

[S® ASU(3),SU(3)] = [S° v 58 v St S x S
= 76(S% x S%) @ ms(S® x S°) @ w1 (S® x SP).
So localized at primes p > 2, we have [S® A SU(3),SU(3)] = Z3 & Z3. Now we

concentrate on 2-primary components of [S¢ U, €®, SU(3)]. So in the following we
work in the 2-local category. We consider the following commutative diagram

5 5
Ty ™7
al al
3 3
g T6

Tx Tx

*

m1(SU3)) — ms(SU)) —T— 59Uy, 8, SUB)] L m6(SUR)) —2 mr(SU(3))

D+ l P« P« J{ P+ P« l

77* * <% n*

71'? —7 ﬂg) SENEEN [SG Ung s, 55] 4 7T‘g -5, ﬂ?
Al A l A Al
3 U5 3 ™ (S5 Uy, €7, 59 J* 3 s 3
T - 7 - ns € - 5 - T

where vertical and horizontal sequences are exact associated with the fibrations
(B)s and (B)g and the cofibration

(C>n Sn+1 ﬂ qn $ qn Unn €n+2

respectively.
We consider the exact sequence

3 M6 3 5 7 a3 3 M5 3
g — mr — [S7 Uy, e, 87 — w5 = 7
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associated with the cofibration (C)s, where by (2.2) we have

w5 =Lo{ns}, m =Za{V'}, w7 = Za{v/ns}.

So we see that 1} is an epimorphism. By (2.3) we have 20/ = 3, which implies that
n: is a monomorphism. So we have

(S5 U, e, %] =
We consider the exact sequence
™ , w5 S0 Upe €%, 8% — 7o %, e
associated with the cofibration (C)g, where by (2.2) we have
1o = Lo{ns}, 7 =Zo{n3}, w3 =Zs{vs}.

So we see that 7 is an isomorphism. By (2.3) we have 73 (n2) = n2 on; = 4vs. Hence
we have
1S5 Uy, €5, 5% = Zu{* (1)}
Consider the following commutative diagram, which is deduced from the one
above:

0 5

0 —— m(SU3)) —— [S°Uy, €%, SU3)] —— m6(SU(3)) —— 0
P« DPx Px
e AN T T [se Uy €%, 57] AN 0
Al A
T T, e — 0
Since p, : [S® Uy, €%, SU(3)] — [S® U, €%, 5] is an epimorphism, there exists an
8

element a € [S® U, €%, SU(3)] such that

pu(a) = 7 (vs).
Since j*(2a) = 0, there exists § € m3(SU(3)) such that
™(06) = 2a.
By the commutativity of the above diagram we have
7 (pa(6)) = 2p.(0) = 27 (vs).

By the exactness of the middle column we have

p«(B) =25 mod {Imn; = 4vs}.
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Hence for some odd integer a we have
B = al2us]vs.
Thus we have
da =27 (0) = 27*([2es]v5) # 0,
which implies that « is of order 8. Hence we have
(SO U, €8, SU(3)] = Zs.

Since 11 (SU(3)) = Z4 by (2.8), we obtain that [S3 A SU(3),SU(3)] = Zy @ Zsg in
the 2-local category. ]

Remark 3.3. These two theorems are known to K. Maruyama—H. QOoshima as

ms(map (G, Q)) [4].

Remark 3.4. The result for SU(3) is obtained by Hamanaka and Kono by an
entirely different method, unstable K-theory [2].

4 Homotopy types of G.(Sp(2))

As an application of the previous section, we estimate the number of homotopy
types of the gauge groups of Sp(2) and SU(3). First we recall the following two
propositions from [7, Example 4.4 and Proposition 4.2].

Proposition 4.1. If G, (Sp(n)) is homotopy equivalent to G;(Sp(n)), then (n(2n +
1),k) = (n(2n + 1),1) for even n and (4n(2n+1),k) = (4n(2n + 1),1) for odd n.

So, if Gx(Sp(2)) is homotopy equivalent to G;(Sp(2)), then (10, k) = (10,[). There-
fore there are at least four homotopy types of Gx(Sp(2)).

Proposition 4.2. If G,(SU(n)) is homotopy equivalent to G,(SU(n)), then (n(n?* —

1)/(n,2), k) = (n(n® = 1)/(n,2),1).

Observe that there is a minor numerical error in the integer for n(n?—1)/(n,2) in
[7], that is, n+ 1 in Proposition 4.2 of [7] should be n. So, if G,(SU(3)) is homotopy
equivalent to G;(SU(3)), then (24,k) = (24,1). Therefore there are at least eight
homotopy types of G(SU(3)).

Now let us restate the following useful lemma due to Hamanaka-Kono [2, Lemma
3.2]. Let X be a connected loop space, with x its base point, p: X x X — X its
loop multiplication and ¢ : X — X its homotopy inverse. For an integer n we define
aself mapn: X — X asfollows: 0 =%, 1 =1x,n=po((n—1) x 1x)o A for a
positive integer n. If n < 0, then n = to0 (—n).

Lemma 4.3. Let k, k' and d be non-zero integers satisfying (k,d) = (k',d). Let
7;(X) be finite for any j, Y a finite complexr and o 1 Y — X any continuous map.
If da = 0, then there exists a homotopy equivalence

(k' /k)g: X = X
where k' oo ~ (k' /k)g0 ko a.
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Now we consider the following fibration for G = Sp(2) and SU(3):

Gi(G) — G2 PG =[P NG, G,

where the map «y is equal to v o (ke A ig) with v the commutator map and € a
generator of m3(G). By Theorems 3.1 and 3.2, we have the following results.

Theorem 4.4. 1. 40(y 0 € Aigp)) = 400y, = 0.
2. 24("}/ o€eN iSU(g)) = 240% =0.

Using the localization technique stated in Lemma 4.3, we can obtain a self-
homotopy equivalence h of Q3G such that ho (ko aj) ~ (I o a;) holds if

(40, k) = (40,1) for G = Sp(2), (4.1)
(24,k) = (24,1) for G =SU(3).

Hence we obtain the following result.
Theorem 4.5. If (40, k) = (40,1), then G,(Sp(2)) is homotopy equivalent to G;(Sp(2)).

Therefore there are at most eight homotopy types of G(Sp(2)). Together with
Proposition 4.1, we conclude the following.

Corollary 4.6. The number of homotopy types of Gx(Sp(2)) is 4 or 6 or 8.

Together with Proposition 4.2 and (4.1) we recover the result due to Hamanaka-
Kono [2].

Theorem 4.7. G,(SU(3)) is homotopy equivalent to G;(SU(3) if and only if (24, k) =
(24,1).
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