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Abstract

By constructing suitable kernel functions, a higher order Cauchy-Pompeiu
formula for functions with values in a universal Clifford algebra is obtained,
leading to a higher order Cauchy integral formula.

1 Introduction

The theory of functions with values in a Clifford algebra has been thoroughly studied
by many authors (see e.g. [1-18], [20-23]). In 1977 Delanghe and Brackx firstly
introduced the concept of a k-regular function with values in a Clifford algebra and
obtained a.o. the Cauchy integral formula and Taylor expansions (see [10]). Also
Begehr obtained different integral representation formulae in the Clifford analysis
setting (see.g. [1-3]). However all these results only hold for functions taking values
in the Clifford algebra C(V,,0), and the question arises if similar results may be
obtained for functions with values in C(V,,5), 0 < s < n.

The generalized form of the Cauchy integral formula for functions of one complex
variable is known as the Cauchy-Pompeiu formula (see [19]). In [5, 12, 22] the
Cauchy integral formula and the Cauchy-Pompeiu formula for functions with values
in a universal Clifford algebra C(V},s) were obtained and some applications were
given. In [4] we proved the higher order Cauchy-Pompeiu formula for functions
with values in C(V},,,), but the result is not that satisfactory since it only holds for
k < mn and s = n. Similar results can be found in [2, 3, 10, 15-18].
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In this paper the higher order Cauchy-Pompeiu formula is established for func-
tions with values in the Clifford algebra C(V}, ), 0 < s < n, without the condition
k < n. As an application the higher order Cauchy integral formula is obtained.
These results generalize the results in [4-5, 12].

In the following we will always assume that s > 2 and n — s > 2.

2 Preliminaries and notations

Let Vs (0 < s < n) be an n-dimensional (n > 1) real linear space with basis
{e1,ea,--- ,en}, let C'(V,,5) be the 2"-dimensional real linear space with basis

{€A7A:{hl7'” 7hr}€PN71§h1<<hr§n}7

where N stands for the set {1,---,n} and PN denotes the family of all order-
preserving subsets of N. We denote ey as eg and e4 as ep,..,, for A = {hy, -+ ,h.} €
PN. 1t follows at once from the multiplication rule that

e? =1, i=1---,s,
e?:—l, j=s+1--- n,
(2.1)
€iej = —e;e;, 1<i< g <n,
€h1Chy " " €h, = Chihg--hy ) 1<h;y <hgy--- , < hTSTL

Hence C(V,, ) is a real linear, associative, but non-commutative algebra, called
the universal Clifford algebra over V,, ;.
The involution in this Clifford algebra is defined by

1= (_].)U(A)-F#(AHS)eA7 Ac PN,

_ (2.2)
A= > Aseq, A= > Aseq,
AePN AePN
where 0(A) = #(A)(#(A) + 1)/2. Tt follows that, in particular,
€; = €, Z::O,l,"',é‘,
€; = —¢j, J=s+1,---,n, (23)
m:ﬁxa )\,,M € O(Vn,s)
Frequent use will be made of the notation R?, with z = (z1,---,2,) € R", to

denote R\ {z}. In particular Rj = R™\ {(0,---,0)}. The meaning of the notations
R; and Rj™* is obvious.
Let €2 be an open non-empty subset of R". We introduce the following operators:
s 0

Dy =Y ex=—: COQCV,)) — CUY(Q,C(V,s)),
=1  Oxy

m::z%£<0WQammeﬂHmmm%»
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Definition 2.1. (i) A function f € C(Q,C (V,s)) (r > 1) is called (D,) left
(right) regular in Q if Dyo[f] = 0([f]Do =0) in Q, (o =1,2).
(ii) A function f € C(Q,C (V,s)) (r > k) is called (Dy) left (right) k-regular in
Qif DE[f] = 0 ([1D5 = 0) in 0. fa = 1,2).

(11i) A function f is said to be (D,) bireqular if and only if it is both (D,) left and
right reqular in Q, (« =1,2).

(iv) A function f is said to be (D) k-biregular if and only if it is both (D) left and
right k-regqular in €.

(v) A function f € C(Q,C (V,,)) (r > 1) is said to be LR regular in Q if and only
if it is both (Dy) left reqular and (D) right regqular, i.e., Dy[f] = 0 and [f]Dy =0
in €.

We will often need to consider the special case 2 = €2y x 2y where €2; is an
open non-empty set in R* and €25 is an open non-empty set in R"™°. In this case,
the points in Q; x Qy are denoted by = = (xy, 29, -+ ,x,) = (29 2V, where
% = (x1,29,++ ,xs) € Q1 and ™ = (Tg41, Tsio, - ,x,) € . Correspondingly,

the functions defined in €2 are denoted by

flx) = f(a?,2™).

In the sequel we will use the following C' (V}, s)—valued (s — 1)-differential forms
and (n—s—1)—differential forms:

h=1 k=s+1

where dzj = da! A - AdaF Tt Adab o Ades, dE]Y = dattTE A AdaP A
dzk+t. A dan.

3 Kernel functions

In this section we will introduce the kernel functions which play the most important
role in constructing the higher order Cauchy-Pompeiu formula. Similar results can
be found in [2,3, 10,15-18].

Suppose z° = (x1,29, -+ ,xs) € R and 2™\ = (2441, Tsy0, -+ ,x,) € Ry,
Define for all j > 1 the functions H¥(z*) and H;"**(z™\%) as follows:

1<j<s, seven;

AS— o = i ,8
L Cl,O,s(XS>l (log — 22 OJFZO ) =5+ 1,1 >0,seven;
(3.4)
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HJN\S (xN\S)

Ajn-s (XN
Wn—s pn—s<xN\S) ’
Ajn-s  (X7%)

Wh—s pn—s (:L.N\S)

n — s odd;

, 1< j<n—s n—seven;

- Ai s .
- 7210:78 (—=1)" 7 log(x™\¥x™\5), j=n—s, n— s even;
A —s5—1.n— n—s =l C 10
ImEsmARTS (] Chom 1 N\S= N\S _9 i+1,0,n—s
S 1) Cuae ) ot > s
j:n—s+l,l>0,n—seven
(3.5)
s n s % n %
where X7 = 3 zyer, X"\ = 3 arer, pla) = <Z xi) , p(a™e) = ( > xi) ,
k=1 k=s+1 k=1 k=s+1
2,ﬂ.m/2
wm denotes the area of the unit sphere in R™, (m = s,n—s),i.e. wy,, = ,(m =
I'(m/2)
s,n—s),
1 ) .
Ajm = m ,  j>1,moddorl <j<m,meven (3.6)
1 2
ol [JT]' ];[ (2r —m)
and
L, J=0,
1 . .
Ciom = — , jeN*=N\{0}. (3.7)

218 (1)1 1T (m -+ 20

pu=0

Lemma 3.1. Let Cjg,m (m = s,n—s) be given by (3.7), and x° = x1e1 +- - -+ x €5,

xS =z 16501+ -+ Tpe,, then for j € N¥,
Di[Cjo,s(x°)] = [Cj0,s(x*) D1 = Cj10,6(x°) 38)
Da[Ciono(F V] = [Com-o(RV )] Dy = Cjyo(R¥I) ! |

and
D, {CLO’S(XS)llog((XS
= Cl_10s(x%) ! log((x*
Dy [Crpn-s(F¥5) og(xM5%)| = [Crg-o(F9)! log(x\5%\%) | D,
= Cloppnms(®19) 7 og(x™ R¥1%) + 2070, (%9)' !

)] = [Croa(x*) log((x%)%)] Dy
2) + 2017075 (Xs>l71;

)
)

(3.9)

Theorem 3.1. Let for all j > 1, Hf(z%) and H; “*(z"\%) be given by (3.4) and
(3.5) , let x° € Ry and 2\ € R{™°, then

Dy [H (z%)] = [H{ (2%)] D1 = 0,

3.10
D, |:H]+1( S)} = [Hjsﬂ(xs)} Dy = Hj(2%), for all j > 1. (310
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D, HiV\S RAAAY H{V\S ¥\ | Dy = 0,
{ [H @) = [H ) ’ (3.11)

Dy [H}'\ (a\9)] = [H (a¥\9)| Dy = HF\(2™\), for all j > 1.
Note that similar formulae may be found in [17, 18].

Corollary 3.1. Let for all j > 1, Hf(2%) and H;*(z™\%) be given by (3.4) and
(3.5), let x° € Ry and 2V € Ry™°, then

{ DY [H (2%)] = [H{ (2%)] DY =0, 3.12)
D] [Hj («%)] = [Hf (+°)] D] = Hf_,(z%), for all1 < j < k. '
D [H (@) = [H ()] DE =0,
: , (3.13)
Dy [HY (a9)] = [HY (0] Db = HY (2™9), for all 1 < j < k.

Corollary 3.2. Let for all j > 1, Hi(2°) and H]{V\S(JZN\S) be given by (3.4) and
(3.5) , let x° € Ris and 2™\° € RIyVs, then

{ Dy [H (z° — 2%)] = [H} (2° — 2%)]| Dy =0,
D [H (2% — 2°)]

[Hi (x5 — 25)| D] = Hi j(x% = 2%), forall1 <j <k.
(3.14)
D’; {Hliv\s(xN\s o ZN\S):| _ {H,iv\s(l‘N\S N ZN\S):| Dlgc =0,

D% [H]iV\S(:EN\S N ZN\S)] _ |:H]1€V\S(‘,L,N\S . zN\S)} D% _ Hlivj;(xN\s _ ZN\S),

foralll < j <k.
(3.15)

Remark 3.1. It follows from Corollary 3.1 and Corollary 3.2 that, for £ > 1, the
functions HZ(x%) and H, ‘*(2™\%) are both D; k-biregular and D, k-biregular in
R{.

It also follows that HE(x° — 2°) and Hp “(z™\* — 2™\%) are both D, k-biregular and
Dy k-biregular in R7.

4 Higher order Cauchy-Pompeiu formula

Let M; and M, be an s—dimensional, respectively an (n—s)-dimensional, differen-
tiable oriented manifold with boundary contained in €2 and in €25, where §2; and €2,
are open non-empty sets in R* and R"™® respectively. In the following, we shall only
consider the higher order Cauchy-Pompeiu formula on the distinguished boundary
OM; x OMs of My x M. We will also use the following lemma (see [5]).

Lemma 4.1. Let M, be an s—dimensional differentiable compact oriented mani-
fold contained in some open non empty subset Q3 C R* and let My be an (n—s)-
dimensional compact differentiable oriented manifold contained in some open non-
empty subset Qy C R"™*. Let f € C" (Qy x Qy,C (V,0)), g € CT(Q,C (Viu)),



92 Z. Zhongxiang

h € O (Qq,C (Vns)), r > 2, and let IM, and OM, be given the induced orienta-
tions. Then

g9(z®)do f(z®, 2™ ) dogh(z™?)
OM1xOMo

= [ [ @) 1D @) 9 @) (DL D) 7,27 (@)

M1><M2

H[(91D0) @) f (@°,0%%) + g (@) (Dalf]) (2,2) | (Dalh]) (2219) .

Remark 4.1. It follows from Lemma 3.1 in [12] that the above integral over the dis-
tinguished boundary dM; x My may be regarded as a repeated integral independent
of the order of integration.

Theorem 4.1. ( Higher order Cauchy-Pompeiu formula) Let M; be an s—
dimensional differentiable compact oriented manifold contained in some open non-
empty subset Q3 C R®, let My be an (n— s)—dimensional compact differentiable
oriented manifold contained in some open non-empty subset Qy C R"7°, let f €
CON(Qy x Q,C (Vih)), 7 > k1 + ko, ki, ko € N*, let DMy and OM, be given the
induced orientations, and let for all j > 1, H7(x®) and H]{V\S(xN\S) be given by

(5.4) and (3.5). Then, for z 6]\041 X ]\22,

f(2)
k1—1ky—1 o 4 4

= Y Y (-1 H (25— 2%) doy (DIAIDE) (25, 2) dop H LY (a5 = 2M%)
J1=0 j2=0 OM71 xOMa

(=1 [H (27— 2%) (DR (05, 2 %) do®

Hk [ (ADR) 52 ) H (0= 24 dae
Mo
(—1)kitketl /H,fl (25 —2%) (DR [f1DF?) (2, ™) HYS (25 —2%) d.
M1 ><M2
Remark 4.2. It is easily verified that [D{l [f]} D = DI [[f]Dﬂ, whence DJ'[f] DY
is well defined.

Remark 4.3. The existence of the integrals over the manifolds M;, My and My x M,
follows from the weak singularity of the kernels Hf (%) and H;"*(z™\%), for all j > 1.

Proof Step 1. Assume that z E]\21 X ]\22. Take § > 0 such that By (2°,§)C ]\;[1,
By (2MV9,0) C J\ng. We introduce the following functions of 4 :
9(d)
k1 ka—1
=Y 3 (—1yte / H o (25— 2%) doy (DI [f]1DF) (2%, &™) don H 3\ (2™ = 2M\)
n=072=0 B(M1\B1(25,8)) x( M2\ Bz (285 5))
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and
AG) -1 [ HE = 2) (DRIADER) @) B (0 =2 da
(Mi\B1(25,8)) x M2\ B2 (2N \5.5))

By Theorem 3.1 and Stokes’s formula we have that

O(9) = A(9). (4.16)
Step 2. Obviously, by Remark 4.3, we also have that
(I;I_I,%A((S k1+k2 /Hs Dkl [f]D§2)(xS,xN\S) H]i\;\s(xN\S_ZN\S) dzr.

M1 ><M2

(4.17)
For j; =0,--- k1 —1, jo=0,--- , ks — 1, we introduce the following functions of ¢ :
©51.42(0)
= (v [ HS =) oy (DR[AIDE ) (0%, 0 douH Y (2 =)
O(M1\B1(25,8)) xd( M2\Bz (2N \5.5))

and

9.71 ,J2s 1(5
= ]1+]2 / ]1+1 _ d<71 (Dh [f]D%é)(:L,S’ xN\S) dUijZfi( N\S_ZN\S>
AB1 (25 ,8)xdMa
@jl 2,2(0)

— ]1+]2 / J1+1 —ZS) d(71 (D{l [f]D%2>(xS, :L,N\S) dO-QH]A;}rSl( N\S_ZN\S) :

OM1x0B2(2N\5 )

©51.42.3(0)
= (-0 [ (=) doy (D] ()R 2,0 ) dop S (a5 -2
8B1(ZS,(5)><832(2N\S,5)
(4.18)
where 0By (z%,0) and 0B2(2"\*,6) are given the induced orientations.
It is clear that
9j1 j2(0)
= J1+Jz / b +l _ d01 (D]l[f]D%Q)(xS, xN\S) dUQHjA;ﬁ( N\S_ZN\S)
8M1 XBMQ
_@jlaj271(6)_@j11j272(5)+®j17j273<5)’
(4.19)
Moreover it is easily shown that
lim @oon () = [F (°,47%) doy Y (15— 7)
- oM,
lim Onqa(0) = [Hi (" =) douf (2%, 2°19), (1.20)
oMy
(lsln(l) @0’073(5) = f (ZS, ZN\S> .
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and

/f (2%, 2™) dog H 2 (29 =27

OM>

= f(z%,2"0) + /([f]Da)(Zs,xN\s)H?\S(:rN\S—ZN\S)de\S;
Mo (4.21)
/Hf(xs—zs)dalf(:cs,zms)
oM,
= F(E ) 4 [H @) (D)) (%, 2) ot
M

whence by (4.19), (4.20) and (4.21), we obtain

Hin1 ©00(9)
= / Hls([L‘S_zS) d0‘1f ($57$N\S) dO'QHiV\S(iL‘N\S—ZN\S)
OM1xIMa .
= D) ) HY S (1.2
Mo
— [H@ =) (D)2 et = f (72,
My

In view of the weaker singularity of the kernels H¥(z*) and H;"*(2"\*), for all j > 1,
it may be proved, by Lemma 4.1, that

(4.23)

Hence, for j; > 0,

lim 6, ()
= (1 [ H =2 oy (DL (05,07 don Y (0 =)
8M1><8M2
(1P [H (=) doy (DPIA]) (05, 279)
oM
(4.24)
In a similar way as for (4.21), it may be proved that
JH3 a(a® =) doy (D) (2%, 2)
oM,
= [(H @ =) (DRUA) (%2 + i (05 =2) (D P1£)) (0%, 29)) o
My

(4.25)
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Hence, for j; > 0,

hm ®j1 0(5)
— / ]1+1 %) do (Dh [f]) (25, 2™\9) dO_2H{V\S(xN\S_ZN\S)
8M1><8M2
i (_1>j1 /HS( s s> (Dh[f]) (IS,ZN\S) dzs
- / S =) (DIFA]) (0%, 249) da
(4.26)
Similarly, for js > 0,
lim © 5, ()
_ (1) / Hi(a%~2%) doy ([f1DF) (2°,2™) dop HL Y (a0 —29)
BM1 ><6M2
= (1 (D) (25, a%) HY (05 =29 o™
Mo
— (_l)jz/([f]D%'H—l) (zs :EN\S) H]J;fl( N\S_ZN\S) dz™\s
Mo
(4.27)
In the same way, for j; > 0, jo > 0,
hr% ®j1 J2 (5)
— ]1+]2 / 31—1—1 _ d01 (Djl [f]Df) (l, )dagHZfl( N\S_ZN\S> .
OM1 xOMo
(4.28)

Combining (4.16), (4.17) with (4.22), (4.26), (4.27) and (4.28), the result follows.

Remark 4.4. Theorem 3.1 in [5] is obtained as a special case of Theorem 4.1 for
kl = 1, kg =1

As a direct application of the above higher order Cauchy-Pompeiu formula , we
obtain

Theorem 4.2. ( Higher order Cauchy integral formula) Let M; be an s—dimen-
sional differentiable compact oriented manifold contained in some open non-empty
subset 0y C R®, let My be an (n—s)—dimensional compact differentiable oriented
manifold contained in some open non-empty subset Qo C  R"7 et
feCcm(Q x Do, C (Vis)), > k1 + ko, k1, ko € N*, be both (Dy) left ki-regular
and (D3) right ko-regular in Q = Q4 X Qo and let OMy and OMy be given the induced
orientations. Let for all j > 1, H7(2®) and H;"\*(x™\%) be given by (8.4) and (3.5).

Then, for z 61\21 X ]\042,
f(z)
k1—1ko—1

= > > (1) H (2% —2%) doy (D{l[f]D%2>(xS,xN\S)deH;Zfl( N\S _,M\5).

j1=0 j2:0 8M1><8M2
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Remark 4.5. Theorem 3.2 in [12] is obtained as a special case of Theorem 4.2 for
k’l - 1, k’g =1.
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