Differential Inclusions at Resonance

Michal Feckan

Abstract

The existence of periodic solutions are studied for certain differential in-
clusions at resonance. Landesman—Lazer type conditions are derived. Appli-
cations are given to discontinuous differential equations.

1 Introduction

Many problems of nature are modeled by differential equations with discontinuous
nonlinearities [4], [9], [15]. In this paper, we deal with discontinuous differential
equations which are at resonance in infinity. This problem for continuous nonlinear
operator equations is handled by Landesman-Lazer type results [1], [3], [18]. The
purpose of this paper is to extend this method to discontinuous nonlinear operator
equations, i.e. to operator inclusions at resonance in infinity. A similar question
is investigated in [2]. To study such inclusions, we are motivated by recent papers
[6-8], [11], [13], [16]. Consequently, in Section 2 we present existence results of
Landesman-Lazer type, and then in Section 3, we apply them to discontinuous
differential equations. We also remark that our method can be used to certain
implicit scalar differential inclusions, see Section 4, and to certain implicit differential
equations as well [10], [12], see Section 5. Multi-valued boundary value problems
are studied also in [17]. Finally, we have to point out that we apply our method for
the existence of periodic solutions of nonlinear systems, but our method works also
for discontinuous partial differential equations similar to [4].
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2 Abstract Setting

Let H be a Banach space with a continuous inner product (-, -) and with the corre-
sponding norm | - |. Let Z be a Banach space continuously embedded into H and
let Y be a reflexive Banach space compactly embedded into Z.

Definition 2.1. A mapping F : Z — 27\ {(} is said

— to be weakly upper semi—continuous (denote w.u.s.c.), if for any Z > u, —
u € Z, F(up) 3 z, — (weakly) z € H, it holds z € F(u).

— to be uniformly bounded, if its range is a bounded set.

In this section, we consider the operator inclusion
h € Lu+ F(u), (2.1)

where L : Y — H is bounded linear, Fredholm with index 0, symmetric with respect
to (+,+), h € H and F' is uniformly bounded, w.u.s.c. with convex set values. Let us
put

S={ueckerl| |u|=1}. (2.2)

Let @ : H — im L be the orthogonal projection with respect to (-, ) and consider a
bounded linear operator B : Y — H such that

(C) B(imLNY)C imL, B(kerL)CkerL, ker(B/kerL)=0.

Of course, Bu = u, Vu € Y satisfies (C). The following result is an extension of
Landesman-Lazer type ones [1] to operator inclusions.

Theorem 2.2 Suppose the existence of a mapping ¢ : S — R such that

lim ( inf (z,Bw)> > ¢(w) (H1)

p—oo \ zEF(pw+v)

uniformly with respect to w € S, and bounded v € imLNY as well.
If there is a 6 > 0 such that

(h, Bw) < ¢p(w) —0 YweS, (H2)

then (2.1) is solvable.

Proof. In spite of the fact that the proof is standard, we present it here for the
reader convenience. First of all, we consider

h € Lu+ eBu+ F(u), (2.3)
where € > 0 is sufficiently small. Since (C) holds, (2.3) has the form
u€ (L+eB) ' (h—F(u), ueZ. (2.4)

The right-hand side of (2.4) is upper semi—continuous with compact convex set
values and uniformly bounded as well. Indeed, if u; — u and v; — v in Z are such
that

v; € (L+¢eB) Y (h— F(u)),
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then v; are uniformly bounded in Y. Since Y is reflexive and compactly embedded
into Z, we can suppose that v; — v in Y. Hence (L +eB)v; — (L+¢eB)vin H. On
the other hand, F'is w.u.s.c. and it holds

(L+eB)v; € h— F(uy) .

Consequently,
(L+eB)veh—F(u),

and the right-hand side of (2.4) has the abovementioned properties.
By [5], (2.4) has a solution u,. for any sufficiently small ¢ > 0. We take

Us = We + v, w-€kerl, v.€ imLNY.

Then (2.3) gives
h= Lu. +eBu.+ f., f-€ F(“E) )

and by (C), we have
(h, Bw.) = e|Bw.|* + (f., Bw.), f. € F(w.+v.). (2.5)
Moreover, if h = hy + ho, hy € ker L, hy € im L, then
hy = (L +eB)v. + Qf-.
ve=(L+eB) (i — Q).

So v is uniformly bounded in Y. Now we show that w. is also uniformly bounded.
Let us suppose that w., — oo as ¢; — 04. Then (H1-2) and (2.5) give for i
sufficiently large

¢<w5i) —0> (h7 Bw6i> > (f5i7Bw5i) > (b(wfi) —9.

This contradiction gives the uniform boundedness of u. in Y. Since Y is reflexive
and compactly embedded into Z as well, there is a subsequence u,, — u € Z and
Lu., — Lu. On the other hand, F' is w.u.s.c., hence by passing to the limit in (2.3)
as ¢; — 04, we obtain

h e Lu+ F(u).

The proof is finished. n

Similarly we have the following result.

Theorem 2.3 Suppose the existence of a mapping ¢ : S — R such that

lim ( sup (z,Bw)> < Y(w) (H3)

P00 X zeF(pw+v)

uniformly with respect to w € S, and bounded v € imLNY as well.
If there is a 6 > 0 such that

(h, Bw) > ¢Y(w)+0 YweS, (H4)

then (2.1) is solvable.
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The next result is trivial.

Theorem 2.4 Let us put

sup (f, Bw) = M(w), inf  (f, Bw) =m(w).

fEUuezF(u) fEUuezF (u)

We note that M(-) < oo and M(—w) = —m(w). If (2.1) has a solution then h
satisfies
m(w) < (h, Bw) < M(w) VweS.

3 Discontinuous Differential Equations at Resonance
Let us consider the equation
" +x+g(x) =h(t), (3.1)

where h € L2 (R) ={x € L} _(R) | is 2mperiodic} and g : R — R is uniformly
bounded. We put

g1 () = T g(s)

S—T

g9-(x) = lim g(s).

S—T

Then g4 are Borel measurable. We take

H=Z=1I5([R), Y={zeH|z, 2" H}
Flu)={y € H[g-(u(s)) <y(s) <gi(u(s)) ae on R}

27
Lu=u"+u, Bu=u, (u,v)= /u(s)’u(s) ds.
0

Then F' is w.u.s.c. [2], [4], and uniformly bounded as well. We have
ker L = {esin(t +7) | ¢, 7 € R} .
Hence for (2.2), we can in this case consider
S = {sin(t+7)| 7€ R}.
We suppose
(i) There are constants A, > A_ such that

A_<g (x)<gsi(z) <Ay VzeR.

(ii) There are constants A, > B_ > By > A_ such that

lim g () = B-, lim g.(x)=By.

T—00 T——00
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If f € F(u) and w = sin(t + 7), then

2w

(f, w) :/f(S)sin(s—l—T)ds.

0
Since A_ < f(s) < A, we have

27 27 27
A /sin+(s +7)ds+ AL /sin_(s +7)ds < /f(s) sin(s + 7) ds
0 0 0

2T 2T
< A+/sin+(s +7)ds + A_/sin_(s +7)ds,
0 0

where sint ¢ = max{sin¢, 0}, sin” ¢ = min{sint¢,0}. Hence

‘/Wf(s) sin(s +7)ds| <2(Ay —A_) VreR. (3.2)

Consequently we have
M(w) <2(As — A), —2(A, — A) < m(w)

in Theorem 2.4 for this case.

Now let f € F(pw + v), where sin(s +7) = w € S and v € Y is uniformly
bounded. We note that v is also uniformly bounded in the space C|0, 27]. We show
the validity of (H1) for this case. The proof is standard [1]. We take small ¢ > 0.
Then there is r > 0 such that |sin(s + 7)| > r for any s € [0, 27] \ Q, = ., where
mes (2, < e. Uniformly with respect to 7, we compute for large p > 0

2w

/f(s) sin(s 4+ 7) ds = /Qr f(s)sin(s + 7)ds + N f(s)sin(s + 7) ds

0
> —(JA4| + |A_|)5—|—/Q/ f(s)sin® (s +7)ds + N f(s)sin~(s+71)ds

> —(|JAL| + |A_)e + (B- —¢) /Q/ sin (s +7)ds + (By —1—5)/9 sin” (s +7)ds

/
T T

(B — )= (By +e)) — (JA4] + A |)e
—(B-—¢) /Qr sin (s +7)ds — (By —1—5)/9 sin” (s +7)ds

T

>2(B_ — By) —4e — (|AL| + |[A_| + | By —¢| + | B+ +¢])e.
Hence (H1) holds with
¢(w> = 2<B— - B+) )
and (H2) has now the form

/rh(s) sin(s+7)ds <2(B-—B;y)—6 V1eR. (3.3)
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We note that (3.2), respectively (3.3), are equivalent to

2m
‘/h(s) e¥ds| <2(Ay —AL), (3.4)
0
respectively
2m
‘/h(s) ¢ ds| < 2B.— By)—35. (3.5)

0

By applying Theorems 2.2 and 2.4, we obtain the following result.

Theorem 3.1 Consider (3.1) satisfying (i) and (ii). Then (3.1) may have a
2n—periodic solution only for h satisfying (3.4). On the other hand, if h is such that

‘711(5) ¢ ds| < 2B — B,), (3.6)

then (3.1) has a 2m—periodic solution.

Remark 3.2. (3.1) is considered in [16] with g(z) = asgnz, @ > 0. Then A} =
B_=a, A_ = B_ = —a, and (3.4), (3.6) become

respectively. We have recovered a result of [16].

Theorem 3.3 Consider (3.1) satisfying (i) and the following condition holds as
well:
(iii) There are constants Ay > D_ > D, > A_ such that

lim g (z) = Dy, lim g (x)=D-.

T—00 T——00

Then (3.1) has a 2m—periodic solution for any h satisfying

‘711(5) ¢ ds| <2(D_ - D,). (3.7)

Proof. We apply Theorem 2.3. Like in the above proof, we derive
W(w) =2(Dy — D).

The proof is finished. n
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Now we consider the equation
o'+ +g(a') = h(t), (3.8)

where h € L3 (R) and g : R — R is uniformly bounded. The set up of (3.8) is
similar as for (3.1), only B now has the form Bu = v/ and Z = H; (R). We note
that this strategy was used in [6]. We verify (C) of Section 2. If v € imLNY, 0 #
csin(s + 7) = w € ker L, then

(Bv,w) = c/’u’(s) sin(s + 1) ds

2w

—c/’u(s)cos(s—i-T)ds:O,

= c[’u(s) sin(s + 7')]27r

Bw =ccos(s+7)#0.

Consequently, the condition (C) holds.

Theorem 3.4 Consider (3.8) satistying (i) and (ii), respectively (i) and (iii).
Then (3.8) may have a 2r—periodic solution only for h satisfying (3.4). On the other
hand, if h satisfies (3.6), respectively (3.7), then (3.8) has a 2r—periodic solution.

Proof. The proof is the same like above, so we omit it. [

Remark 3.5. (3.8) is considered in [6] with g(z) = asgnz, a > 0. Hence we
arrive at the same situation like in Remark 3.2.

We combine the above examples in the next one
' +x+e(x)+dx) = h(t), (3.9)

where h € L2 _(R) and e, d : R — R are uniformly bounded satisfying the following
assumption: o
(H5) There are constants E!, G7, i, j € {+, —} such that

E’ = lim e_(z), G’ = lim d_(x)

T—joo T—joo
EL= Tm ey(z), G%= Tim di(z).
T—jo0 T—jo0

We use the framework of (3.8) with Bu =« + u. Hence
Bsin(t + 1) = cos(t +7) +sin(t + 1) = \/isin(% +t+7).

It is again clear that the condition (C) holds for our case. Let u = psin(t + 7) + v,
v € Y be uniformly bounded and p > 0 be sufficiently large. Let f € H be such
that

f(s) € [e-(w'()) + d—(u(s)), e+ (u'(5)) + dy (u(s))]
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a.e. on R. Then we have
(f,Bsin(t + 7')) = \/i/f(s) sin(% +s+7)ds.

We compute

T

T

7f(s) sin(z +s+71)ds = 27: /%(ﬂl)_T f(s) sin(z +s+7)ds. (3.10)
/ 4 = 4

We note that all functions sin(§ +¢ + 7), sin(t + 7), cos(t + 7) do not change their
signs on the intervals (%j -1,5(G+1) - T), 0 < j < 7. By estimating (3.10) like
above (3.3) (we omit this tedious computation), we arrive at the following result.

Theorem 3.6 Consider (3.9) under the condition (H5). Let us put
2 2

K = <1+§>(Ef+Gf ~ By —G7)+ (1—§>(E:+G: - B - GY)
2 2

Ky = (1+§>(E:+G: ~EBf —GI)+ (1—§>(Ef+Gt—E; -Gy

If K1 > 0, respectively Ky > 0, and h satisfies

2w

‘/h(s) e ds

0

< K,

where K = K7, respectively K = Ko, then (3.9) has a 2r—periodic solution.

Remark 3.7. Similar problems for the continuous case are studied in [14].

4 Scalar Implicit Differential Inclusions

In this section, we consider the differential inclusion
fu" u u,t) € S(u',u,t), (4.1)

where f: R3 x [0,1] — R is continuous, S : R? x [0,1] — 2%\ {0} is upper semi-
continuous with compact and convex values. Moreover, we suppose

(I) f= f(z,w,u,t) is monotone in z € R.
(IT1) limy, oo | f(2, w,u,t)| = 0o for any w, u, t.
We put
T(w,u,t) = {’U eER| f(v,w,u,t)=h, he S(w,u,t)}.

Now we show some properties of the mapping 7.

Lemma 4.1 T :R? x [0,1] — 2%\ {0} is upper semi—continuous with compact
and convex set values.
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Proof. If v; —» v, w; — w, u; — u, t; — t are such that
f(viawiauiati) = hi7 hz € S(wiauiati)a

then we can assume that h; — h. The upper semi—continuity of S and continuity of
Jf imply
fv,w,u,t) =h e S(w,u,t).

So T is upper semi—continuous with compact values. The convexity of T'(w,u,t)
follows from (I) and from the convexity of S(w,u,t). ]

Lemma 4.1 gives that (4.1) is equivalent to
u' e T u,t). (4.2)

By considering a suitable boundary value condition for (4.1) and growth conditions
for f and S as well, Theorems 2.2, 2.3 and 2.4 can be applied to (4.2) with h = 0,
like in Section 3. To be more concrete, and for the simplicity as well, we consider
(4.1) of the form
fW")+u+glu) =h(t), (4.3)

where f is nondecreasing satisfying

(iv)  sup,eg [u — f(u)] < oo.

Moreover, g : R — R satisfies (i) and (ii) of Section 3, and h is continuous
2n—periodic. The mapping T of (4.2) has now the form

T(u,t) = {v €R| f(v) +u=p, p€[—gs(u)+h(t),—g-(u)+h(t)]}.

Hence (4.3) has the form
0eu +u+W(u,t),

where
Wu,t)={veR| f(~v—u)+u=p, p€l[-gs(u)+h(t),—g(u)+h)]}.
By (iv), we put

inf(f(v) —v) =C_, sup(f(v)—v)=0Cy.

veR vER
Then v € W (u,t) implies
g-(u) —h(t) + C_ <v < gi(u) —h(t) + Cy .

By repeating the same arguments like in Section 3 above (3.3), we obtain the fol-
lowing result.

Theorem 4.2 Consider (4.3) under the above conditions. Then (4.3) may have
a 2m—periodic solution only for h satisfying

27
‘/h@m”@;§%A+—A_+C+—CJ.
0
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On the other hand, if B_ — By + C_ — Cy > 0 and h satisfies

27
‘/h(s) e¥ds| <2(B- — B+ C_—-C,),
0

then (4.3) has a 2m—periodic solution.

For instance, the equation
" —sin(z” +t)+x +asgnz = h(t), a>0

may have a 2m—periodic solution only for h satisfying

<4a+1),

27
‘/h(s) e ds
0

and if ¢ > 1 then it has a 27—periodic solution provided

<4(a—1).

27
‘/h(s) e ds
0

5 Implicit Operator Equations

Let L, H, Y, Z be given as in Section 2. Moreover, H is a Hilbert space with respect
to ('7 )
Ideas of previous section can be extended to more general implicitly given oper-

ator equations of the form
G(Lu,u) =0, (5.1)

where G : H x Z — H is continuous and monotone in the first variable. Moreover,
we suppose
lim |G(v,u)| =00 forany ueZ.

|v]—o0

We put
V(w) ={ve H|G,u)=0}. (5.2)

We show some properties of the mapping V.
Lemma 5.1 V :Z — 27\ {0} is w.u.s.c. with bounded convex set values.
Proof. We know from [5]
Gv,u) =0<= (G(z,u),z—v) >0 VzeH. (5.3)

If u; — w, V(u;) 3 v; = v, then (5.3) implies

(G(z,ui),z—v;) >0 VzeH. (5.4)
By using the continuity of G, (5.4) implies

(G(z,u),z—v) >0 Vze H.

Hence (5.3) gives G(v,u) = 0. So V is w.u.s.c. The convexity of V(u) follows also
from (5.3). ]
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Consequently, (5.1) is equivalent to the operator inclusion
LueV(u),

which is of the form of (2.1).
Now we consider the implicit system

2+ A+ (2", 2) = h(t), (5.5)

where A is a symmetric matrix, I' € C'(R?*"™!,R") is uniformly bounded and h €
L3 (R,R™). We suppose that the equation ” + Az = 0 has only one linearly
independent 27—periodic solution wysin(t 4+ 7), 7 € R, |wg| = 1. We take

H=7Z=I3RR"), Y={xeH|a 2"cH|
G(v,u) =v+T'(v — Au,u) — h(t).

Moreover, we assume that z + I'(z, ) is monotone in z. Consequently, Lemma 5.1
holds for (5.5), and (5.5) has the form

0€ Lu+ F(u) (5.6)
Lu=—u"— Au
F(u) = {’U € H|v(t)+T(v(t) — Au(t),u(t)) — h(t) =0
a.e. on ]R}.

F is clearly uniformly bounded. For (2.2), we take S = {wgsin(t +7) | 7 € R}. Let
(-,-) be the scalar product on R™.

Theorem 5.2 Consider (5.5) under the above conditions. In addition, we
suppose the existence of a continuous mapping w : {r € R"| |z| =1} =S"! - R
such that

lim <F(z,,0w),w> > w(w)

p—00

uniformly with respect to w € S"! and z as well. If w(wg) > w(—wg) and

< 2(w(wp) — w(—wo)),

‘ 7(11(5), wo) e ds

then (5.5) has a 2m—periodic solution.

Proof. We apply Theorem 2.3 with h = 0 to (5.6). For any u € Y uniformly bounded
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and v € F(u), & = pwysin(t + 7) + u, we have

2

lim [ (v(s), pwosin(s + 7)) ds

= — lim [ (T(v(s) — Au(s), pwosin(s + 7) + u(s)) — h(s),wosin(s + 7)) ds

< /(h(s), wosin(s + 7)) ds — /w(wo sgn { sin(s + 7')}) |sin(s + 7)| ds

- /(h(s), wosin(s + 7)) ds — 2w(wo) + 2w(—wy) .

Hence (H3) holds with

Y(wesin(t+ 7)) = /(h(s), wo sin(s + 7)) ds — 2w(wp) + 2w(—wy) .

(H4), with A = 0, has the form

0> /(h(s), wo sin(s + 7)) ds — 2w(wp) + 2w(—wy) ,

i.e.
27

‘ [ th(s)woy e ds| < 2eo(wy) — w(-wy))
0
The proof is finished. n
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