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Abstract

In the 4-dimensional Minkowski space R}, a surface is said to be a hy-
perbolic rotation surface, if it is a orbit of a regular curve under the action
of the orthogonal transformations of R} which leave a spacelike plane point-
wise fixed. In this paper, we give the totally classification of the timelike and
spacelike hyperbolic rotation surfaces in 3-dimensional de Sitter space S3.

Introduction.

In differential geometry, for the study of the surfaces theory in space forms, it is a
very important and interesting problem to contruct or classify the constant mean
curvature surfaces. Spacelike constant mean curvature hypersurfaces in arbitrary
spacetime have interest in reletivity theory. They are convenient initial surfaces for
the Cauchy problem and provide a time guage which is important in the study of
singularities, the positivity of mass, and gravitational radiation.

*The first author is supported by DFG466-CHV-113/127/0; the Technische Universitit Berlin;
SRF for ROCS, SEM; the SRF of Liaoning and Northeastern University. The first author would
like to thank Prof. Yuefei Wang, Prof. Yanlin Yu and the Institute of Mathematics, Acadamica
Sinica for the hospitality and the support during his research stay in Beijing in summer 1998.

Received by the editors April 1999.

Communicated by L. Vanhecke.

1991 Mathematics Subject Classification : 53A10; 53C40; 53C50;

Key words and phrases : de Sitter space, timelike surface, spacelike surface, hyperbolic rota-
tion surface, constant mean curvature surface.

Bull. Belg. Math. Soc. 7(2000), 455-466



456 H. Liu — G. Liu

The surfaces of constant mean curvature in Minkowski space have been studied
extensively. For example, K. Akutagawa and S. Nishikawa give a representation
formula for spacelike surfaces with prescribed mean curvature in [AK-N]; such a
representation formula for timelike surfaces has been give by M. A. Magid in [MA].
In [IN-1] and [IN-2], I. Inoguchi studied the spacelike and timelike surfaces with
constant mean curvature or Gaussian curvature in 3-dimensional Minkowski space
R3 via the theory of finite-type harmonic maps and the split-quaternion algebra;
he also reformulates the fundamental equations and the representation formula. In
[AL], [M-1], [M-2] and [M-3], rotational spacelike surfaces in the de Sitter space are
considered and determined.

In this paper, we consider the surfaces in 3-dimensional de Sitter space S?. We
will give the classification of all timelike and spacelike hyperbolic rotation surfaces
with non-zero constant mean curvature in S3.

1 Preliminaries

Let RP*! be the (n+1)-dimensional Minkowski space with the natural basis ey, ..., €n41,
its metric < , > is given by

n

1

<T,Y>=D Tl — Tni1Yntr, T,y € RYT
=1

x = (21,22, ce; Tni1), Y = (Y1, Y2, -+, Ynt1). The n-dimensional de Sitter space S} is

defined by
T=(zx e RV < 2,0 >=1).

It is well known that S} is the complete simply connected Pseudo-Riemannian hy-
persurface with constant sectional curvature 1 in Ry ([L-1], [L-2]).

Let P*(k = 2,3) denote an k-dimensional subspace of R} passing through the
origin and O(P?) the group of orthogonal transformations of R} with positive de-
terminant that leave P? pointwise fixed.

Definition.(cf.[DC-D]) Choose P% and P? such that P? C P? and P>NS3 # (. Let
C be a reqular C?-curve in P> N'S? that does not meet P2. The orbit of C under
the action of O(P?) is called a rotation surface M in S} generated by C' around
P? if the induced metric G of M from R} is nodegenerate. The surface M is said
to be spherical (resp., hyperbolic or parabolic) if the restriction G/P? (where G is
the metric of R}) is a pseudo-Riemannian metric (resp., a Riemannian metric or a
degenerate quadric form).

In the 4-dimensional Minkowski space R}, let C : ¢1(u) = (x(u),y(u), 0, w(u))
or Cy : ca(u) = (z(u),y(u), w(u),0), v € I, be any C?*-curve in P3> N'S? which is
parameterized by arc length, whose domain of definition [ is an open interval of real
numbers including zero, and for which the following equations are satisfied

(u)?

— f(w)? =

(1.1.1) z(u)? + y(u)?

17
2.i) o' (u)? + 5 (u) g,
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for the curve Cf;

(1.1.ii) w(u)? +y(u)? +w(u)? =1,
(1.2.ii) o' (u)? + ' (u)? + w'(u)? = 1,

for the curve Cy; where ¢ = £1.
The surfaces

(1.3.1) M : r(u,v) = (z(u),y(u), w(u)sinh(v), w(u) cosh(v)),u € I,v € R,
(1.341)) My r(u,v) = (z(u),y(u), w(u) cosh(v), w(u)sinh(v)),u € I,v € R,

are by definition the hyperbolic rotation surfaces in the 3-dimensional de Sitter space
S? obtained by rotating the curve c;(u) or ca(u) (this rotation of Rf fixes a spacelike
plane i.e. x oy plane). The first fundamental form of M; is edu® + w(u)?dv?; when
e = 1, the surface is spacelike; when ¢ = —1, the surface is timelike. The first
fundamental form of My is du? — w(u)?dv? and it is always timelike. Let

(L41) & (u,v) =y (ww(u) —w'(w)y(w), w'(w)z(w) — ' (w)w(u),
(' (w)z(u) — 2’ (u)y(u)) sinh(v), (y'(u)z(u) — 2 (u)y(u)) cosh(v))

(L41i) & (u,v) =(y'(w)w(u) —w'(w)y(w), w'(w)z(w) — ' (uw)w(u),
(@' (u)y(u) = y'(u)z(u)) cosh(v), (z'(w)y(u) — ¥ (u)z(u)) sinh(v)).

Then for the surface My, we have

<&,y >=< &1,y >=< &1, 7 >=0, <§,& >= —¢;
for the surface My, we have

<&,y >=< &, 1y >=< &, >=0, <&, & >=1;

where

dr(u,v) . _dr(u,v)
du * " dv

So we know that & (u,v) is a field of unit normal vectors on M; in S and & (u,v)
is a field of unit normal vectors on My in S7.

We denote by V the covariant differentiation with respect to the indefinite Rie-
mannian metric of R} and by V and V the covariant differentiations with respect
to the induced metric of S and M, respectively. We denote by n(z), * € S}, the
position vector of z with respect to the origin of R} which is a field of normal vectors
of S% in R}. Then, considering that M; (resp. M) is locally embedded in S3, we
have the following Gauss’s and Weingarten’s formulas.

Ty =

(1.5) VxY =VxY+ < X,V >,
. VxY = VxY +h(X,Y)E,
(1.7) V& = —Ag(X),
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where X and Y are tangent vector fields on M;, and A, is a field of type (1,1)
tensor on M; corresponding to &;, i.e.,
<A (X),Y >=h(X,Y),

i=1,2.
From (1.5), (1.6) and (1.7), we get the following equations about the mean
curvature of the surfaces M; and Ms. For the surface M; we have

(1.81) < Ag(1),14 > = — < V61,70 >=< &1, Vy 70 >=< &1, Vo, Tu >
— x//(y/w _ w/y) +y//(w/x _ x/w> _ w//(y/x_ x/y)’
1.9. < Ag (1p), 10 > = — < V60,1 >=< £,V 1y >=< &, Vo1, >
¢
= —w(y'z — 2'y),
(1.103) < Ag,(ry),10 > = — < V,.&1, 710 >=< £, V10 >=< &, V1 >= 0;

since < 1y, 1Ty >=¢, < 1y, 7y >= 0, < 1,7, >= w? then from (1.8.i), (1.9.i) and
(1.10.i), we obtain

(1.11. i) 2H = traceAg,
= e(@"(y'w —w'y) +y"(w'r —2'w) —w'(y'r — 2'y)) - (y'z —2'y)/w

",/ ",/

w2y —y') + ewd (y'r — 2y) — (eww” + 1) (y'z — 2'y)

w
For the surface M, we have
(1811) < Agy(1), 70 > = — < Vy,ba, T >=< &9, VT >=< &g, VT >
= 2"(y'w —w'y) + ¢ (w'z — 2'w) + w"(2'y — y'2),
(1L9]) < Agy(ry), 10 > = — < Va1 >=< £,V 1y >=< &, V1 >
= w(z'y — y'z),
(1.1041) < Agy(ry), 70 > = — < Vo bo, 70 >=< &,V 1y >=< &, Vyu 1y >= 0;

since < ry, 1y >= 1, < 1y, 1y >= 0, < 1,7, >= —w?, then from (1.8.ii), (1.9.ii) and
(1.10.ii), we obtain

(1.11.ii) 2H = traceAg,
= (2" (y'w — w'y) +y"(w'z — 2'w) + " (2'y — y'z)) = (2"y — y'z) /w
B w2(:c”y’ _ y”x’)

—ww'(2"y — y"x) + (ww” — 1) (@'y - y'z)
w

2 Constant mean curvature surfaces of type  M;

From the previous argument we see that the surface M; has constant mean curvature
H # 0 in S? if and only if on the interval I the following relations hold:

21) () +y(u)? —w()? =1
(22) o)+ () — ()} =<

"/ "/

(2.3)  2Hw = ew*(2"y —y"2') + eww (y'z — 2"y) — (sww” 4+ 1)(y/x — 2'y).
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Now we solve the above equations. From (2.1) we may put

(2.4) {x(u) = (w(u)*+1)

y(u) = (w(u)® +1)

and then determine the function ¢(u) satisfying (2.2).
12

Since 2/° + y”* — w'? = (ww')?/(w? + 1) + (w? + 1)¢'* — w', then from (2.2) it
follows that

cos p(u),
sin p(u),

= N[=

2 12
+w' +¢€
2.5 (=" C

We assume that ew?® + w'* +¢ > 0 on I (when sw?® + w'* +¢ = 0, ¢ is constant).
Therefore the function ¢(u) is of the form

(2.6) plu) =+ [ (Sw(tzlzij/f)lﬁ S at.

and without loss of generality we may assume that the signature is positive.
From (2.4) and (2.6), we can show that

ol

(2.7) Yz —a'y =W+ 1)¢ = (ew? +w'” +¢)7,
28)  ye—ay— (o —ay) = Ewn +u)

v —2'y).

Differentiating (2.1) and (2.2) we obtain

xx' +yy' = ww',

zz' + yy// = ww'" — €,

x/x// + y/y// — w/w//.

Solving above equations for " and y” we get

(y’x _ x’y):c” _ y/(ww// _ 8) _ yw/w//’

(y'z — a'y)y

1 /)

= —2'(ww" — ¢) + zw'w".
So

(2.9) "y — 'z = (cww” — ew'”” — 1)/ (y'z — 2'y).
Putting (2.7), (2.8) and (2.9) into (2.3), then we get

N

(2.10) ww" +w'” + 2ew? 4+ £ = —2Hw(ew?® + v + )3,

Without loss of generality, we can assume that w(u) > 0. When w(u) #constant,
let a(u) = w? + 3, then (2.10) becomes

(2.11) o +dea = —2H(a/* + dea® — £)7.
Since w(u) #constant, o #Z 0. From (2.11) we have

1 12 2
sd(a/” +4ea” — ¢
2 (2 1) = —2Hd/du.
(o + 4dea? —€)2
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Then

N [—=

(2.12) (a/® +4c0? —€)? =a—2Ha, a—2Ha >0,
where a is integral constant. From (2.12) we get

(2.13) o> = 4(H? — €)a® — AHao + a* + ¢,

when H? # ¢,

2 2 2
/2 9 aH ed*—1—c¢ca
— 4(H? — e
) ( 7 (a 2(H2—8)> (H? —¢)

We solve the equation (2.13) in the following cases.
Case one: ¢ = 1.

In this case, (2.13) becomes
(2.14) o> = 4(H? —1)o? — 4Hao + a® + 1.

We consider the following subcases respect to the value of H.

(a) When H? = 1, (2.14) becomes /> = —4Hao + a® + 1. Solving this equation we
get

a(u) = constant, when a=0
(2.15) a(u) = g=(a®+1—4a*u?)

=g +1—4a’u?), when a#0

where, and in the following, we take the integral constant as zero.
(b) When H? > 1, solving the equation (2.14) we get
(i) if a®> > H? — 1,

a a? — (H? -1
(2.16) a(u) = 2(H2H_ 1 + 2(H£ Y ) cosh(2v H? — 1u);
(ii) if a2 = H? — 1,
(2.17) alu) = % 4 2o

(iii) if a2 < H? — 1,

(2.18) a(u) = 2(;2H_ D + 2 Z;;i;;ﬂ sinh(2v H? — 1u).

(c) When H? < 1, solving the equation (2.14) we get

H Vva?+1— H?
- @ sin(2v'1 — H?u).

(2.19) W =5t aa-m
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Case two: ¢ = —1.

In this case, (2.13) becomes
(2.20) o> = 4(H? + 1)a® —4Hao + a® — 1.

Solving this equation we get
(i) if a® > H? + 1,

ol a— (H2+ 1)
2.21 = inh(ovVH? + 1u):
( ) au) 2(H2+1)+ SHZ+ ) sinh( + 1u);
(if) if a> = H2 + 1,
H

2.22 = — + ¥
(2.22) au) 7 +e
(iii) if a2 < H2 + 1,

H H2+1—a?
(2.23) a(u) = —2 T 9 osh(2V + Tu).

M+ 1) 2R+ 1)
Therefore we obtain

Theorem 2.1. In 3-dimensional de Sitter space S3,

(i) the spacelike hyperbolic rotation surface of type My is congruent to one (or a
part) of the following surfaces:

(2.24) r(u,v) = (asin(u), acos(u), bsinh(v), beosh(v)), u € [0,27],v € R,

where a and b are constants;

r(u,v) = (x(u),y(u), w(u)sinh(v), w(u)cosh(v)), we l,veR,
w(w) = (w(u)+1)7 cos p(u),
ooyl = () sne(),
o(u) :fou( ()(J(T:)/(t)) nt dt,
w(u) = (Zlﬂ(a +1 — 4a*u?) — %)5,

where a # 0 is constant and H* = 1;

r(u,v) = (x(u),y(u), w(u)sinh(v), w(u)cosh(v)), we l,veR,
w(u) = (w(u)’+ 1) cos p(u),
nag W) = (W@ D i),
o(u) :fo?t( ()(J(T:)/(t)) Dk dt,
wu) = (2(135_1) + ¥ ;?H(QHI cosh(2v H? — 1u) — %>_,
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where a and H are constants, a®> > H> —1 > 0;

r(u,v) = (z(u),y(u), w(u)sinh(v), w(u)cosh(v)), uel,veR,
2 +1)3 cos p(u),
(2.27) y(u ?+1)2 sin p(u),

_ (@)’ (0)°+1)3
) - fO (w(t)2+1) ) dt,
) :(%—ke%“—%)Q,

where a and H are constants, a®> = H> —1 > 0

N

r(u,v) = (z(u),y(uw), w(u)sinh(v), w(u) cosh(v)), uel,veR,
w(w) = (w(u)+1)2 cos p(u),
(2.28) y(u) = (w(w)? +1)281H90( );
o) = w“(,;?:;(;gn it
= (

VIP_1-a® ginh(2y/H? — lu) — %) ,

2(H2 1) 2(H2 )

where a and H are constants, 0 < a®> < H? — 1;

r(u,v) = (z(u),y(u), w(u)sinh(v), w(u)cosh(v)), uel,veR,
wlw)? + 1)} cosip(u),

w(w)® +1)7 sinp(u),

_pu (w0 (0 41)3
=l ey At

— va
- (2(H2 0T 2(1+1H2H sin(2v'1 — H?u) — )

where a and H are constants, H> — 1 < 0;

(2.29) y(u

[SIE

(ii) the timelike hyperbolic rotation surface of type My is congruent to one (or a
part) of the following surfaces:

r(u,v) = (z(u),y(u), w(u)sinh(v), w(u)cosh(v)), u e l,veR,
w(w) = (w(u)+1)2 cos p(u),
gy (U0 =Wl DEsing)
plu) = fi PGS, 1
wu) = (2( an e VU (a2 Tu) - %) ,

where a and H are constants, a®> > H* + 1;

r(u,v) = (z(u),y(uw), w(u)sinh(v), w(u)cosh(v)), u € l,veR,
2+ 1) cos p(u),
1t sin g(),

(w(u +
(2.31) y(u ’+

_ v G P
= = Gemy

)
w(u) = (2£ + e2av _ %)5 ,
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where a and H are constants, a* = H* + 1;

r(u,v) = (x(u),y(u), w(u)sinh(v), w(u)cosh(v)), we l,veR,

x(u) = (w(u)? + 1)2 cos p(u),
(2.32) y(u) = (w(w)?+1)7sin 90( )
= g ok,

= VH?+1—a? 1
- (2(H2+1) + Q(Htﬂ Cosh(2mu) _ _) ’

where a and H are constants, a®> < H? 4 1.

3 Constant mean curvature surfaces of type M,

For the surface My, it has constant mean curvature H # 0 in S? if and only if on
the interval I the following relations hold:

(3.1) (u)® +y(u)* + w(u)* =1
(3.2) ()’ + 9 (w)? + w'(u)’ =1
(3.3) 2Hw = w?(2"y — y"'z") — ww'(2"y — y"z) + (ww” — 1)(2"y — y'z).

Now we solve the above equations. From (3.1) we may put

(3.4) {x(u) z (1- w(u)2)z Ci?:j((z;’ jw(u)] <1

and by (3.2) we get

O e w'

We assume that 1 — w? — w® > 0 on I (when 1 —w? — w'> = 0, ¢ is constant).
Therefore the function ¢(u) is of the form

v (1 —w(t)? —w'(t)*)?
3.6 u) =+ / dt.
(36) plu) =+ [
and without loss of generality we may assume that the signature is positive.
From (3.4) and (3.6), we can show that

(3.7) 'y —yr=—(1-w)g = —(1—w—w?)?,
(3:8) o'y —y'w = (a'y — y'z) = —(ww' + w'w")/(a"y - y'x).
Differentiating (3.1) and (3.2) we obtain

xx' +yy = —wuw',
'’ + yy// — _ww' — 1,

x/x// + y/y// o w/w//.
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Solving above equations for z” and y” we get

(:L./y_ y/x)x// — y/(ww// + 1) _ yw/w//

(2'y —y'z)y" = —2' (ww" + 1) + zw'w”.
So
(3.9) "y — ' = (1 +ww" —w?)/(z'y — y'z).
Putting (3.7), (3.8) and (3.9) into (3.3), then we get
(3.10) ww” +w? 4 2u® — 1= —2Hw(l — w? — w')?.

Without loss of generality, we can assume that w(u) > 0. When w(u) #constant,
let a(u) = w? — 3, then (3.10) becomes

(3.11) o +4a = —2H(1 — o/® — 40?)7.
Since w(u) #constant, o/ # 0. From (3.11) we have
—d(1—a” —40?)

- —2Hd du.
(1—a? —4a2)2
Then
(3.12) (1—a” —4a)2—a+2Ha a+2Ha >0,
where a is integral constant. From (3.12) we get
(3.13) o = —4(H?* +1)a® — 4Haa + 1 — a?

H? +1— a? aH ?
A H*+ 1) [ —mr — e
(B + )(4(H2+1)2 (O‘+2(H2+1)> ’
therefore, a> < H? 4+ 1. Solving (3.13) we get
—aH VH? +1—a?
in(2vH? +1
D T o o + 1u),

where, we take the integral constant as zero. Therefore we obtain

(3.18) a(u) =

Theorem 3.1. In 3-dimensional de Sitter space S3, the hyperbolic rotation surface
of type My is timelike and congruent to the following surface (or a part):

(3.19) r(u,v) = (asin(u), acos(u), bcosh(v), bsinh(v)), u € [0,27],v € R,

where a and b are constants;

(u,0) = (x(u),y(u)

<

w(u) cosh(v), w(u)sinh(v)), wel,veR,

w(w) =1 -w(u ))% 0s p(u),

(3.20) ylw) =1~ w(w)?)?sinp(u),
plu) = iy Qo g, 1
w(u) = (2@%[;’1) + ;{;j&il“ sin(2v H? 4+ 1u) + )5,

where a and H are constants, a®> < H? 4 1.
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