On the continuous dependence on parameters
of solutions of the second order periodic
problem

Monika Bartkiewicz

1 Introduction

This paper is devoted to the continuous dependence on functional parameters of
solutions of the second order periodic problem. Sufficient conditions for the existence
of solutions of this problem and their continuous dependence on parameters are
presented.

The question of the existence and uniqueness of solutions for the periodic prob-
lem was widely discussed by Mawhin and Willem in many monographs and papers
([3], [4], [5], [6]). Some interesting results about the existence of periodic solutions
of ordinary differential equations we can be found in papers ([2],]9]). The problem
of the continuous dependence on parameters for scalar equations was investigated
in papers ([7],[8]). In the case of the functional parameter from L>°, sufficient con-
ditions for the existence of solutions of the second order differential equations with
Dirichlet-type boundary conditions and their continuous dependence on parameters,
are given in paper ([10]).

In this paper we consider a periodic problem of the second order with functional
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parameter of the form
d

afu (t,u, 4, w) = fu (t,u,w,w) (1.1)
uw(0) —u(T) =0
0(0) = v (T) =0,

where v = f; (t,u,4,w) for t € [0,T] a.e., the parameter w belongs to L, and
u € HL. Under some suitable assumptions, we prove that the set V. of solutions of
(1.1) is not empty, for any wy, € W and V,, tends to V,, in the sense of Painlevé-
Kuratowski as wy tends to wy in the strong topology of L*>. In many situations, it
is more natural to consider the normal form of (1.1)

i =VF(t,u,w) (1.2)
w(0) —u(T)=u(0)—u(T)=0

We give sufficient conditions under which (1.2) continuously depends on the param-
eter w. We occupy ourselves with cases when V F' is bounded and F' is convex.

2 Formulation of the second order problem

By H}. we shall denote the space of absolutely continuous functions u : [0, 7] — R™
such that © € L? ([0, T],R") and u(0) = u(T) , where T > 0. In the space H7 the
norm is given by the formula ||u|| = (fOT lu(t)|2dt + [y |’1l(t)|2dt)§ , but it is easy to
calculate that :

Lemma 1. In the space H}. the following norms are equivalent:

2

1l = (Jlutear + flapar)

2

2 = (f |u<t>|2dt)% +(Jura)

2

3. lll = ool + Flicat) o= ut0).

4. ||ulls = |a| + <§|u(t)|2dt> 2 U= %OfTu(s)ds .

Lemma 2. If the sequence uy converges weakly to uy in HY , then 1y converges
weakly to g in L* ([0, T],R"™) and uy converges uniformly to ug on [0,T] .

Let M be a convex and bounded subset of R". By W we shall denote the set
W = {we L>*([0,T],R") : w(t) € M}. The set W will be referred to as a set of
parameters.

Let f = f(t,z, p, w) be any scalar function defined on the set [0, 7] x R" x R™ x M
which satisfies the following assumptions:



Continuous dependence on parameters 551

1-a the functions f, fs, f,, fu are measurable with respect to ¢ € [0,7] for any
(x,p,w) € R"xR"x M and continuous with respect to (x, p, w) € R" xR"x M
for t € [0, T]a.e.

1-b f(t,z,-,w) is convex for t € [0,T] a.e. and any (z,w) € R" x M,
l-c there exist some functions a(-) € C(RT,RT") | b(-) € L' ([0,T],R) and ¢(-) €
L?([0,T],R), such that
£t 2, p,w)] < allz]) (b(t) + [pl*) |
| £t 2, p,w)| < all]) (b(E) + 1p]*) .
| fo(t, 2, p, w)| < allz) (e(t) +[p]) ,

| fult, 2, p,w)| < alz]) (b(t) + |pI*)
for all (z,p,w) e R" xR x M ,t€[0,T]a.e. .

Now, let us consider a boundary value problem, with a parameter w € W | of
the form

%fu (¢, u(t), ilt),w(t)) = fu (t, u(t), i(t), w(t)) (2.1)
u(0)—u(T)=0
v(0) —v(T) =0, tel0,T]ae.,

where u € H}. and v (t) = f (t,u(t), 0 (t) ,w () for t € [0,T] a.c..
For this problem, the corresponding functional ¢ is given by

_ /f (t,u(t), i(t), w(t)) dt (2:2)

It is easy to see that, under the above assumptions, (2.1) is a system of Euler
equations for functional (2.2).

Definition 1. We say that the functional ¢, (-) defined by (2.2) is uniformly coercive
with respect to w when there exists xg € X and number Ky > 0, such that ¢, (o) <
Ky forw e W and

VK >0 JR V|z|>R VweW ¢u(z)>K

3 The principal lemma

Let oi(-) = @uw,(-), k=0,1,2,..., be a sequence of functionals defined by (2.2) with
W = Wy, 1.e.

w)= [ F(tult), i), b)) dt

where {wy} is a sequence of admissible parameters. Denote by Zj the set of all
minimizers of the functional ¢y, i.e.

Zy, = {x € Hy : pp(z) = mingy(h) he H%} (3.1)
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Definition 2. We say that the sequence of sets Zy, defined by (3.1) tends to Zyin the
weak topology of HY if any sequence {x1} , o € Zy , k = 1,2,... possesses cluster
points (in the sense of the weak topology of HL) in the set Zy only.

The set of all cluster points of the sequence {z\} is often referred to as the
upper limit ( in the sense of Painlevé - Kuratowski ) of the sets Z; and denoted by
lim sup Zj.

In the case when the sets Zj are singletons i.e. Z, = {zx}, k = 0,1,2,...,
the convergence of the sets is identical with the convergence of points in the weak
topology of Hr (see lemma (2)).

Now, we prove

Lemma 3. If the sequence {wp} C W, k = 1,2,..., tends to wy € W in the
strong topology of L™, then the sequence ¢, (-) tends to @o(-) uniformly on the ball
B(0,R) C H}. for any fited R > 0 .

Proof. Let €1 > 0 be an arbitrary number. Since wy — wp in L™, we have that there
exists some K such that, for £ > K and ¢t € [0,7], we have

jwr (8) = wo (D) < &1

From the mean value theorem and assumption (1-c¢) we obtain

|ox(w) = polw)| < [ ] fu (tu(t), 0 (t), o ()| wr (8) = wo (£)] dt

IN

O\,ﬂ O\ﬂ

a(ju(®)) (b(#) + i (8)) Jon (8) = wo (£)] dt

where @y, (t) = wo (t)+O (¢) (wi (t) — wo (t)) and 0 < O (t) < 1. Since ||u]| < R, there
exists a constant C' > 0 such that a (Ju(t)]) < C and [T |u(t)]*dt < ||u|]* < R? for
any u € B (0, R).

Let us take € > 0 sufficiently small. For & > K and u € B (0, R) we have

T T
lon(w) — wolu)| < 051/19(75) dt + 051/ i ()2 dt < Chey + Cey R < &
0 0

for some constant C;. This ends the proof. ]

We shall prove the main lemma
Lemma 4. If
1. the function f satisfies assumptions (1-a)-(1-c) ,

2. oi(+) are weakly lower semicontinuous and uniformly coercive with respect to
wg fork=0,1,2,...,

then



Continuous dependence on parameters 553

a) for any admissable parameter wy, the set Zy of minimizers of the functional
@, (+) is not empty ,

b) there exists a ball B (0, R) C H} such that Zy C B(0,R) for k=0,1,2,... .

Proof. Since, by assumption 2, there exists at least one minimizer u; of ¢, (-) ,
therefore 7, k = 0,1,2,...is a non-empty set. Hence ¢ (ux) < ¢x(0) for wy € W .

Let us put P = sup ¢x(0) < oo . So there exists an R > 0 , such that for all
wreEW
wr €W

up € Zx C Ay = {u € Hy : pr(u) < P} C B(0,R) (3.2)

Indeed, suppose that the second inclusion in (3.2) does not hold. Then, for all

R >0say R=n,n = 1,2,... , there exists a parameter w, € W such that
A, ¢ B(0,R) .. Thus there exists a sequence {u,} of elements from A, such
that ||u,|| > R = n, n = 1,2,.... Since ¢,() is uniformly coercive, therefore for

||un|| — 00 ,n — o0, we have @, (u,) — co. Hence u,, ¢ A, for n > P and we have
got a contradiction. It means that A, C B (0, R) for some R > 0 and k =0,1,2,....
]

4 Theorem on the continuous dependence on parameters for
the second order equation

Let {wy} C W be an arbitrary sequence and let us denote by Vi C Hk a set of
solutions of the periodic problem

%fu (¢, u(t), w(t), w(t)) = fu (£, ult), ilt), we(t)) (4.1)
u(0) —u(T) =0
v(0) —v(T)=0

and by

Vi = {u € Hy : o, (u) =ming,, (v) z € H%}, k=0,1,2,...

the set of minimizers of the functional ¢, (-) for £ =0,1,2,.... Now, we prove
Theorem 1. If
1. f satisfies assumptions (1-a)-(1-c) ,

2. for any admissible parameter wy, the set Vi of minimizers of the functional
Ouy, () s not empty ,

3. there erists a ball B (0, R) C H% such that Vi, C B(0,R) fork=0,1,2,...,
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4. Pu, (+) is convex for any w, € W, k=0,1,2,...,
5. the sequence {wr} C W tends to wg € W in the strong topology of L,
then limsup Vi is a non-empty set and lim sup Vi C V.

Proof. Let {uy} C H} be a sequence such that u, € Vi for k = 1,2,... . Since
Vi C B(0O,R) , k=1,2,..., with some R > 0, we may assume that wu; tends to ug
in H}. Denote

my = ¢k (ug) = inf {gpk(x) tx € H%} = inf{pi(z) :z € B(0,R)}

Since, by assumption, 5 , ¢, (-) tends to ¢ (-) uniformly on ball B (0, R) therefore
my — my. (4.2)

Suppose that ug does not belong to V5. The set is not empty, thus there exists x € V;
such that ug # x. We have

my —mo = px(ur) = po(2) = [pr(ur) = olur)] + [vo(ur) — wo(@)] (4.3)

It is easy to notice that yo(uxr) — @o(x) > 0. So, letting k — oo in (4.3), we get a
contradiction with (4.2). Hence limsup Vi, C V4.

Moreover, the functionals ¢, (-) are convex and Gateaux-differentiable, therefore
Vi=Vi, k=0,1,2,.... This ends the proof. [

Corollary 1. If the functional p,, (-) is strictly conver, then problem (4.1) possesses
a unique solution, i.e. the set Vi, = {ug}is a singleton for k = 0,1,2,... and ug
tends to ug in the weak topology of Hx.

Theorem 2. If
1. f satisfies assumptions (1-a)-(1-c) ,

2. there exist some constants ai,by > 0, ag, by > 0 and a function ¢y € L* ([0, T],R),
such that

ft,z,p,w) > ay |p|* — ao |p| + b1 |2|> = bo |7| — o)

for all (z,p,w) € R" x R™ x M,
3. Qu, (+) s convex for any wy € W,

4. the sequence {wp} C W tends to wy € W in the strong topology of L,

then lim sup Vi is a non-empty set and lim sup Vi C Vp.
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Proof. To prove this theorem, we must show that ¢, () is uniformly coercive with
respect towr, € W, k=0,1,2, ..., and weakly lower semicontinuous. By assumption

(2)

f (tut), (), wi(t)) = ax |a(t)]” — ao la(t)| + by [u(t)]* = bo [u(t)] — colt) ~ (4.4)

for any wp € W. So,
P () = aminl[ul|* = (a0 = bo) VT ||ul| - 2,

1
2

T T T
where ||ul| = (of |u(t)|2dt+g|u(t)|2dt> , Qmin = min{a;, b1} , ¢ = gco(t)dt .

Since a1, by > 0, the functional ¢, (-) is uniformly coercive with respect to wy.
Our next step is to prove that the functional ¢,, (-) is weakly lower semicontin-
uous. By assumption (2),

f (t,x,p, w) > _zb(t)

for some positive and integrable function ¢. So the fact that ¢, (-) is weakly lower
semicontinuous is obtained from theorem 10.8.i (see [1]).

By lemma (4), the set Vj, of minimizers of the functional ¢, (-) for k =0,1,2, ...
is not empty and there exists a ball B (0, R) C Hj} such that V;, C B(0,R) for
k = 0,1,2,.... Now, we may apply theorem (1) to obtain the assertion of this
theorem. ]

5 The normal form of the second order equation

Now, let W = {w € L*> ([0, T],R") : w(t) € M} where M is any convex and bounded
subset of R™ and let F' : [0,7] x R" x M — R be a function which satisfies the
following assumptions :

4-a F(t,x,w) is measurable with respect to t € [0, T for any (x,w) € R" x M and
continuously differentiable in z for t € [0, 7],

4-b there exist functions a(-) € C(RT,RT) and b(-) € L' ([0, T],R) such that
|F'(t, 2, w)| < al[z[)b(t)
IVE(t, z,w)| < a(|z[)b(t) ,
for all (z,w) e R" x M |t € [0,T)a.e.

Let us consider the functional
s
Du(w) = [ (SlO)F + F (tu(t)(0) ) de (5.1)
0

By corollary 1.1 (see [5]), the corresponding Euler equations are of the form

i(t) = VF (tult),w(t)),  te[0,T] ae.

u(T) = u(0) = w(T) — 1 (0) = 0 (5.2)

where u € H} and w € W.
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Lemma 5. The functional ®,(-) given by (5.1) is weakly lower semicontinuous in
HE.

Proof. Since the functional
1
H: S u—s / Sl
0
is convex and continuous, then it is weakly lower semicontinuous, and the functional

HE S u—s /F(t,u(t),w(t))dt

is weakly continuous (see lemma (2)). Thus the functional ®,(-), as the sum of weak
lower semicontinuous functionals, is weakly lower semicontinuous in Hr. [

For our later considerations, in the space H7}. we shall use the norm given by

lull = [ + ( / I’d(t)|2dt>

Let us denote by Vi, C HY the set of solutions of the periodic problem of the form

1
2

L7
U= To/u(s)ds

i(t) = VF (ult), (),  tel0,Tae.
w(0) — w(T) = @(0) — a(T) = 0 (5.3)
where wp, € W, £ =0,1,2,..., and by

Vi ={u€ Hp: & (u) =mind,, (v) veHL}, k=012, ..

the set of minimizers of the functional @, () for £ =0,1,2,....

Now, we make some assumptions about F under which, we can prove some
sufficient conditions for the continuous dependence on the parameters wy € W for
problem (5.3). The first — when VF is bounded by an integrable function (theorem
(3) ) and the second — in case when F' is convex (theorem (4) ).

Theorem 3. If

1. F satisfies assumptions (4-a)-(4-b)

2. there exists g € L* ([0, T],R") such that |VF(t,z,w)| < g(t) Vz € R" and
wp € M, k=0,1,2,...,

3. [T F(t,x,wi(t)) dt — oo uniformly with respect to wy € W as |x| — oo, for
k=0,1,2,...,

4. O, (+) is convex for any wy € W,
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5. the sequence {wr} C W tends to wy € W in the strong topology of L,
then limsup Vj, is a non-empty set and lim sup Vi € Vp..
Proof. We have to prove that ®,, (-) is uniformly coercive with respect to wy, . Let

T
wr € W. For u € H}, we have u = U + @ where u = [u(s)ds . From Sobolev’s
0

inequality we obtain that

Do (u> =

(
(

T
/|u 2dt—/g dt||u||oo+/F (t,3, wi(t)) di
0

%/|u(t)|2dt— (/|u 2dt> +/Ftuwk ) dt

L.
= slall3 = Cllillzz + / F(t,7,n(t)) di
0

N | —

[a(t)|* + F (t,u wk(t))> dt—i—/(F (t,u(t),w(t)) — F (t,a,wi(t))) dt

O\,ﬂ O\,ﬂ

DN —

()| + F (t, >dt+//(VF(t,ﬂ+sﬂ(t),wk(t)),ﬂ(t))dsdt

AV
DO | —

v

where C'is some constant. So if ||u|| — oo, then @, (u) — oo uniformly with respect
to wg .. By lemma (5) and lemma (4), the set Vj of minimizers of the functional
®,, () for k = 0,1,2,... is not empty and there exists a ball B (0, R) C H}. such
that Vi, € B(0,R) for k =0,1,2,... . Now, we can apply theorem (1) and get the
proposition of this theorem. n

Theorem 4. If
1. F satisfies assumptions (4-a)-(4-b)
2. F(t,-,wg) is convex fort € [0,T] a.e. and for allwy € M , k=0,1,2,...,

3. F(t,x,wy) > alx|—0 forallz € R" andwy, € M, k=0,1,2,..., where a > 0
and 3 > 0 are some constants,

4. the sequence {wp} C W tends to wy € W in the strong topology of L,
then limsup Vj, is a non-empty set and lim sup Vi € V..

Proof. Let w, € W, k=0,1,2,.... Directly from the assumptions we can conclude
that the real function

gk:R”BxH/F(t,x,wk(t))dt, k=0,1,2, ...
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has a minimum at some point 7, for which

and

T
/thwk ))dt — oo as |z| — o0 k=0,1,2,...
0
Moreover,
T T
Gk :/thwk dtz/a|x| B)dt = aglx| —
0 0

where ag > 0.
Let us denote A = a (0) [ b(t)dt and B(0,p) = {x € R" : ap|a| — By < A}. By
assumption (4-b)

9k (Tw,,) < g (0) < A, k=0,1,2,...
Note that all minimizers 7, € B(0, p) for k =0,1,2,.... Indeed,

T, €E{r €R" 1 gp () <A} C{x € R" : ap|z| — fo < A} = B(0, p)

Moreover, by Theorem 1.7. [5], the problem (5.3) has at least one solution which
minimizes ®,, on Hj for k= 0,1,2,.... Thus the set of minimizers Vj, of @, (-) is
not empty for k =0,1,2,...

Now, let uy = Uy, + @y be a minimizer of @, (-). We have to show that there
exists a ball B(0, R) such that V;, C B(0,R), k=0,1,2,....

By the assumption (4-b)
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Since uy is a minimizer of @, (-), we obtain

A > wak (Uk)

> = /|uk 2dt+/F (t, Ty, wi(t)) dt
T
+/ (VE (8, Ty, wi(t)) , us(t) — T, ) di
0

> % O/ g (8)2dt + O/ F (1, Ty, wn(t)) dt (5.4)

T

— [ IVF (t. T 00 at] ]
0

1z T
1
> 5/ 2dt+/F (6, T s (1)) dt — []i | /VF(t,fwk,wk(t))dt
0 0
1.
2 §||Uk||L2 -

where C7 >0 and £ =0,1,2,....
We have proved (by(5.4)) that

|[ k|2 < Dn, k=0,1,2,...

for some constant Dy > 0 .
Sobolev’s inequality implies that there exists a constant Cy > 0 such that ||tg||ec <
C5. From the convexity of F' we obtain :

P (1 370,000 = F (13 (06~ 000 () < 3 nl0)0)
+ %F (t’ —’INLk(t), wk(t>>

for t € [0,T]a.e. and k =0,1,2,.... Hence
A> q)wk (uk>

T
1 1
5 Uk 2dt+2/F< uk,wk > /F t —Uk wk(t))dt (55)
0

| \/

( uk,wk )> dt—C4ZOé|’I_Lk|—

0/ i
[+

for some Cy, C5 > 0.
From (5.5) we have |uy| < Dy for k=0,1,2,.... So,

ugll < Dy + Dy = R

Hence Vj, is bounded for k = 0,1, 2, .... Of course by assumption 2, ®,, (-) is convex
for any wy, € W. From theorem (1) we get the assertion. ]
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Basing ourselves on theorems (2) and (4), we consider two examples.
Example 1. Let f: [0,7] x R* x R x M — R be a function defined by the formula

f(t,z,p,w)= (p1)2 + (p2)2 +p?sint +4 (1 + |w)|) [(x1)2 + (3:2)2]2
1

+3 [(pl)Q + (p2)2] [(xl)Q + (3:2) 2] + wsin ! sinz? + tz’w (5.6)

1
= |p|* + p?sint + 4 (1 + |w]) |z|* + 5 Ip]* |z|” + wsin 2! sin 22 + tz?w
where p = (p',p?),z = (2',2%), M = [~1,1] . Let us notice that
f (8, p,w) > |pl* = |p| + 4|z = T |z - 1

Consider the functional
T
pulu) = [ F (tut),ilt), w(t)) at
0

where f is given by (5.6). One can show that ¢,, is strictly convex for any w € W =
{we L*([0,T],R") : w(t) € M}. Let {wyp} C W be any sequence strongly converg-
ing to wg € W. Consider a periodic problem with parameters wy, k =0,1,2,....

4 (2’&1 - |u|2'd1) = 8u' (1 + |wg|) + u! |a]* + wi cos u' sinu?
4 (2’&2 + |ul?u? + sint) = 8u? (1 + |wi|) + u? |i]* + wi sin u' cos u? + twy
u(0) —u(T)=0
W) —a (T) =0,  a2(0) = a2 (T) = (2+ |u(0)]®)  sinT

From theorem(2) and corollary(1) it follows that, for each wg, k= 0,1,2,..., this
problem possesses a uniquely defined solution uy € Hr , and that the sequence {uy}
tends to g in the weak topology of Hi.

Example 2. Let W = {w € L>* ([0,T],R) : 0 < w(t) <1} and let {wr} C W, k =
1,2, ... be any sequence strongly converging to wy. For £k =0,1,2, ..., consider the
scalar problem

i = uel P er 4202 + wi)? + 2 cosu + 2usinu + e (£) (5.7)
w(0) —u(T)=u4(0)—u(T)=0 '

where function e : [0,7] — R is bounded. In this case, F' is of the form

1
F(t,z,w) = §€|ml2+w + 24w |2 + |z sinz + e (t) x

Let us notice that
K2
F(tw,w) 2 3laf* = K |2] > K o — =
where K = max e (t)| for t € [0,T]. If e = 0, then F (t,z,w) > 6 |x| — 3. Of course,
F is strictly convex, so, using theorem(4) and corollary(1), we have that problem
(5.7) has a unique solution uy € H}. , and that the sequence {u} tends to ug in the
weak topology of Hi.
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