Lagrangian submanifolds of constant sectional
curvature and their Ribaucour transformation

Ruy Tojeiro

Abstract

The Ribaucour transformation is applied to the family of Lagrangian sub-
manifolds of dimension n and nonzero constant sectional curvature ¢ of com-
plex space forms of complex dimension n and constant holomorphic sectional
curvature 4c. As a consequence, a process is obtained to generate a new
family of such submanifolds starting from a given one. In particular, explicit
parametrizations in terms of elementary functions of examples with arbitrary
dimension and curvature are provided. A permutability formula is derived
which provides a simple algebraic procedure to construct further examples
once two Ribaucour transforms of a given submanifold are known. The ana-
lytical counterparts of the above results are also discussed.

1 Introduction

An isometric immersion f: M" — M™ of an n-dimensional Riemannian manifold
into a Kaehler manifold of complex dimension m is said to be totally real if the almost
complex structure of M™ carries each tangent space of M" into its corresponding
normal space. If in addition n = m then f is said to be Lagrangian.

The simplest examples of Lagrangian submanifolds of complex space forms M™ (4c)
of constant holomorphic sectional curvature 4c are the totally geodesic real space
forms M™(c) of constant sectional curvature c. The family of non-totally geodesic
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Lagrangian isometric immersions f: M™(c) — M"(4c) has been recently investi-
gated in [CDVV] and [DTj], the latter being devoted only to the flat case. Two
general problems form the core of the investigation. First, to get a satisfactory de-
scription of the family, with an eye towards some sort of classification. Second, to
construct explicit examples.

The main result in [CDVV] establishes a correspondence between elements of the
family and certain types of twisted product decompositions of simply-connected Rie-
mannian manifolds of constant sectional curvature ¢. This is then used to attack the
second problem. For a special type of such twisted product decompositions, namely,
the conformally flat ones, the associated Lagrangian submanifolds are explicitly de-
termined. However, although some interesting submanifolds are produced with this
method, no examples with constant sectional curvature ¢ > 0 and dimension n > 2
are obtained besides the flat Clifford tori.

A different approach is used in [DTj]. First, the general correspondence ob-
tained in [DT;] between flat n—dimensional submanifolds with flat normal bundle
in complex flat space C™ and solutions of a certain system of PDE’s is considered.
Then, the solutions associated to flat Lagrangian submanifolds are characterized.
This paves the way for the Ribaucour transformation, extended from surface theory
to higher dimensions in [DTy], to be applied. It is shown that the set of Ribaucour
transforms of a given flat Lagrangian n—dimensional submanifold of C" contains an
(n+1)—parameter family of submanifolds in the same class, which admit explicit
parametrizations in terms of solutions of a completely integrable linear first order
system of PDE’s. In particular, non-trivial examples are produced in any dimension.

In this paper we show that a similar program can be carried out to the non-flat
case. Our main achievement is a process to generate parametrizations of a family
of Lagrangian isometric immersions f: M"(c) — M"(4c) starting from a given
one, which are given in terms of solutions of a linear first order system of PDE’s.
In particular, parametrizations in terms of elementary functions of examples with
arbitrary dimension and curvature are provided. An outline of the paper is given
below.

Totally real submanifolds of complex space forms have been shown by Reckziegel
([Re1]) to be precisely the ones that admit horizontal lifts into the bundle space of
the Hopf fibrations. A detailed study was made in [Rey] of horizontal isometric
immersions into the bundle space of the canonical fibration of a general Sasakian
manifold, in particular the Hopf fibration onto complex projective space. In §2 we
show how some of these results can be adapted to the Hopf fibration of anti-de-
Sitter space time onto complex hyperbolic space and provide a brief and unified
account of both cases. As a result, the investigation of the aforementioned problems
for Lagrangian submanifolds is reduced to the investigation of similar questions for
horizontal n-dimensional submanifolds with constant sectional curvature ¢ of either
the Euclidean sphere or the anti-de-Sitter space time of dimension 2n + 1 and the
same curvature ¢, according to ¢ > 0 or ¢ < 0, respectively. These submanifolds can
be shown to have flat normal bundle (cf. Corollary 2 below), thus their study fits
into the general theory of constant curvature submanifolds with flat normal bundle
of pseudo-Riemannian space forms. We then make use of the fact that submanifolds
in this last class are in correspondence with solutions of certain systems of PDE’s (cf.
[DT4]- [DTs] and Theorem 4 below) and characterize in §3 those solutions which
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are associated to horizontal isometric immersions.

At this point the Ribaucour transformation comes into play. We show in §4
that the set of Ribaucour transforms of a given n—dimensional horizontal subman-
ifold of constant sectional curvature c¢ of either the Euclidean sphere or the anti-
de-Sitter space time of dimension 2n 4+ 1 and the same curvature ¢ contains an
(n+1)—parameter family of submanifolds in the same class, which can be parametrized
in terms of solutions of a completely integrable linear first order system of PDE’s.
The analytical counterpart of this result is a process to generate a family of new
solutions of the associated PDE’s from a given one.

In §5 we derive a permutability formula which provides a simple algebraic pro-
cedure to construct further examples once two Ribaucour transforms of a given
submanifold are known. This has also an analytical interpretation in terms of the
associated PDE’s.

In the last section, we apply our method to construct, as far as we know,
the first explicit examples of non-totally geodesic Lagrangian isometric immersions
f: M"(c) — M™(4c) with ¢ > 0 and n > 2, as well as similar examples for ¢ < 0.

2 The Hopf fibrations and horizontal isometric immersions

Let C*™' denote the complex number (n+ 1)-space endowed with the pseudo-

Euclidean metric
n+1

ge = €dzidz + Y dzidz;, €= =1,

=2

and let X
S2”+1(c) ={z ¢ C?H D ge(z,2) ==, ec > 0}

c

stand for either the standard Euclidean sphere or the anti-de-Sitter space time of
dimension (2n+1) and constant sectional curvature ¢, according to e = 1 or e = —1,
respectively. The complex numbers act on C**! by

2= (21, y2n41) — Az =(Az1,. ., AZpi1).

The quotient space M™(4c) of S2"1(¢) under the identification induced by this action
is the complex projective space CP"(4c) or the complex hyperbolic space CH"(4c)
of complex dimension n and constant holomorphic sectional curvature 4c, according
to ¢ > 0 or ¢ < 0, respectively. Let m: S?"™(c) — M"(4c) denote the quotient map,
J the complex structure on Cr*! defined by multiplication by i and ¢ its projection
onto the tangent bundle of S2"1(c). Then, the complex structure J on M"(4c) is
given by
Jom, =m0 ¢.

Let V be the connection on S*"*!(c). Then, it is easily checked that the following
properties are satisfied by the tensor ¢ and the unit structure vector field & = Jn,

where 7/4/|c| is the position vector on S?"(c):

ge=0, (6,6 =0, VeE=/lc[o. (1)
P*X = —X +e(X, )¢ (2)
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(90X, 0Y) = (X, V) + e(X, (Y, &) (3)
Vg = ¢VxY —e/|c|((X, V)¢ — (¥, 6) X). (4)

An isometric immersion f: M — S?"!(¢) of a Riemannian manifold is said to be
horizontal (or C-totally-real, or an integral submanifold) if £ is everywhere normal
to T'M along f. In Theorem 1 below we put together all the properties of horizontal
isometric immersions f: M — S?"™(¢) that will be needed in the sequel. Most of
them are stated and proved in [Rey| for the case € = 1 = ¢, but the proofs carry
over with slight modifications to the general case. They are included here for the
convenience of the reader.

Theorem 1. Let f: M — S*""1(c¢) be a horizontal isometric immersion. Then the
following holds:
i) f is anti-invariant with respect to ¢, that is, ¢ carries each tangent space of M

into its corresponding normal space.
ii) The second fundamental form ay: TM x TM — TM* of f takes its values in
the subbundle orthogonal to & and satisfies

pap(X,Y)=—-Ayw X, fordl XY €TM, (5)

where A¢ stands for the shape operator in the normal direction (.
iii) The normal connection and normal curvature tensor of f satisfy

VoY = ¢VxY —e/|e|(X,Y)¢
RYX,Y)E = 0 (6)
<RL(X,Y)¢Z’ ¢W> = <R(X7Y)Za W> - C(<X7 W><Y7 Z> - <X7 Z><Y7 W>)

Proof: Tt follows easily from (1)—(3) and the Gauss equation that

(ap(X,Y),€) = /|| (X, V)

for all tangent vectors X, Y. Since the term on the left-hand-side is symmetric and
that on the right-hand-side is anti-symmetric, we conclude that both terms vanish.
This proves i) and the first half of ii). By comparing the tangent and normal
components of (4) we get (5) and the first of formulas (6). The second follows
from the Ricci equation and A¢ = 0. Finally, the last of equations (6) follows by
a straightforward computation using the first one together with equations (1) and
(3). ]

Part iii) of Theorem 1 has the following immediate consequence.

Corollary 2. A horizontal isometric immersion f: M™ — S**1(¢) has flat normal
bundle if and only if M™ has constant sectional curvature c.

__ The next result shows that studying Lagrangian isometric immersions g: M —
M™(4c) is equivalent to doing the same for horizontal isometric immersions f: M —
S?"*1(c). We refer to [Re;] or [Res] for a proof.
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Theorem 3. [Rey| If f: M — S*"*!(c) is horizontal then g = mo f is Lagrangian.
Conversely, let g: M — M"(4c) be a Lagrangian isometric immersion and let
(w0, 90) € M x §*"*(c) be some initial data with g(xo) = w(yo). Then, there evist
a Riemannian manifold M, an isometric covering map T: M — M, a horizontal
isometric immersion f M — S?*(c) and a point & € M such that 7 o f =gor,

T(Z) = xo and f(Z) = yo.

3 Horizontal submanifolds of constant sectional curvature

Given an isometric immersion f: M™ — QY (c) of a Riemannian manifold into a
pseudo—Riemannian space form of constant sectional curvature ¢ and index s, we
denote by le(x) the first normal space of f at x € M"™, which is the subspace of
T, M+ spanned by the image of the second fundamental form a; at z. We say that
N{(z) is nondegenerate if N{(z) N N{(x)* = {0}. We also denote by v¢(z) the
index of relative nullity of f at z, defined as the dimension of the kernel of a at x.
From now on we deal for simplicity only with submanifolds whose index of relative
nullity is everywhere vanishing.

The following result was proved in [DT;] for Lorentzian space forms as ambient
spaces (cf. Proposition 4, Lemma 5 and Theorem 7). We take the opportunity
to point out that the statement of Proposition 4 contains an unnecessary extra
assumption.

Theorem 4. Assume that M™(c) is simply connected and let f: M"(c) — QN (c)
be an isometric immersion with flat normal bundle and vy = 0. If s > 1, suppose
further that le 15 nondegenerate everywhere. Then N > 2n and there exist a global
principal coordinate system (uy,...,u,) on M™(c), an orthonormal normal frame
&1, .. En—n and smooth functions vi,... v, >0 and hy, 1 <i<n,n+1<r <
N —n, such that

o 0
ds” = ; Yy duz ) af(auia auj> /U’LéljfZ (7)

and

Vo X;=hiXi, Vi b b=huk, 1<i#j<n 1<s#i<N-n (8)

Bul

where X; = (1/v;)0/0u; and h;; = (1/v;)0vj/0u; fori # j. Moreover, the pair (v, h),

where v = (v1,...,v,) and h = (h;s), satisfies the completely integrable system of
PDFEs
L Ov; . Ohij  Ohy;
) a—uj - hjzvja ) 8uj + auj hkj + Vv = 0,
(1) i) Ohis _, i) e, 8hw . ahﬂ 26 _—
8uj — lbigltgs, a € sltisltyjs — 7

where always i # j, {k,s} N{i,7} =0 and €5 = (&, &)
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Conversely, let (v, h) be a solution of (I) on an open simply connected subset
U C R”™ such that v; # 0 everywhere. Then there exists an immersion f: U —
QN(c) with flat normal bundle, vy = 0, nondegenerate first normal bundle of rank
n and induced metric ds* = 3, v? du? of constant sectional curvature c.

Proof: Let Xi,...,X, be an orthonormal principal frame for f. By the Gauss
equations and the assumption on nondegeneracy of le when s > 1, the vectors
n = af(X;, Xi), 1 < i < mn, are pairwise orthogonal and |n;]| # 0 for 1 < i < n.
Set n; = v; *&;, where v; > 0 and &, ..., &, are orthonormal. The Codazzi equations
yield

Vi, X; =0 X;(0)X; and V& =0 X(0))&, i # . (9)

It follows from the first equation that [v;X;,v;X;] = 0 for ¢ # j, hence there exists
a coordinate system (uy,...,u,) on M"(c) with 0/0u; = v;X; for 1 <1i < n. Then,
(9) gives the first equations in (8) and also the second ones for 1 < s # i < n. On
the other hand, an easy calculation using the second equations in (9) shows that

1
the normal connection of f induces a flat connection on Ny . The second equation
in (8) forn+1<s#i<N —n follows by choosing &,+1,...,{n_n to be a parallel

orthonormal frame of N{ " with respect to this connection. Using (8) to express
that ds? = 3, v? du? has constant sectional curvature ¢ and that f has flat normal
bundle yields ii), 7ii) and iv) of system ().

For the converse, we consider on U the metric ds* = Y, v} du?, and verify from
i), #) and 4i7) that it has constant sectional curvature c¢. Set M"(c) = {U,ds?}.
To conclude the proof from the Fundamental Theorem of Submanifolds, consider
the trivial vector bundle E = M"(c) x R¥™" where RV~ = span{ey,...,enx_,} is
endowed with the inner product

<€sa es/> = 68588/‘
The compatible vector bundle connection V' defined by
Vg/auies = hise;, 1 F# S,
is flat from equations iii) and iv). Define o € C*°(Hom(TM x T M, E)) by

o 0
N 1
@ <8uz’ 8uj> UZéUeZ ( 0>

Clearly, « satisfies the Gauss equations. The Codazzi equations follow from i) and
the Ricci equations are satisfied because V' is flat and « is orthogonally diagonaliz-
able. [

If f: M"(c) — S*"™(c) is an isometric immersion with flat normal bundle,
vs = 0 and nondegenerate first normal spaces everywhere when ¢ < 0, then le
is a vector subbundle of rank n of TyM* which is everywhere either Riemannian
or Lorentzian. For the isometric immersions we are most interested in, namely,
horizontal isometric immersions, the first possibility always holds. In fact, by part i)
of Theorem 1, in this case le is precisely the vector subbundle of Ty M+ orthogonal
to the structure vector field £. It will be convenient to have Theorem 4 explicitly
restated for this particular case.
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Corollary 5. Assume that M"(c) is simply connected and let f: M™(c) — S*"™(c)
be an isometric immersion with flat normal bundle, vy = 0, and Riemannian first
normal bundle when ¢ < 0. Then there exist a global principal coordinate system

(ug,...,u,) on M"(c), a smooth orthonormal normal frame &, ..., &1 and smooth
functions vi,...,v, >0, p1,..., pn such that
o 0
ds® = ‘2d27 , =) = 0i04;&;
S ; U’L uz af(auz auj> v Jf
and
V%XJ‘ = hjz‘Xz‘7 V%fj = hijfia l 7& j7 v%fn—f—l = pzfza (11>

where X; = (1/v;)0/0u; and h;; = (1/v;)0v;/0u; for i # j. Moreover, the triple
(v, h, p), where v = (v1,...,v,), h = (hi;) and p = (p1,...,pn), Satisfies the com-
pletely integrable system of PDEs

ou; = hj;vj, zz) EW = hijhj, ’l“) E = hi;jp;,
J J J
R b 0 =0,
(1) i) ou; + ou; +zk: kiltk 7+ CUL;

i)

v) 8uj+ 8ujz~ +;hikhjk+€pipj:(]’ e=cflel, i#j#k+i.

Conversely, let (v, h, p) be a solution of (II') on an open simply connected subset
U C R” such that v; # 0 everywhere. Then there exists an immersion f: U —
S#*(¢) with flat normal bundle, vy = 0, Riemannian first normal bundle of rank n
and induced metric ds*> = 3, v} du? of constant sectional curvature c.

We call (v, h, p) the associated triple to f: M™(c) — S*"™(c). Our next result
characterizes the triples associated to horizontal isometric immersions.

Theorem 6. The isometric immersion f: M"(c) — S*"™'(c) is horizontal if and
only if its associated triple (v, h, p) satisfies

hij=hsi and  pi=/|clus (12)

Proof: Assume first that f: M"(c) — S**!(c) is horizontal. Let X1,..., X, be an
orthonormal tangent frame of principal directions and &, ..., &,4+1 an orthonormal
normal frame as in Corollary 5. We easily obtain from part iz) of Theorem 1 that,
up to signs, ¢X; = & and &,41 = £ o f. It now follows from (11) and the first of
formulas (6) that

hij = <V%€j7€i> = <vi%¢Xj7¢Xi> = (V%Xj,XD = hj;.

and

pi= (Vi &1, &) = (Vo £ 0X) = —(V5 6X,€) = /|elos
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Conversely, assume that the solution (v, h, p) of system (/) associated to f: M™(c) —
S?"*1(c) satisfies (12). Let F =io f be the composition of f with the umbilical in-
clusion i of S?"!(¢) into the underlying flat space C™*!. Define a complex structure
J on TM & TrM* by setting

JX; =&, j(\/HF) = &nt1-

Denote by V the derivative in C**1. Then, using the symmetry of k and (11), it is
easy to verify that

%/Xinj = j/vjxin and %/Xijfj = j/vjxlfj

On the other hand, using that p; = \/|c|v; we get from (11) that

Vi d(IelF) = Vx,&uir = 1/leles = J(/1e|Xa) = TV x,\/le|F.

Therefore, J is parallel with respect to \v along F', hence it is the restriction to
TM@TrM* of an almost complex structure in C*1. Clearly, f: M"(c) — S*"*1(c)
is horizontal with respect to its projection onto the tangent bundle of S*"™'(c). m

Corollary 7. Let M"™(c) be simply connected and let f: M"(c) — S*(c) be a
horizontal isometric immersion with vy = 0. Then there exists a global principal
coordinate system (uq, ..., u,) on M"(c) with

o 0 0

ds® = EZ:’UZQ dui, v; >0 and af(a—w, a—uj) — 5”,(;58_%’

where v = (v1,...,v,) and h = (hsj) satisfy the completely integrable system of
PDFEs

ov; 0
) — = h;;v; 7 — | hyi i =0,
i) u, iV, i) (2}; 8uk> j + cvv;
(III) b
) a—” = highjr, hij =hy, i#7#k#1.
U

Conversely, let (v, h) be a solution of (III) on an open simply connected subset
U C R™ such that v; # 0 everywhere. Then there exists a horizontal immersion
f: U — $*(c) with vy = 0 and induced metric ds* = Y, v? du? of constant
sectional curvature c.

Remarks 8. 1) The main result in [CDVV] mentioned in the introduction can be
derived from Corollary 7. In fact, let U = ,, I; X --- X,,, I, be a twisted product of
intervals and let w = Y, v;du; be the associated twistor one—form defined in [CDVV].
Then, w being closed is equivalent to the symmetry of h = (h;;). Moreover, under
this assumption U has constant sectional curvature c if and only if the pair (v, h)
satisfies system (IIT).

2) Orthogonal coordinate systems in euclidean space whose associated pairs (v, h)
satisfy system (III) with ¢ = 0 were named E-systems by Bianchi ([Bi]), after
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Egorov who first studied them. It was shown in [DTj] that E-systems are precisely
the principal coordinate systems of Lagrangian isometric immersions f: M"(0) —
C" with vy = 0. On the other hand, it follows from Corollary 7 that orthogonal
coordinate systems whose associated pairs (v, h) satisfy (IIT) for an arbitrary ¢ € R
are precisely the principal coordinate systems of horizontal isometric immersions
[ M™(c) — S*"*1(c) with v; = 0.

Let (v,h) be a solution of system (III) on an open simply connected subset
U C R" with v; # 0 everywhere. In order to determine the corresponding horizontal
isometric immersion f: M"(c) — S**1(c) or, equivalently, to determine F' = i o
f: M"™(c) — C* one has to integrate the system of PDE’s

L OF L 0X; S,
) s = v Xi, ) du; = hijXj, 177,
(I1V) DX,
Qi) =—— = — > hp Xy +iX; — cv;F,
8uz~ ki
with initial conditions (F'(ug), X1(uo), - .., Xn(up)) at some point ug € U chosen so

that

(Xi(uo), Xj(uo)) = (iX;(uo), X;(uo)) =0, i#j, (Xi(uo), Xi(uo)) =1,

<F(U0),XZ(UQ)> = <ZF(U0),XZ(UO>> =0 and <F(U0), F(U0)> = %

It is in general a difficult task both to find a solution of the nonlinear system
(III') and to integrate the corresponding system (/V'). Nevertheless, the difficul-
ties involved in both steps were overcome in [CDVV] for solutions of system (/II)
satisfying v; = --- = v,. However, it turns out that for n > 3 no such solutions
exists if ¢ > 0 and the only one with ¢ = 0 is the trivial solution v; = constant for
1 <4 < n. In the latter case, the associated submanifolds are Clifford tori. In the
next section, we develop an alternative way of producing examples, by making use
of the Ribaucour transformation.

4 The Ribaucour transformation

Classically, two surfaces in R? are said to correspond by a Ribaucour transformation
when they are related by a diffeomorphism preserving lines of curvature such that
the normals at corresponding points intersect at a point equidistant to them. The
surfaces can then be viewed as the focal surfaces of the 2-parameter congruence of
spheres with centers at the intersecting points and with the common distances to
corresponding points as radii.

This notion was extended in [DTs] for isometric immersions f: M" — QN (c) as
follows. First, two isometric immersions f: M™ — RY := QN(0) and f: M™ — RY
are said to be related by a Ribaucour transformation (or f is a Ribaucour transform
of f) when there exist a vector bundle isometry P: f*TRY — f*TRi,V covering a
diffeomorphism W: M" — M", a smooth section w € T'((f*TRY)*) and a symmet-
ric tensor D on M™ such that ||f — f o ¥| # 0 everywhere,
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(a) P(Z)— Z =w(Z)(f — fo W), forall Ze(f*TRY),

(b) PofioD=f.0W0,.

When ¢ # 0, let i: Q)(c) — RYt! be an umbilical inclusion, where €y = 1 or 0,

according to ¢ < 0 or ¢ > 0, respectively. Set F' = io f and F= z’of. Then fis said
to be a Ribaucour transform of f if F is a Ribaucour transform of F' determined by
a 4-tuple (¥, P, D,w) such that P(F) = F o ¥ and w(F) = —1. Geometrically, it
is easy to verify that for any Z € T QY (¢) the geodesics in QY (¢) through f(x)
and f(¥(z)) tangent to Z and P(Z), respectively, intersect at a point which is at a
common distance to f(z) and f(V(x)).

The following result was proved in [DTy].

Theorem 9. Let f: M" — QN(¢) be an isometric immersion with a Ribaucour
transform f: M™ — QN(¢). Then there exist ¢ € C°(M) and 3 € T}M satisfying

ap(Ve, X)+VxB=0 for adl X € TM, (13)
such that
FoW =F—200(F.Np+B+éF), v'=|Vel’+ (38 +&’  (14)

Conversely, for (o, B) satisfying (13), let U C M™ be an open subset where D =
I — 2¢pv(Hessp — Aﬂ + cgo[) is invertible and let F be defined on U by (14) with

U =id . Then F =io f, where [ is a Ribaucour transform of flu-

Moreover, suppose that M"™ has constant sectional curvature c. If also M" has
constant sectional curvature ¢ and n > 3, then there exists C' € R such that

Hess o — (1—C)A£+(6+C(c—é))g0[:0 (15)
and
= C((B,8) = (c— d)p”) =0. (16)

Conversely, if (@, B) satisfies (15) then the left hand side of (16) is a constant K € R.
If initial conditions in (15) are chosen so that K = 0 then also M™ has constant
sectional curvature c.

Theorem 9 yields the following for isometric immersions f: M™(c) — QY (c) as
in Theorem 4. For simplicity of notation, we agree that the indexes 7, j always range
on{l,...,n}and son {1,...,N —n}.

Theorem 10. Any Ribaucour transform f: M"(c) — QN(c) of f is given by

F’o\I}:’Lofo\IJ:F—QQOI/(Z’}/ZF*XZ+ZBS€3+C90F), (17>
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where (0,7, ) = (@, Y15« Vns P15« - -, ON—n) 1S a solution of the completely inte-
grable linear system of first order

L Oy 0, .,
i) O = v, i) 8ujz = hjivi, ©# J,
ii1) 0% =(1-0C)8i—>_ hjiy; —cvip, CeR
RO _ auz 7 pos ji' g i )
00 B
Z/U) €s au = € zsﬁza S 7é Z U) auz - - ; hzsﬁsa
and v71 =392 + Y, €502 + cp? satisfies
0> epBl=0. (18)
Furthemore, the pair (o, h) associated to f is given by
20€: 3; - Ve s
/171‘ — UZ‘ + (1061/3’5 . 6:SPY’L/g('S (19)

his — his .
S, B2 MSRN:

Conversely, for any solution (p,~, ) of Ro the left hand side of (18) is a constant
K € R. Assume that initial conditions in Ry have been chosen so that K = 0, let U
be an open subset where v; #0, 1 <1 < n, and let F be defined by (17) with ¥ = id.
Then F =io f, where f is a Ribaucour transform of f|y whose induced metric has
constant sectional curvature c.

Proof: By Theorem 9, we have that F=io f is given by
FoU=F—200(F.Np+f+coF), v'=|Vo|?+ (8,3) + ce?, (20)
where (i, 3) satisfies (13),
¢ := Hessp — A;; +cpl = —CAg (21)

and
—-C(p,8 =0 (22)

Set Voo = Y, vX; and 3 = X, B:&. Then (20) takes the form (17) with v=! =
S+ s €82+ cp? and (22) reduces to (18). Equation i) of Ro merely expresses
the definition of the 7;’s in coordinates, whereas (13) reduces to iv) and v). On the
other hand, (13) is equivalent to F, = F.®, where F = F,.V¢ + 4+ cpF. Thus,
w = F.® is a closed one—form on M™(c) with values in RN+1 Since

dw(X,Y) = F,(Vx®Y — Vy®X — O[X,Y]) + ap(X, Y) — ap(®X,Y),
it follows that ® is a Codazzi tensor on M™(c) such that

ap(X,PY) = ap(X,Y) forall X,Y € TM.
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Thus, 0/0uy,...,0/0u, diagonalize . An easy computation shows that

J Oy ;i
*(ax) (% mzmﬁw) S (G ) e

JF JF

hence equation (21) reduces to ii) and 4ii). This completes the proof of the first
assertion.

It was shown in [DT,] that the second fundamental forms of F' and F are related
by
az(V. X, 0.Y) =P (ap(DX,Y) 4+ 20(®X, DY )(5 + coF)), (24)

where P = I —2vF F* is the vector bundle isometry between the pulled-back bundles
and D = I —2puv®. Hence, uy, ..., u, are also principal coordinates for f and the
coordinate vector fields of f and f are related by

U,(0/0u;) = (0/0u;) oW, 1<i<n.

By (21), we have that

Using (22), we obtain that

hence the first of formulas (19) follows from

F.((0)0u;) 0 W) = F.W,.(0/0u;) = PF.Dd/du; = 0;P f.X;.

Let &1,...,&n_n be the orthonormal normal frame for f given by Theorem 4.
We claim that
fs = P(fs - 2(57 ﬁ>_1€sﬁsﬁ>~ (27>
Using (7), (24) and P(F) = F, we have for 1 < i < n that
. o 0 o 0 o 9
06 = asf =az|=—,=— F 2
/UZ& af (8%’ 8uz> aF (8%’ 8uz> * C<8uz~’ 8uz> ( 8>
o 0 0 0 .
— = s 2
P (ap (Dﬁui’ 8uz~> + 2V(<Dan,Dan>(ﬁ + cpF) + cv; ) ,

We conclude from (25), (26) and (28) that (27) holds for 1 <i < n.

On the other hand, by part i) of Corollary 27 in [DTy] we have that VxPE =
PVE for all X € TM and € € TyM*. Moreover, Vﬁ/aulﬂ = —v;& by (13) and (7).
Using also equation iv) of Ry and (8), we easily get that

vg/aul(fs - 2(57 ﬁ>_1€sﬁsﬁ> = (hzs + 2<ﬁa B>_1€s%‘ﬁs><€i - 2(57 ﬁ>_1€iﬁiﬁ>7

which proves our claim and shows that A, is given by (19) for any 1 < i < n and
1 < s < N —n, s # i Finally, the converse follows from Theorem 9 and the fact
that D is invertible wherever v; # 0, 1 <1 < n. ]
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Corollary 11. Let (v, h) and (¢,7, 3) be solutions of (I) and Ry, respectively. Then
(0, h) given by (19) is a new solution of (I).

Proof: Assume first that (v, h) and (p,~, 3) are defined on a simply connected open
subset U where v;, v; are nowhere vanishing for 1 < ¢ < n. By Theorem 4 there
exists an immersion f: U — QX (c) with (v, h) as associated pair. By Theorem 10,
(0,7, B) gives rise to a Ribaucour transform f: U — Q¥ (c) of f whose associated
pair is (9, ). Then (9, k) is a new solution of (I) by Theorem 4. The general case
can be verified by a direct computation. [

Corollary 12. Let f: M™(c) — S*"*'(c) be as in Corollary 5. Then any Ribaucour
transform f: M™(c) — S**1(c) of f is given by

FoU=iofoU=F 200} (FX; + B:&) + V&1 + coF),  (29)

(2

where (@, 0,7, 8) := (@, 0, Y1y« - s Yy By - - -, Bn) is a solution of the completely in-
tegrable linear system of first order

dp oY v

i) ou; = vpyi, i) eaw = pilbi, i) B, = h;iYi, i # 7,
iv) 3%‘:(1_0)5‘_211},%_6@‘%0 CeR
Rl = auz ? = 317 i 0, ,
96; _ L 9B
U> Oui N hzjﬁz’ 177 ’U’L) ou; T ; hwﬁj - piv,
and v = 33,(07 + B7) + e? + cp? satisfies
O+ ) =0 "

Furthemore, the triple (0, h, p) associated to f is given by

N 2¢3; - 273, - 2evy
U=Vt S m o MiEhit o s o A=t S T g
O A S AR e

Conversely, for any solution (p,~, ) of Ry the left hand side of (30) is a constant
K € R. Assume that initial conditions in Ry have been chosen so that K = 0,
let U be an open subset where v; # 0, 1 < i < n, and let F be defined by (29).
Then F =1io f, where f is a Ribaucour transform of f|y whose induced metric has
constant sectional curvature c.

(31)

Corollary 13. Let (v, h, p) and (¢,,7, ) be solutions of (II) and Ry, respectively.
Then (v, h, p) given by (31) is a new solution of (II).

By putting Theorem 6 and Corollary 12 together we get a Ribaucour transfor-
mation for horizontal isometric immersions f: M"(c) — S**!(c), which is the main
result of this paper.
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Theorem 14. Let f: M"(c) — S*"*'(c) be a horizontal isometric immersion with
vy = 0. Then any horizontal Ribaucour transform f: M"(c) — S*""(c) of f is
given by

Fo\If:’iofo\IJ:F— 2D(D—i—2)g0 (

(D? + 1) (77 + cp?)

where (p,7) = (p, Y1, ..,Tn) is a solution of the completely integrable linear system
of first order

> X + cgpF) , (32)

(2

0 0,
i) 3:2‘ =0y, i) azjz = h;ivi, ©F# 7,
RQ = O0~v;
iid) 22t = —D; — > hji; —cvip, D #0.

Ou; i#i

Moreover, the pair (0, h) associated to f is given by

2Dy ~ 2D
v (Y +ZZ’YZ2+C(’02,Y J J+ZZ,YZQ+C(’02’Y,YJ ( )

Conversely, given a solution (p,7v) of Ra, let U be an open subset where v; # 0 for
1 <i<nandlet F be defined on U by (32). Then F =io f, where f is a horizontal
Ribaucour transform of fly whose induced metric has constant sectional curvature
c.

Proof: Tt follows from (31) and Theorem 6 that the Ribaucour transform f of f is
also horizontal if and only if v;3; = 7;3; and ey;9) = \/Hgoﬁz for all ¢ # j. Hence,
there must exist a function p such that v; = pg; for all j and pyp = e\/Hgo. We

claim that © = D = constant. In fact, from equations #ii) and iv) of system R; and
symmetry of h, we get

0vy; Ou ou
hjivi = 7~ = i+ whiiBi = =05 + hjivis
7 8uz 8uzﬁj th jﬁ 8uzﬁj + 7
and our claim follows. We conclude from (30) that C' > 1 and D* = C' — 1. The
remaining of the proof follows from Corollary 12. [

Corollary 15. Let (v, h, p) be a solution of (III) and let (p,) be a solution of Ry.
Then (v,h) given by (33) is a new solution of (III).

5 The permutability formulas

Let f: M"™(c) — Q¥ (c) be an isometric immersion as in Theorem 4 with (v, h) as
associated pair and let (¢, v*, 3%), 1 < k < 2, be solutions of Ry with constants
Ck. The correspondent Ribaucour transforms fr: MP(c) — QN(c) of f are called
Rey-transforms of f. Denote by fic,cp): M, o) — QY (c) the Ribaucour transform
of f determined by

(@7’775) = 61(901771751> + 62(902772752>7 C1,C2 € Ra
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where ]\7(”01’02) stands for M™ with the metric induced by ]7(01,02). It follows from
(17) that ]7(01,02) = ]7(b1,b2) whenever (c1,c¢2) = A(by,by) for some A # 0. Thus
H={ ]7(01,02), 1,9 € R} defines a one-parameter family of Ribaucour transforms of
f, called the associated family to the solutions (pg, v*, 5%).

The following permutability theorem is an immediate consequence of Theorem
35 in [DTy], where it was proved for flat ambient spaces.

Theorem 16. There exists another one—parameter family H of immersions (called
the conjugate family to H), all of whose elements is a Ribaucour transform of
any element of H. Moreover, if Cy # Cy then H contains exactly one element
[ M™(c) — QY(c) that is a Re,-transform of f;, i # j, which is explicitly given by

F=io f = F —T'(Vap1 + mip2) F1 — D(Y1p2 + Top1) Fo, (34)

where Fry = SuvEFX; + Y, 85, + corF, O = Cp X es(B5)?, 7 = 2C;(Cp —
Ci) ' (Civiv? + (1= Co) s eBL02 + cpra), £ # j and T = 2/(9103 — T172).

Analytically, this yields the following for solutions of the associated system (I).

Corollary 17. Let (v,h) be a solution of (I) and let (or, v, 8%), 1 < k <2, be
solutions of Ro with Cy # Cy. Then (v, h) defined by

v; =v; + C1ﬁz~lr(192901 + T1p2) + 0251‘2F(791902 + T2p1),

his = his + C1 8.0 (927 + 7277) + CaB2T (01} + 11,),

is a new solution of (I).

Theorem 16 yields a permutability theorem for horizontal isometric immersions
f: M™(c) — S*"(c). A Ribaucour transform of f associated to a solution of R
with a constant D # 0 is called a Rp-transform of f.

Theorem 18. Let H be the associated family to the Rp, — transforms F: M,’j(c) —
S+ (e) of f, 1 < k < 2, which are determined by solutions (¢r, ) of Ry with
Dy # —Dy. Then the conjugate family H contains exactly one element f: M™(c) —
S*H(c) which is also horizontal and a Rp,-transform of f;, i # j. Moreover, f
is explicitly given by (34), where now Fy, = (Dy + 1) D (S vF . X + corF), 0y, =
(DE+ DD (3i(0F) +egp) and 7 = =2(D; +1) D7 (D1 + Do) ™ (3259177 + corp2)
1<l#j<2

The analytical interpretation of the above result is given next.

Corollary 19. Let (v,h) be a solution of (III) and let (¢r,7*), 1 < k < 2, be
solutions of Ro with Dy # —Ds. Then (v, h) defined by

vy = v; + D1’YZ~1F(192901 + T1p2) + D2’722F(791902 + Top1),

hij = hij + D17 T(027; + 1277) + Dy T(0177 + 11,
where Dy = (1 + D3)/Dx, is a new solution of (III).
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6 The examples

We compute in this section explicit examples of horizontal isometric immersions
F: M™(c) — $*""(c) C C'*! by applying the Ribaucour transformation to the
trivial solution of system (III) given by

v=B#0, v,=0, 2<i<n, and h=0. (35)

Although (35) is not associated to any isometric immersion, it does can be used to
generate non-trivial examples. First, notice that for the solution (35) system (/V))
reduces to

L OF oF 0X;

V)
0X; 0X
iv) —iX;, 2<i<n, v)—t=iX;—cBF.
8uz~ aul

Therefore F' = F(uy) satisfies the linear second-order differential equation
F" —iF' + ¢B*F = 0.

Set
A =1+ 4cB>.

We will distinguish three cases, according to A > 0, A =0 or A < 0. Notice that
only the first case can occur when ¢ > 0. In each case, a straightforward computation
shows that, for a convenient choice of initial conditions, the solution of (V') is given
as follows. We denote by (Ej, ..., E,11) the canonical basis of C"*! over C.

I) A>0: A A
F = F(Ul) = Clemlul E1 + C2€za2u1 Eg,
1

X1 = X1 (ul) = B (alC’lem”“ E1 + a202€m2u1 Eg),
where
1—+vA 1+vVA  , VA+1 , VA-1
a, = , Gy = , eCf = and C§f = ——.
2 2 2cv/A 2¢v/A
IT) A =0:
e%i?ﬂ '
F = F(Ul) = 2\/—_0 [(22 + Ul)El -+ U1E2] R
et .
X1 = X1 (ul) = F\/—_c [2u1E1 + (2 -+ ’lul)Eg] .
III) A <O0:

1, 1
F = F(U1> = 2" (eau1‘/1 + €_au1I/2), a = 5\/1

1.
652u1

a+ z)e‘““Vl + (—a+ 1)6_““11/2 ,

Xo=Xi(n) = == [la+3 2
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where

1 (=1) (-1)B .
vj_Q\/__C<1+zm>E1— ME2 1<j<2

In all three cases, A
Xi = Xz(uz> = €wiEZ‘+1, 2 < 1 <n.

Now, system R for the Ribaucour transformation becomes

9.
)8u1 By, i) an:O,2<i<n, m’)a—ZJi:O, i 7,
Rs = I 9
)a,Zf Vi, 2<1<mn, )a—?ﬁz—D%—cB% D #0.

Hence ¢ = p(uq) satisfies the linear second—order differential equation
" + Dy + cB%*p = 0.

Set )
A = D? — 4¢B?.

There are again three cases, according to A>0,A=0o0r A<0. Clearly, the two
last cases can occur only for ¢ > 0.

a) A>0:
~D+VA
o(uy) = AjeMm 4 Ajetn )\ = —
1
Vl(ul) = E(Al)q@)\lul + AQ)\2€>\2U1>, Al, A € R.
b) A =
gO(Ul) = €_§Du1 (A1 + Agul), Al, Ay € R,
e—%Du1
71 (Ul) = 9B (2A2 — DAl — DAQUl).
c) A <0
1 =
o(uy) = 2D [Aq cos(kuy) + Agsin(kuq)], k= 5 —A, A, A €R,
€—2Du1
m(up) = 2B [((—=DA; 4 2kAs) cos(kuy) — (DA + 2k Ay) sin(kuy)].

In all cases,
v =7i(w) = Bie”?", BieR, 2<i<n.

For F, X;, p and v; above, formula (32) provides a parametrization of non-trivial
examples of horizontal isometric immersions F': M"(c) — S?***1(¢) € C**!. More-
over, the pair (7,h) associated to F is given by (33), thus (7, h) is a solution of
system (/1) defined by elementary functions.
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