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ABSTRACT. A hereditary class on a set X is a nonempty collection of
subsets of X closed under the hereditary property. In this paper, we
define and study the notion of Lindel6fness in generalized topological
spaces with respect to a hereditary class called, pH-Lindelof spaces
and discuss their properties.

1. INTRODUCTION

The Lindel6fness is an important and interesting concept in general
topology. This paper will not only study general topology, but also other
areas of mathematics. During the last few years several authors have been
working to formulate weak notions of open sets. In terms of these open sets
those authors have extended and generalized the concept of Lindelofness.
The purpose of the present paper is to introduce and investigate the concept
of p-Lindeldfness by using the notions of generalized topology and hered-
itary class which are introduced by Csészar in [1] and [2], respectively.
Also some properties of pH-Lindeléfness spaces are obtained. The strategy
of using generalized topologies and hereditary classes to extend classical
topological concepts have been used by many authors such as [2, 9, 12, 17],
among others.

2. PRELIMINARIES

Let X be a non-empty set and 2% denote the power set of X. We
call a class u C 2% a generalized topology [1] (briefly, GT) if ¢ € u and
arbitrary union of elements of u belongs to u. A set X with a GT is called
a generalized topological space (briefly, GTS) and is denoted by (X, u). For
a GTS (X, i), the elements of u are called p-open sets and the complement
of p-open sets are called pi-closed sets. For A C X, we denote by ¢, (A) the
intersection of all u-closed sets containing A, i.e., the smallest u-closed set
containing A and by i, (A) the union of all yi-open sets contained in A, i.e.,
the largest p-open set contained in A (see [1, 3]). Let A C X. A family C
of subsets of X is called a p-covering of A if C is a covering of A by p-open
sets [8]. A subset A of X is said to be p-Lindeldf relative to X if for every
p-covering {Ux: A € A} of A there exists a countable subfamily
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{Ux : XA € Ag} such that it covers A. X is said to be p-Lindeldf if X is
p-Lindeldf as a subset [15].

A nonempty family H of subsets of X is called a hereditary class [2] if
A € H and B C Aimply that B € H. Given a generalized topological space
(X, p) with a hereditary class H, for a subset A of X, the generalized local
function of A with respect to H and p [2] is defined as follows: A* = {x €
X:UNAg¢H forall U € py,}, where pp, ={U:2 €U and U € u};
and the following are defined: c};(A) = AU A* and the family u* = {A C
X : X\ A=c(X\A)} If the hereditary class H satisfies the additional
condition: if A, B € H implies AU B € H, then H is called an ideal on
X [10]. We call (X, u,H) a hereditary generalized topological space and
briefly we denote it by HGTS. If there is no confusion, we simply write A*
instead of A*(H, p). It is clear that a subset A is p*-closed if and only if
A* C A

Definition 2.1. [1] Let (X, u) and (Y, v) be two GTSs, then a function f :
(X, 1) — (Y,v) is said to be (u, v)-continuous if U € v implies f~1(U) € p.
Definition 2.2. [16] A function f : (X,u) — (Y,v) is (u,v)-open (or
w-open) if U € pu implies f(U) € v.

Definition 2.3. Let (X, u) be a GTS. Then a subset A of X is said to be
p-dense [6] if c,(A) = X. The space (X, ) is said to be p-submazimal [7]
if every p-dense subset is p-open in X.

Definition 2.4. Let (X, u) be a GTS. Then a subset A of X is called a u-
generalized closed set (in short, a pg-closed set)[13] if ¢,(A) C U whenever
A C U where U is p-open in X. The complement of a ug-closed set is
called a pg-open set.

Definition 2.5. [4] A GTS (X, p) is said to be p-extremally disconnected
if the p-closure of every ji-open set is pi-open.

Theorem 2.6. [2] Let (X, u) be a GTS and H be a hereditary class on X
and A a subset of X, then A* C ¢, (A).

Theorem 2.7. [2] Let (X, 1) be a GTS, H a hereditary class on X and A
be a subset of X. If A is u*-open, then for each x € A there exist U € u,
and H € H such that x € U\ H C A.

3. uH-LINDELOF SPACES

Definition 3.1. Let (X, u) be a GT'S and H be a hereditary class on X.
A HGTS (X, pu, H) is said to be uH-Lindelof or u-Lindeldf with respect to
a hereditary class H if for every p-covering {Uy : X € A} of X there exists
a countable subset Ay of A such that X \ U{Ux : X € Ao} € H.
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The following theorem gives a characterization of yH-Lindelofness.

Theorem 3.2. The following are equivalent for a HGTS (X, u, H):
(1) (X, u, H) is wH-Lindelof;
(2) For any family {Fx : X\ € A} of u-closed sets of X such that N{F) :
A € A} = ¢, there exists a countable subset Ao of A such that
N{F\: A€ A} eH.

Proof. (1) = (2): Let {F) : A € A} be a family of p-closed sets of X such
that N{F\ : A € A} = ¢. Then {X \ F) : A € A} is a p-covering of X. By
(1) (X, p,H) is pH-Lindeldf, there exists a countable subset Ag of A such
that X \ U{X \ F) : A € Ao} € H. This implies that N{Fx : A € Ag} € H.

(2) = (1): Let {Uy : A € A} be any p-covering of X, then {X \ U, : A € A}
is a family of p-closed sets and N{X \ Uy : A € A} = ¢. Hence, there exists
a countable subset Ay of A such that N{X \ Uy : A € Ag} € H. This implies
that N{X \Ux : A € Ao} = X \U{Ux : A € Ao} € H. This shows that
(X, p,H) is pH-Lindeldt. O

Theorem 3.3. Let (X,u) be a GT'S and H be a hereditary class on X.
Then, the following statements hold.
(1) If @ HGTS (X,p*, M) is p*H-Lindelof, then (X, p,H) is pH-
Lindelof.
(2) If a HGTS (X, u, H) is pH-Lindeldf and the class H is closed under
countable union, then the HGTS (X, u*, H) is p*H-Lindelof.

Proof. (1): The proof follows directly from the fact that every u-closed set
is p*-closed set.

(2): Suppose that H is closed under countable union and X is uH-Lindelof.
Given {Uy : A € A} a p*-covering of X, then for each x € X, x € Uy, for
some A, € A. By Theorem 2.6, there exist V), € p, and Hy, € H such
that x € V), \ Hy, C Uy, . Since the family {V), : A, € A} is a p-covering
of X, it follows that there exists a countable subset Ay of A such that
H=X\U{V,, : \y € Ag} € H. Since H is closed under countable union,
then U{H), : Ay € Ao} € H. Hence, HU[U{H), : Az € Ag}] € H. Observe
that X \ U{U, : A € Ao} C HU[U{Hx, : A\ € Ao}] € H. By the heredity
property of the class H we have X \ U{Ux : A € Ao} € H and therefore,
(X, p*, H) is p*H-Lindel6f. O

Remark 3.4. To show that the assumption H is closed under countable
union in (2) of Theorem 3.3 is required in the hypotheses, we consider the
following example.

Example 3.5. Let R be the set of real numbers and p be the generalized
topology defined as

u={ACR:A is an wuncountable set}U {¢}.
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The hereditary class on R is defined as
H={R\A:Aeyu}

Observe that H is not an ideal. To show that R is puH-Lindeldf, let {Uy :
A € A} be any p-covering of R. Any countable subfamily {Ux : X\ € Ao},
where Ao C A. We obtain, R\ U{Uy : A € Ag} C R\U\ € H. It
follows that R is pH-Lindeldf. Observe that for each x € R we have (R\
{z})* C R\ {z}. Thus, {z} is u*-open for each x € R. It then follows that
{{z} : z € R} is a p*-covering of R. Suppose now that there exist countable

XT1,L2,y ..y Tn, ... € R such that R\ U {z:} € H. But this is impossible.
i=1
Therefore, R is not pu*H-Lindeldf.

Given a generalized topological space (X, i), we denote by H.. the hered-
itary class of countable subsets of X. The following proposition is obvious
and thus the proof are omitted.

Proposition 3.6. Let (X, pu) be a GT'S and H be a hereditary class on X.
Then the following statements are equivalent:

(1) (X, p) is p-Lindelof;

(2) (X, u, He) is wHe-Lindelof;

(3) (X,p{9}) is u{@}-Lindeli.

Corollary 3.7. If the HGTS (X, u, H.) is uHc-compact, then (X, u) is
WHc-Lindeldf.

Proof. Let {Uy : A € A} be a p-covering of X. Since (X, u, H.) is pH-
compact, there exists a finite subset Ay of A such that X \ {Uy, : X €
Ao} € He This shows that X has a countable subcover and the proof is
completed. O

Proposition 3.8. Let Hi and Ha be two hereditary classes on a GTS
(X, p) with H1 C Ho. If (X, p,H1) is pHq-Lindeldf, then (X, u, Ha) is
uHo-Lindeldf.

Proof. Suppose that (X, u,H;1) is pHi-Lindelof. Let {Uy : A € A} be
any p-covering of X. There exits a countable subset Ag of A such that
X\U{U)\ A E Ao} € H1 C Ho. This implies that X\U{U)\ A€ A()} € Ha.
Hence, X is puHo-Lindelof. O

Remark 3.9. The intersection of any two hereditary classes on a non-
empty set X is a heredity class. To prove this, let H1 and Ha be any two
hereditary classes on X. If A € HiNHs and B C A then B C A € H;
and B C A € Hy. By the hypotheses on Hi and Ha we have B € Hq and
B € Hsy. It then follows that B € Hyi N Hoa.
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Corollary 3.10. If (X, 7, H1NH2) is w(H1NH2)- Lindeldf, then (X, p, H1)
is uHi-Lindeldf and (X, p, Ha) is uHa-Lindeldf.

A subset A of GTS is said to be p-semi-open if A C ¢, (i,(A)) and we
denote by o(u) the class of all y-semi-open sets [3].

Definition 3.11. A HGTS (X, u, H) is said to be uH-semi-Lindeldf if for
every p-semi-open cover {Uy : X € A} of X there exists a countable subset
Ao of A such that X \U{U, : A € Ao} € H.

Proposition 3.12. Every pH-semi-Lindelof space is pH-Lindeldf.

Proof. The proof is obvious since every p-open set is p-semi-open. ]

Proposition 3.13. If (X, u) is p-submazimal and extremally disconnected,
then uH-Lindelof and pH-semi-Lindelof are equivalent.

Proof. The proof comes immediately from the fact that in the extremely
disconnected p-submaximal space p = o (). O

The following lemma is very useful in studying the preservation of uH-
Lindelofness by certain classes of functions.

Lemma 3.14. [5] Let f : (X,p,H) — (Y,v) be a function. If H is a
hereditary class on X, then f(H) = {f(E) : E € H} is a hereditary class
onY.

Theorem 3.15. If f : (X, pu,H) = (Y,v) is a (u, v)-continuous surjection
and (X, u, H) is uH-Lindeldf, then (Y,v, f(H)) is vf(H)-Lindeldf.

Proof. Let {Vy : A € A} be a v-covering of Y. Then {f~*(V)): X € A} is a
p-covering of X and hence, there exists a countable subset Ay of A such that
X\NU{f1(Va) : A € Ag} € H. Since f is a surjective function, by Lemma
3.14 we have Y \ U{Vy : A € Ao} C fF(X\U{f~HVy) : X € Ao}) € f(H)
implying thereby that Y is v f(#)-Lindel6f. O

By taking H = {¢} in the above theorem, we get the well-known result
that p-Lindelof is preserved by (u, v)-continuous surjections. We also have
the following results concerning the pre-images.

Corollary 3.16. If f : (X, ) = (Y,v,H) is a u-open bijection and (Y, v, H)
is vH- Lindeldf, then (X, p, f~1(H)) is pf~1(H)-Lindeldf.

Proof. Since f : (X, u) — (Y,v,H) is a u-open bijection, f~1: (Y,v,H) —
(X, p) is a (v, p)-continuous surjection. Since (Y, v, H) is vH- Lindeldf, by
Theorem 3.15 we obtain (X, u, f~1(H)) is pf ! (H)-Lindeldf. O
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4. SETS puH-LINDELOF RELATIVE TO A SPACE

Definition 4.1. Let (X, u) be a GT'S and H be a hereditary class on X.
A subset A of X is said to be pH-Lindelof or p-Lindelof with respect to
(X, u, H) if for every p-covering {Ux : X € A} of A there exists a countable
subset Ay of A such that A\ U{Ux: X € Ag} € H.

Definition 4.2. A subset A of GTS (X, p) is said to be w-p-open if for each
x € A, there exists U, € p containing x such that U, \ A is a countable set.
The complement of an w-u-open set is said to be w-u-closed. The family of
all w-p-open sets of (X, p) is denoted by fi,.

Lemma 4.3. For any GTS (X, ), the family p., is GT.

Proof. Tt is obvious that ¢, X € u,. Let {A) : A € A} be any subfamily

of uy,. Then for each z € [J A, there exists Ay € A such that z € A, .
AEA
Since Ay, € piw, there exists U, € p containing x such that U, \ Ay, is a

countable set. Since Uy \ (U Ax) C Uz \ Ax,, Uz \ (U Ax) is a countable
AEA AEA

set. Therefore, |J Ax € pi. This shows that (X, u,) is GTS. O
AEA

Theorem 4.4. A subset A of a HGTS (X, u, H) is uH-Lindeldf relative to
wif and only if A is p,H-Lindeldf relative to .

Proof. Necessity. Suppose that a subset A of a HGTS (X, pu, H) is uH-
Lindelof relative to u. Let {Ux : A € A} be any p,-covering of A. For
each © € A there exists A(z) € A such that x € Uy,). Since Uy, is
pw-open, there exists a p-open set Vy(,) such that x € V() and Vi) \
Ux(z) is countable. The collection {Vy(,) : € A} is a p-covering of
A. Since A is pH-Lindeldf relative to p, there exists a countable sub-
set, A(21), A(w2), ..., A(@n), ... such that A\ U{Vy, :i€ N} € H. On
the other hand, we have

AN U AMe) \Uxeo) Ulxeo } € A\NU{Va@,) i € N}

and hence,

A\ [ UN(VA(II‘) \ U)\(mi)) N A) U (ng U)\(Ii))] CcCA \ U {VA(Ii) S N} .

i€

For each A(z;), the set (Vy(z,) \ Ur(z)) N A is a countable set and there
exists a countable subset Ay,) of A such that (Vy(g,) \ Ux@,)) N A C
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U {UA tAE A,\(Ii)}. Therefore, we have
A\ |:(igN (U {U>\ TAE A)\(xi)})) @] (igNUA(zi)):|

A v . A v

- \ [(ng(V)\(IZ) \ Uk(ml)) N ) U (ng U)\(m)):|
CA\U{V)\(M) 11 EN} € H.

By the hereditary property of the class H, we have

A UiUx t XA €Ty, U Un(x, .
\ [(igN( {Ur:ne A(z»})) (igN A(m)ﬂ €n
Sufficiency. Since p C p,, the proof is obvious. O

Corollary 4.5. A HGTS (X, p, H) is uH-Lindeldf if and only if the HGTS
(X, pte, H) 48 p,H-Lindeldf.

By taking H = {¢} in the Corollary 4.5, we obtain the following result
established in Theorem 4.4.

Theorem 4.6. A GTS (X, u) is u-Lindelof if and only if (X, py,) @8 pio-
Lindeldf.

Definition 4.7. [5] Let (X, u) be a GTS and H be a hereditary class on
X. A subset A of X is said to be puH-compact if for every p-covering
{Ux : X € A} of A there exists a finite subcollection {Uy : X\ € Ao} such
that A\ U{Ux : A € Ao} € H. X is said to be a pH-compact space if X is
uH-compact as a subset.

A GTS (X, p) is said to be u-Hausdroff [14] for each pair of distinct
points 2 and y in X, there exist p-open sets U, and V), containing = and y,
respectively, such that U NV = ¢.

Lemma 4.8. z ¢ A* if and only if (U, \ H)NA = ¢, where U, € pu(x) and
HeH.

Proof. Let x ¢ A*. Then there exist U, € pu(x) such that ANU, = H € H.
It follows that (U, \ H)NA = ¢. Conversely, suppose that (U, \ H)NA = ¢
for some Uy, € p(z) and H € H. Then U,N(X\H)NA = (ANU)N(X\H) =
¢. This implies that (ANU,) C H € H. Hence, © ¢ A*. O

Theorem 4.9. Every uH-compact subset of a pu-Hausdorff HGTS (X, u, H)
is p*-closed.

Proof. Let A be a pH-compact subset of a u-Hausdroff HGTS (X, u, H).
Let x ¢ A then x € X \ A. For each y € A, there exist two p-open sets U,
and V,, containing « and y, respectively, such that U, NV}, = ¢. Note that
x ¢ ¢, (Vy). Then {V, : y € A} is a p-covering of A which is pH- compact.
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Therefore, there exists a finite subset Ag of A such that A\U{V}, : y € A} €
H. Now z ¢ ¢, (V) for each y € A implies z ¢ |J ¢, (V) =cu( U V).

yEAo yEAo
Let U= X\co( U Vy) andlet H=A\c (U V) C A\ U V, = Hi,
y€Ao y€No IS

where Hy € H. Since U € p, and H € H, by Theorem 2.7 U \ H is a
p*-open set containing x and (U \ H) N A = (. This implies that x ¢ A*
(by Lemma 4.8). Hence, A* C A, so A is p*-closed. O

Theorem 4.10. Let (X,p) be a GT'S and H be an ideal on X, then a
finite union of sets which are uyH- Lindeldf relative to a space (X, u, H) is
a pH-Lindelof relative to X.

Proof. Let A; and As be two subsets which are pH-Lindelof relative to
X and let A = A3 U Ay, Let {Uy : A € A} be a p-covering of A. Hence,
{Ux : X\ € A} is a u-covering of Ay and As. Since A; and Ay are pH-Lindelof
relative to X, there exist finite subfamily {H;, Ho} C H and countable
subsets Ag and Ay of A such that Ay \ U{Uy, : \; € Ao} = Hy and Ay \
U{Ux, : M\ € A1} = Hy. Now we have

A=A UA,
C (U{U)\I i\ € Ao}) U (U{U)\k A\ € Al}) U (Hl U HQ)

This implies (Al @] Ag) \ (U{U}w A € Ao}) @] (U{U)\,c DA € Al}) C
Hy, U Hy € H. Therefore, A = A; U As is pH- Lindelof relative to X. This
proves that the union of two pH-Lindelof sets is pH-Lindelof. For finite
unions, the proof proceeds by induction on the number of sets. 0

Remark 4.11. If the class H is not an ideal then the union of finite subsets
which are pH-Lindelof relative to X is not uH-Lindelof relative to X .

Let (X,u,H) be a HGTS and let A C X, A # ¢. We denote by Ha
the collection {H N A: H € H} and by (A, pa) the subspace of (X, ) on
A. Tt is clear that the collection 4 is a generalized topology on A and
the collection H 4 is a hereditary class of subsets in A. Then we have the
following theorem.

Theorem 4.12. Let (X, u, H) be a pH-Lindeléf HGTS and A be a u-closed
subset of X. Then (A, ua, Ha) is pa™ a-Lindeldf.

Proof. Let {UxNA :Uy € u, A\ € A} be a pa-covering of A. Then {U, :

Uy € u, A € AFU{X \ A} is a p-covering of X and hence, there exists a
countable subset Ao of A such that X\ [U{Ux : A € Ag}U(X\A)] = H € H.
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Now, we have

ANH=AnN
=AN

XN\ [WH{Ux: A e Ao} U (X N\ A)])
X\U{Uxr:AeAg})NA
=AN(X\UW{Ux: A€ Ao}) = A\ U{Uxr: X € Ap}
=A\(AN[U{Uxr: A€ Ao}]) = A\NU{UrNA: X € Ao}

Therefore, we have A\ U{UxN A : X € Ag} = ANH € Hy4. This shows
that A is a uH 4-Lindelof set. O

o~~~

—~

The well-known result that a p-closed subspace of a p-Lindelof space is
p-Lindelof which is a special case by taking H = {¢}.

Theorem 4.13. Let (X, u,H) be a HGTS and A C X. If for each p-open
set U containing A there is a ppHp-Lindeldf set B with A C B C U, then
A is paH a-Lindeldf.

Proof. Let {Ux : A € A} be a pa-covering of A, where Uy = V) N A such
that V), € u. By the given condition, there exists a upH p-Lindelof set B
with A € B C UV). Then {VxN B : A € A} is a up-covering of B. By
assumption B is upH p-Lindelof, there exists a countable subset Ay of A
such that B\U{VANB : XA € Ao} € Hp. Let B\U{VANB: A € Ag} = HNB,
where HNB € Hp and H € H. Since B=U{VA\NB: A€ A} U(HNB).
Then ANB =AN(UW{VaNB: A€ AJUHNB))=U{VaNnBNA:
A€ A} U(HNBNA). This implies A = U{VhiNA: A€ A} U(HNA).
It follows that A\ U{VxNA: X € Ag} C HNA € Ha. Therefore, A is
H a-Lindelof. O

Theorem 4.14. FEvery ug-closed subset of a pH-Lindelof space is pH-
Lindeldf relative to X .

Proof. Let A be any pg-closed of (X,pu,H) and {Ux : A € A} be any
cover of A by p-open sets in X. Since A is pg-closed, A C UU), implies
cu(A) C UUx. Then the family {Ux : A € A} U{X \ c,(4)} is a p-
covering of X and hence, there exists a countable subset Ay of A such that
X\ [U{Ux : A€ Ao} U (X \ cu(A))] € H. Now, we have
XN\ [U{Ux: A€ AU (X \cu(A)] =X \NU{Ux: A€ Ao} Neu(A)
D) [X\U{U)\:/\EA()}]QA
= A\ [UH{Ux: X € Ao}

Therefore, we have A\ [U{Ux : A € Ag}] € H. Thus, A is pH-Lindelsf
relative to X. 0
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