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Abstract. Let G be a finite group. Based on the prime graph of G,
the order of G can be divided into a product of co-prime positive integers.
These integers are called order components of G and the set of order com-
ponents is denoted by OC(G). Some non-abelian simple groups are known
to be uniquely determined by their order components. In this paper we
discuss the recognizability of simple K,-groups (n = 3,4) by their order
components.

1. Introduction. We denote by m(m) the set of all prime divisors of
m € N and if G is a finite group, then 7(G) is defined to be 7(|G|). We say
that G is a K,,-group when |7(G)| = n.

We construct the prime graph of G as follows. The prime graph
(Gruenberg-Kegel graph) T'(G) of a group G is the graph whose vertex
set is 7(G), and two distinct primes p and ¢ are joined by an edge (we
write p ~ ¢) if and only if G contains an element of order pg. Let t(G) be
the number of connected components of I'(G) and let 7y, 72, ..., myq) be
the connected components of I'(G). If 2 € n(G), then we always suppose
2 € 1. Now |G| can be expressed as a product of co-prime positive inte-
gersm;, i =1,2,... ,t(G), where w(m;) = m;. These integers are called the
order components of G. The set of order components of G will be denoted
by OC(G). Also, if 2 | |G|, then 2 | m; and we call ma, ... ,myq) the
odd order components of G. The order components of non-abelian simple
groups can be obtained by using the tables in [5, 7, 9]. It is obvious that
OC(G) is a finite subset of N consisting of co-prime integers. But not every
subset of co-prime elements of N can be the order components of a finite
group. That is, for a given subset A of N, groups G such that OC(G) = A
do not necessarily exist. We denote by k(A) the number of isomorphism
classes of finite groups G satisfying OC(G) = A. Hence, if G is a finite
group, then k(OC(G)) > 1. Using this function, we introduce the following
definition.

Definition 1.1. A group G is called an r-recognizable group if
k(OC(G)) = r. Usually a l-recognizable group is called a characterizable
group.

If p is a prime number, then k(OC(Z,)) = 1. Similarly, k(OC(Z4)) =
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Therefore, we divide all groups into the following classes: characteriz-
able groups and r-recognizable groups, where r > 1.

In this paper, we give some new classes of finite simple groups which
are characterizable by their order components. In particular, we discuss
the simple K,,-groups for n = 3,4.

2. Preliminary Results. For finite characterizable groups, Chen,
the first author and their collaborators, and some other authors obtained
many results, which can be summarized as follows.

Theorem 2.1. (See the references of [6]) The following groups are char-
acterizable:

(1) Alternating groups A,, where n = p, p+ 1, or p+ 2, and p is an
odd prime number,

(2) Symmetric groups S,,, where n = p or p+ 1, and p is an odd prime
number,

(3) All almost sporadic simple groups except Aut(McL) and Aut(J2),
(4) Simple groups of Lie type: Eg(q), *Es(q), Es(q), Fa(q), *Dn(q),
PSL(p,q), PSU(p,q), G2(q) where ¢ = 0 (mod 3), Suzuki-Ree groups,
3D4(q) where g > 2.

Lemma 2.1. ([6]) Let G be a finite group and let M be a finite group
with ¢(M) = 2 satisfying OC(G) = OC(M). Let OC(M) = {m1,m2}.
Then one of the following holds:

(a) G is a Frobenius or 2-Frobenius group;

(b) G has a normal series 194 H<4 K< G such that G/K is a m1-group,

H is a nilpotent 71-group, and K/H is a non-abelian simple group.

Moreover, OC(K/H) = {m},mb,... ,ml, ma}, where mimj ... mJ|m;.
Also, G/K < Out(K/H).

Lemma 2.2. ([3]) Let G be a finite group with ¢(G) > 2 and let N
be a normal subgroup of G. If N is a m;—group for some prime graph
component of G and m1,ms, ... ,m, are some order components of G but
not m;-numbers, then mimg - --m, is a divisor of |[N| — 1.

Theorem 2.2. [1] If G is a simple K3-group, then G is isomorphic to
one of the following groups: As, As, L2(7), L2(8), L2(17), L3(3), Us(3),
and Uy(2).

Theorem 2.3. [1] If G is a simple K4-group, then G is isomorphic to
one of the fOHOWng groups: A7, Ag, Ag, Alo, Mll; M12, JQ, L3(4)7 L3(5)7
L3(8)a L3(17)7 L4(3)7 05(4)7 05(5)3 05(7)3 05(9)3 07(2)7 03(2)7 G2(3)7
3D4(2), 2Fy(2), Sz(8), Sz(32), Us(4), Us(5), Us(7), Us(8), Us(9), Us(3),
Us(2), and La(g), where ¢ is a prime power satisfying

q(q® — 1) = ged(2,q — 1)2713%2p 374,

where a; € N (1 < ¢ <4) and p, r are distinct primes.
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3. Recognizability of K,-groups.

Theorem 3.1. Let M be a simple K3-group. Then M is characterizable
by its order components.

Proof. By using Theorems 2.1 and 2.2, it follows that if M # U4 (2),
then M is characterizable by its order components. Now let M = Us(2)
and OC(G) = OC(M). Then OC(G) = {25 x 3%,5} and hence, G has a
non-connected prime graph. Therefore, we can use Lemma 2.1.

If G is a Frobenius group, then |G| is even and by using Lemma 2.3
in [6], we have OC(G) = {|H|,|K|}, where H and K are the Frobenius
complement and the Frobenius kernel of G, respectively. Since |H| < |K]|,
we conclude that |H| = 5 and |K| = 2% x 3*. By using the properties
of Frobenius groups we have |H| | (|K| — 1), which is a contradiction.
Therefore, G is not a Frobenius group.

If G is a 2-Frobenius group, then there is a normal series 14« Ha K< G
such that K and G/H are Frobenius groups with kernels H and K/H,
respectively. Therefore, by using Lemma 2.4 in [6], we have |[K/H| =5 and
|G/K| | 4 with |G/K| # 1. If |G/K| = 4, then since G/H is a Frobenius
group with kernel K/H, it follows that 5 | (4 — 1), which is a contradiction.
If |G/K| = 2, then |H| = 2° x 3* and |K| = 2° x 3% x 5. Since K is
a Frobenius group with kernel H, it follows that 5 | (2592 — 1), which
is impossible. Therefore, G is not a 2-Frobenius group. Hence, by using
Lemma 2.1, G has a normal series 14 Hd K< G such that G/K is a -
group, H is a nilpotent m-group and K/H is a non-abelian simple group.
Also, 5 will be an odd order component of K/H. Moreover, K/H will be a
simple K3-group since G is a simple K3-group. Obviously, 7(G) = {2,3,5}
and hence, m(K/H) = {2,3,5}. Therefore, K/H is As, Ag, or Us(2). If
K/H = As, then |G/K|-|H| = 2* x 33. Also, |OUT(K/H)| = 2 and hence,
|G/K| | 2, by Lemma 2.1, and so 3% | |H|. Let P be a 3-Sylow subgroup
of H. Since H is nilpotent and H < G, we conclude that P < G. Hence,
5| (|P| — 1), by Lemma 2.2, which is a contradiction.

If K/H = Ag, then |G/K|-|H| = 23 x 32. Similar to the last case,
it follows that |G/K]| divides 2 and if P is a 3-Sylow subgroup of H, then
P<a G and 5 | (3% — 1), which is a contradiction. Therefore, K/H = Uy(2)
and hence, K = G and H = 1. Hence, Uy(2) is uniquely determined by its
order components.

Theorem 3.2. Let M be a simple K4-group. Then M is characterizable
by its order components, except when M = Aj.

Proof. If M is a simple Ky4-group, then M is one of the finite groups
listed in Theorem 2.3. Also, by using Theorems 2.1 and 2.3, we conclude
that the theorem is proved for the following groups:

Az, Ag, Ag, My, Maa, Ja, Lo(q), Ls(4), L3(8), L3(5), Ls(17), C2(7), C2(9),
G2(3), Us(7), Us(8), Us(9), Us(2), Sz(8), Sz(32). Also, since Ao has a con-
nected prime graph, it follows that OC'(A19) = OC(Z1814400) = {1814400}.



Therefore, Aqq is not characterizable by its order component. Now we prove
the theorem for the rest of them. Since the technique is similar for some of
these groups, we only state a few of them.

Case I. M = L4(3)

Let G be a finite group such that OC(G) = OC(M). We claim that
G is not a Frobenius group nor a 2-Frobenius group.

If G is a Frobenius group, then by using [6], it follows that |H| = 13
and |K| =27 x 3% x 5, where H and K are the Frobenius complement and
the Frobenius kernel of G, respectively. But |H| 1 (JK| — 1), which is a
contradiction. Therefore, G is not a Frobenius group.

If G is a 2-Frobenius group, then there is a normal series 14 Ha K< G
such that K and G/H are Frobenius groups. Therefore, |K/H| = 13 and
|G/K]| | 12 with |G/K| # 1. Let P be a 5-Sylow subgroup of H. Then P4 G
and hence, 13 | (5 — 1), which is a contradiction. Therefore, by Lemma 2.1,
G has a normal series 14 H4 K< G such that G/K is a mi-group, H is a
nilpotent m1-group, and K/H is a non-abelian simple group such that 13 is
an odd order component of K/H. Also, |7(K/H)| < 4 and hence, K/H is
a simple K,-group, where n = 3 or 4. Moreover, 7(K/H) C {2, 3, 5, 13}.
Therefore, K/H can be equal to L4(3), Co(5), 2F4(2), Us(4), La2(25), or
L3(3). Now we consider these cases separately.

If K/H = L3(3), then |G/K|-|H| =23 x 3% x5 and |G/K| | 2. Let P
be a 5-Sylow subgroup of H. Then P < G and hence, 13 | (5 — 1), which is
a contradiction.

If K/H = Cy(5), 2F4(2)’, Us(4) or Ly(25), then 52 | |K/H| but 52 1 |G|,
which is a contradiction. Therefore, K/H = L4(3) and hence, K = G =
L4(3) and H = 1. Hence, L4(3) is characterizable by its order components.

Case II. M = Cs(4)

If OC(G) = OC(M), then G is not a Frobenius group, since 17 1 (28 x
32 x 52 —1). Also, by using the 5-Sylow subgroup of H, it follows that G is
not a 2-Frobenius group. Therefore, G has a normal series 1< H< K< G such
that K /H is a non-abelian simple group and 17 is an odd order component
of K/H, |n(K/H)| <4, and n(K/H) C {2, 3, 5, 17}. Therefore, K/H is
LQ(l?), Lg(lﬁ), or 02(4)

If K/H = Ly(17), then |G/K| - |H| = 2* x 5% and |G/K]| | 2. Let P be
a 5-Sylow subgroup of H. Then 171 (52 — 1), which is a contradiction.

If K/H = Ly(16), then |G/K|-|H| =2*x3 x5 and |G/K| | 4. Let P
be a 3-Sylow subgroup of H. Then 171 (3 — 1), which is a contradiction.

Hence, K/H = C3(4) and hence, K = G = C5(4) and H = 1. Hence,
C3(4) is characterizable by its order components.

Since the proofs of the other cases are similar, we omit the details.

Order components have an important role in research in group theory.
For example, by using the order components of finite groups, we can prove



the validity of Thompson’s conjecture and Shi-Bi’s conjecture [8] for some
finite groups.

Corollary 3.1. (Thompson’s conjecture) Let G be a finite group with
Z(G) =1 and let M be a simple K,-group, where n = 3,4. Let N(G) =
{k | G has a conjugacy class of size k}. If N(G) = N(M), then G = M.

Corollary 3.2. (Shi-Bi’s conjecture) Let G be a group and let M be a
simple K,-group, where n = 3,4. Then G = M if and only if

(i) |G| = |M| and
(ii) 7e(G) = me(M), where m.(G) denotes the set of orders of elements
in G.

Proof. The assumptions of these two corollaries imply that OC(G) =
OC(M), by Lemmas 2.6 and 2.7 in [6]. Thus, the corollaries follow by
Theorems 3.1 and 3.2.
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