A CATALOG OF INTERESTING DIRICHLET SERIES
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Abstract. A Dirichlet series is a series of the form

F(s) = Z f(TSL)7

n

n=1

where the variable s may be complex or real and f(n) is a number-theoretic
function. The sum of the series, F'(s), is called the generating function of
f(n). The Riemann zeta-function
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where n runs through all integers and p runs through all primes is the special
case where f(n) = 1 identically. It is fundamental to the study of prime
numbers and many generating functions are combinations of this function.
In this paper, we give an overview of some of the commonly known number-
theoretic functions together with their corresponding Dirichlet series.

1. Introduction. There seems to be no convenient list of Dirichlet
series except for very large handbooks listing hundreds or thousands of
finite and infinite series of all kinds. Even there, many interesting series
may be missing and new ones turn up every so often. We believe that a
handy catalog of interesting Dirichlet series would be of use to researchers
and so we have gone through the literature [1, 2, 3, ..., 43] and compiled
such a listing. In particular, the classic texts by Hardy and Wright [20],
McCarthy [25], and Titchmarsh [40] proved invaluable in this exercise. Our
list has been confined to what we believe to be useful and interesting series.
Additions and corrections to this initial catalog are welcomed.

By a Dirichlet series we mean any series of the form

F(s) = Z f(?)'

n

Most of the series we give converge for R(s) > 1, but we will just list the
real interval of convergence. The coefficients f(n) are commonly well-known
number-theoretic functions; and for those values of s for which the series
converges absolutely, the Dirichlet series serves as a generating function of
f(n). Further, if

n=1

, for s > sq,
n

and G(s) = i ggj)
n=1

1



then

jg: f=kg ,8 > 8o,

n=1

e

d|n

where

is the Dirichlet convolution of f and g. Also, if the Dirichlet inverse f 1 of

f exists, then
1 o /()
) = Z s s > Sp.
n=1

Many of the formulas we list follow from the results above as well as from
the fact that when f(n) is a multiplicative function, then

25

where p denotes primes.
The simplest such series is the classical Zeta function when f(n) = 1 iden-
tically:

{1+f(p)+f(22932)+f(p3)+”_},
PP

1
S) = Z Ev

convergent for s > 1.

For the sake of completeness we first give a list of some of the standard
number-theoretic functions we have found to occur in many Dirichlet series.
Let p always designate a prime number, (n, m) the greatest common divisor
of natural numbers n and m, and d a divisor of a natural number, as
indicated.

2. A Catalog Of Common Number-Theoretic Functions
N-1 p, = nth prime number, [20, page 5-6].

N-2 7(n Z 1 = the number of primes less than or equal to n, [20, page
p<n
6].
N-3 7(n Z 1 = the number of divisors of n, [20, page 239].
d|n

Here we have used the Greek letter tau for ‘Teiler’ (‘divisor’ in German).
Many British books commonly denote this function by d(n).



N-4

N-5

N-6

N-7

N-8

N-9

N-10

N-11

N-12

N-13

7(n, k) = the number of ways of expressing n as a product of k positive
factors (of which any number may be unity), expressions in which the
order of the factors is different being regarded as distinct.

In particular, 7(n,2) = 7(n), [25, page 40].
o(n) = Z d = the sum of the divisors of n, [20, page 239].
d|

ox(n) = Z d® = the sum of the kth powers of the divisors of n. Thus,
d|n
o1(n) = o(n), [20, page 239)].

o(n) = Z 1 = the number of integers less than or equal to n that

1<j<n
(=1

are relatively prime to n; commonly called Euler’s phi function (or
totient function), [25, page 1].

1; ifn=1
u(n) =< 0; if p%|n , commonly called the Mobius

(=1)% ifn=pip2--ps
function, [20, page 234].

1; ifn=1
pr(n) =< 0; if p%|n , thus, p1 = p, [25, page 39].
(—=1)%  ifn=phpk-- pk
Ji(n) = the number of ordered k-tuples < ai,as, -+ ,ar > where
1<a;<nforl<i<kand (a1,az, - ,ax,n) =1, also known as the

Jordan totient function. It is easily shown that Ji(n) = deu(%),
d|

[25, page 13].
logp; ifn=p*fora>1

A(n) = { sps 1n p re= , also known as the Von Man-
0; otherwise

goldt function, [25, page 247].

v(n) = Zl = the number of different prime factors of n. This is

pln
sometimes denoted by w(n), with w(1) = 0. The letter ‘v’ comes from
the German word ‘verschieden’ meaning ‘different’, [17].

Qn) = Z 1 = the total number of prime factors of n counting repe-
pin

t
titions of a prime. Thus, if n = IT{_,p*, then Q(n) = Z a;, [17].
i=1



N-14

N-15

N-16

N-17

N-18
N-19

N-20

N-21

N-22

N-23

N-24

N-25

N-26

N-27

N-28

A(n) = (=1)", where r = Q(n), with A(1) = 1, also called Liouville’s
function, [25, page 45].
H(n) = Z d(er)ples) - dler), called the Von Sterneck
1<e;<n
le1,e2, - eg]l=n

function, [25, page 14]. Thus, Hi(n) = ¢(n) and it may be shown
that H, = J.

|z] = the greatest integer < z, and its dual [2] = the least integer
>z, [3, page 72].

a(n) = the number of non-isomorphic Abelian groups with n elements.
a(n) is a multiplicative function studied by P. Erdés and G. Szekeres,
[13].

Cx(n) = n*, where k is a non-negative integer, [25, page 2].

B(n) = the number of integers j such that 1 < j < n and (j,n) is a
square, [25, page 25].

1; ifn=1 .
v(n) = ] . also called the core function,
pip2- - pe; it =1 py
[34].
od(n, k) = the number of integers j such that 1 < j < n and (j,n) =

(n+k—j,n)=1. It follows that, ¢(n,0) = ¢(n), [25, page 35].

6(n) = the number of ordered pairs < a,b > of positive integers such
that (a,b) = 1 and n = ab. It follows that 6(n) = 2<(") [25, page 36].

0r.(n) = the number of k-free divisors of n, where k is a positive integer,
greater or equal to 2, [25, page 37].

¢(xz,n) = the number of integers j such that 1 < j <z and (j,n) = 1.
It follows that ¢(n,n) = ¢(n), [25, page 38].

@i (n) = the number of integers j such that 1 < j <n and (j,n)r =1
where (a, b)y, is the largest common kth power divisor of @ and b, k > 2
[25, page 38]. Also known as Klee’s function. Clearly, (a,b); = (a,b
and &1 = ¢.

Yr(n) = Z dﬂu(%) |, where 1)y = v is known as Dedekind’s function,
dl
[25, page 41].

1
nx)|; if nis a kth power ) e
qr(n) = { ()l P , where k is a positive integer,

0; otherwise
[25, page 41].
Br(n) = the number of integers j such that 1 < j < n* and (j,n"*)y is
a 2kth power, [25, page 51].



N-29

N-30

N-31

N-32

N-33

N-34

N-35

N-36

N-37

N-38

N-39

N-40
N-41

Z[k, n], where [k,n] = L.c.m of k and n, [17].

k=1

Z(k,n) and its generalization Z f((k,n)), where f is any number

k=1 k=1

theoretic function, [17].
—1)2(*=D if n is odd

x(n) = { -

, 125, page 27].
0; if n is even 125, pag ]

R(n) = the number of ordered pairs of integers < a,b > such that
1
n = x2 +y?, [25, page 26]. It follows that, Ry (n) = ZR(n) = Z x(d).
d|n

dr(n) = the greatest divisor d of n such that (d, k) = 1, where k is a
positive integer, [25, page 34].

Prs(n) = Z d*, also known as Gegenbauer’s function, [25,

Z s andL?h power
page 55].
For integers a and b, let e(a,b) = e“%*. Now let n be an integer and r

a positive integer and define

C(n,r) = Z e(nz,r).

1<a<r
(z,r)=1

Also known as Ramanujan’s sum, [20, page 247].

1; if n is an sth power

s = ’ , |25, page 55].
vs(n) { 0; otherwise 125, pag }
1; if nis k-free
§k(n) = , , [25, page 228].
0; otherwise

T, (n) = the number of ordered k-tuples < a1, ag, - - , ax > of positive
integers such that each a; is an hth power and n = ajas---ay, [25,
page 40].

p;c,t(n) = Z d®, 25, page 232].
d is a (tit‘l? power
7/(n) = (=1)*(™~(n), the inverse of the core function, [34].

o (n) = Z A(d)d"®, where k is a non-negative integer, [25, page 235].
d|n



N-42 ¢p(n) = Y 4", r=0,1,23,..., [17].

1<j<n
(4,m)=1

3. The Catalog of Dirichlet Series.
D-1

1 1\ *
Z—_HP<1——) , 5> 1,
ns ps

[20, page 245]. More specifically,

=1 7r
z:: — = — and ((2n) = on)

where B,, denotes Bernoulli’s number.

o p(n) 1
D-2 = ——, s > 1, |20, page 250].
) [ ge 250]

D3 Y T _ 2(5) 5 > 1, [20, page 250).

n=1 n
= g(n)  ((s—1)
D-5 — = > 5> 2,[20, page 250].
Lo T wm
D-6 Z U];(sn) =((s)¢(s — k), s > 1, s >k, [20, page 250].
n=1

) 1 ,
D-7 Z =2 - —( (s), s > 1, [20, page 246].

o0 A ’
D-8 > T(Ln) = —i((;) , 5> 1, [20, page 253-254].

& 21}(71) C2(8)
D- = 1, 2 255].
9 E e (2s) s> 1, [20, page 255]

D-10 3" |“SZ)| - CC((;S)), s> 1, [20, page 255].

o 2 4
pn YT ¢ (? s> 1, [20, page 29, 41, 255

2n—1 2
2°nT B

)



, s > 1, [20, page 255].

C(s—1), s > 2, [25, page 189].

1

D-14 = p>2ﬁ = (1—-27°)((s), s > 1 where we sum over odd

D-15 i M =((s—k), s> k+1, [25, page 226].

= 1 1
D-16 2z = - ( <(s) — —), s > 1, where we sum over n such that n
2w =3\ T

is a product of an odd number of primes, [25, page 227].

D7 S @™

2 e )2 ]%, s > 1, [25, page 227].
n=1 p

3 (s)
Z n - ((2s)

D-19 > imlbn) ECES — ;) {C(s —2)+¢(s —3)}, s >4, [18].

s > 1, [20, page 255].

— ns 2((s—2)

D-20 i (ZZ:l izg(ka n) _ S - 1 Z f 8]
n=1 n=1

D-21 i A("if(”) - gg?g , s> 1, [25, page 227].

= 1
D-22 3" () _ ,s> 1 [25, page 228].

— n C(ks)
— Pu(n)  ((s—1)
D-23 ; R (I > 2, [33].
D-24 i kn) _ L) ooy 20, page 255].
— C(ks)
D-25 i ﬂ’“(sn) _ b 2?8))4(25), s> k+1, [25, page 229)].
n=1



D-26 i w’:l(f) - C(SC_(;S))C(S), s>k+1,[19, 38].

D-27 Z A("Li’“(") _ s C_(Q)C(S), s>k + 1, [25, page 232].

D-28 Z v(n) _ L s> 125, page 228].

D-29 Z T’“Z" = cF(hs), s > L, [25, page 229].

D-30 Z pk;—in) = (s — k)((ts), s > k+ 1, [25, page 229].

D31Z _4< )L(s), s > 1, where L(s) i 2(7;127711) s> 1, [20,
page 256} " 1

.32 2 An)py(n)  ¢(25)¢(21(s — k) k12 939

; Z pr = GG =) , 8 >k +1, [25, page 232].
n=1
1) E+D) (4 ) r () Je () {(s — k)

D-33 Z — =) > 2k + 1, [12], chap-
ter X.

D-34 Z Y ng?(n) _ EEZ : ;;, s > 3, [12], chapter X.
o . 2, k-2 k

D-35 Z Aln) (n(:_ 11)1)(51)”5 (n)) = fﬂ(fis)), s >1, k> 2,[12], chap-
for X.

D-36 Z (n, kk 22(w(i)253( ) _ ggg s>1, k>3, [12], chapter X.

D-37 Z U’;" - Sg(ff”];) B) s> k41, [25, page 235].

= Bu(m)on(n)  C2s)C(s = WC(s — h— K)C(2(s — K))C@s — h— )
D C5)C(s — R — h— k) ’
s> h+k+1, [25, page 235].



o Op(ok(n) _ C(s)C(2(s = h)¢(s — k)C(2(s — h — K))((25 — h — k)
D-39 ; : ns - C(s—h)C(s —h—k)((2(2s — h —k)) ’
s>h+k+1, [6]

or(n) _ C(25)C(2(s — k))C(s — h)¢(2s —h— k)
DA Z - Giees—n-R) M
F1, [6]
Oh(mok(n) _ C()C(2(s — KCAs ~ W)C(s —h—k)
D-41 n; ey sy vo gy v pay S SR R
1, [6].
o, (n) _ C(28)C(2(s — h = k))C(s — h)¢(s — k)
D‘QZ (o —h—he@s—h-k 7"
k+ 1,6 ]
D-43 Z op(n?) _ {(s)G(s — 2k) osooki1, [25, page 237].
W s R
C(kn,r) 1—s
D44Z = Zd (k,d)® E),s>17[11}.
D-45 ZA(")HS” LA 28 Zdl Ad)p(S), s> 1, [11].
or(n)  ((25)((2(s — h))((2(s — k))C(2(s —h — k))
D-40 Z = T6)0s — W) — k)G —h— B)C@s —h— k)’
s > h+k+1, [25 page 232].
_ C(2s)¢(2(s — k)
D-47 Z RO s> k+1, [25, page 232].

stp—1
D-48§ %:g(s)np (p Hj ),s>1, (34, 42].
n
n=1

p

et 2 2
D49 Y A("z;(n ) _¢ (288), s> 1, [25, page 234].

0 2 3
D-50 Y A(”z; (n) _ ¢ (288), s> 1, [25, page 234].

o0

D-51 3" U’“T(;L ) _ C(s)Cés(S—(Skzcg)— 2k) s> ok 41, [25, page 237).

n=1



D-54

D-55

D-56

D-57

D-58

D-59

D-60

D-61

D-62

D-63

—k
— n = ) s> k+1, [25, page 226].
S A()  ((2s)
112::1 o) S b 120, page 255,

i ﬂ = (1—-2"%)((s), s > 1, [40, page 21].

(0% E(s)
2 T " )

, s > 1, [40, page 5].

1 —S

= CF(s)I, Py_y (1 + p_s), s > 1, where Py (z) is the kth
-p

n=1

Legendre polynomial in z, [5, Vol. 3, page 170].

M8
\11\7
3|

1og nn®

Z SO log(¢(s)), s > 1, [40, page 57].

oa(n)op(n) _ ¢(s)¢(s —a)C(s — b)¢(s —a —b)
— ns B ¢(2s—a—"b)
,s—b>1 and s —a —b > 1, [20 page 29, 43, 56].

yfors>1,s—a>

\ME%

e (_l)n 1— 221@71 .
= |Bak|, & = 1,2,3,..., where By(x) is the
ngl n2k (2k)!

Bernoulli polynomial of degree k in z, [3, pages 266-267].

o0

1 22k 1 2k (27’()

—:73 = (1)1t Bop, k = 1,2,3,..., with
2 = gy 1Pl = U g B v
B, = B,,(0), [3, pages 266—267].

- 1 k—1 (27T)2k+1 !

;W =(-1) m/{) Boy(z) cot mxdz, [3, pages 266—
267).

Z f —1)¥, s> 1, where fi(n) is the number of represen-

tatlons of n as a product of k factors, each greater than 1 when n > 1,
the order of the factors being essential, [40, page 7].

where f(n) is the number of representations of n

C()

ab a product of factors greater than unity, representations with factors
in a different order being regarded as distinct, and f(1) = 1. It must

10



be noted that ((s) = 2 for some s = « a real number greater than 1,
so that the result is valid for s > a, [40, page 7].

=((s)¢(s+a+b) —((s+a)((s+b), provided s > 1,

> 1, s+b > 1 and s + a + b > 1, where

Gula,b) = 3 (d = (5)") (" = (5)")- [16].

d|n
d<+/n

D-65 iildn)::H%;ﬁXnQ,s>>L[lﬂ.

n=1 n’
D-66 Zl% = Z H(nn) log {(ns), [40, page 12].
P n=1
D-67 Z UT(:) =((s) Mgln) log ((ns), [40, page 12].
n=1 n=1

D-68 Z b(n) =((s) Z @ log ¢(s), where b(n) is the number of divisors

nS
n=1
of n which are primes or powers of primes, [40, page 12].

> c(n) 1213 )
D-69 Z =((s —1)————, s > 2, where ¢(n) is the greatest odd
= n 1—-2-s
divisor of n, [40, page 6].
=, pp(n) 1 S+l
D- —1 Bri1 1C(s —k), s > k
70; ns +(r—|—1)<(s—r)kz:1 k +1-kG(s = k), 8 > K+
1, s>r+1,[17).
D-71
i Z;LZI [j7 n]k
n=1 n
k+1
1 k+1
ST S N Bir1_iC(s —k—i) %,
(s ){ +§(s—2k)(k+1);( i ) kr1-iG(s Z)}

s>2k+1, k>1,[17].
We include the following curious formulas which are special cases of the
function defined by P(z,s) = Z Anx—s, which is both a power series and
n
n=1

a Dirichlet series.

11



The following five infinite series may be found in the classic text by Whit-
taker and Watson, chapter seven, [41]. For further references, the reader
may also consult W. Spence [35] and L. J. Rogers [32].

(1 — oS~ 2 g
D-72 lim (1 - z) Zlns_ra s).

o0 n

1
D-73 Let ®(z) = Z x_g Then, for |z| < =, this function satisfies the func-
n=1 n 2
tional equation,

@( i )+<I>(:U)+<I>(l—x)—(1>(l)

rx—1

= % log(1 —z) + é {log(1 — 2)}* {log(1 — z) — 3log x} .

D-74
= ()
Z 2
3
n=1 n
3
2 ) ~1++5 ~1+5
=15 6¢(3) + 7= log <T> -5 {log <T> }
= 0.4023504 . .. approximately.
D75 i( 1)nsinn;v _ 23 — iy
— nd 12

D-76 Let H(x) = Z % This function satisfies the (Abel) functional equa-

. n=1
tion,

H(z)+ H(y)+ H(zy) + H <M> +H <M> =3H(1).

1—2ay 1—2ay
1
If we define L(x)= H(x)+ 3 logz x log(1 — z), then Leonard J.

Rogers [1906/07], [32] found the following remarkable relations:
L(z)+ L(1 —x) = L(1),

L(z)+ L(y) = L(zy) + L (551(1_7;5)) +L (M) ,

— 71_2
L(x) + L(a®) = L(1), L <“52 1) =i =T,
3—5 2 w2



D-77

D-78

D-79

D-80

D-81

D-82

D-83

5. Some General Theorems.

i%:ﬂpyr{l—kf;f)+f(p2)+f(p3)+"'}v where r is any
n=1

p2S p33
positive integer, (n,7) = 1 and f(n) is any multiplicative function, [25,
page 192}.

Let Z f ), 8 > S0, say, where f is any arithmetic function.

Then for a positive integer r,

= f(n)C(n,r e T\ = f(md
> LD 5 (el 3 200
n=1

d|r

s> s0, [25, page 240].

¢(s) a—z = Z % = Zanl f"xn _ ZA,LQI [20, page 257]
n=1 n=1 n=1 n=1
—s = an - n
¢(s)(1 21 );E_;F

[20, pages 247, 257].

1 2 & 2k +5
> o=t Z(_l)k(zkii?,)'&”%’ posed by W. Jurkat [21]. Tt is
k=0 ’

n=1 =
a special case of:

C(2n+1)={(2n) { ”) Z A(")C 2k } where the Ag’,z) are ratio-

nal coefficients. This was pubhshed by Miklas Mikolas [27], 1953.

Let F(s) = i % and [f(s)]" = i A:L—(Sm Then
n=1 n=1

pla+c) + qalogn

> (p+qlogd)Ag(a)As (c) = p—

d|n

A (a+c).

This was proved in Gould [15]. As shown there, this is a dual of a
corresponding identity for powers of power series.

13
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