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ANOTHER ELEMENTARY PROOF OF THE
CONVERGENCE-DIVERGENCE
OF p-SERIES

Rasul A. Khan

Recently Khan [2] gave a simple proof of the convergence-divergence of the
p-series > - 1/nP. The divergence of this series for p < 1 was shown by con-
tradiction while the convergence of the series for p > 1 was established by the
boundedness of the monotonic partial sums [2]. Here, we give a more direct and
very elementary proof of the same by using only the sum of a geometric series.
Moreover, a telescoping method is used to find sums of some interesting series.

We use the following simple fact:

- n—1 __ a
;QT = m, |T| < 1. (1)

We consider integers j from 2™ to 2™*t! —1 (m = 0,1,2,...), and note that the
number of terms are 2™t — 1 — (2™ — 1) = 2™+ — 2™ = 2m  Then, for any p we
write the p-series as

Yo=Y Y - @)

and the series converges. To show the divergence for p < 1, we consider p = 1 first.
It is clear from (2) that
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If p <1, then > .07, 1/nP > 3> 1/n = oo, and the series diverges. Hence, the
convergence-divergence of the p-series has been established for every value of p.

The preceding observation can be further used to determine the conver-
gence/divergence of some other series Y, f(n) (k > 1), where f(z) is a decreasing
positive function. For example, we have
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and the series converges if p > 1 by the p-series. Moreover,

> S ——
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and thus, >~ , 1/(n(Inn)P) diverges for p < 1. Perhaps, even more interesting is
the series Y >~ , 1/((Inn)?) for any p > 0. Clearly,

0o oo 2mtl_q 00 om 00 om
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Since lim,, ;o 2™/(mP) = 0o (m — plnm = O(m) and 27 P"™ — o0), the series
oo 5 1/((Inn)?) diverges for every fixed p.

It is interesting to note that the telescoping method can be used to find the
sum of the series > 2 n/(2") and Y > n?/(2"), etc. However, as suggested by a
colleague we consider a more general case, namely, > - n*r", |r| < 1. First we ob-
serve that the series converges absolutely. To see this let r £ 0 and note that |r|™ =
exp(—an), where a = —In|r| > 0. Since exp(an) > (a*+2n*+2)/((k + 2)!), hence,
nFr|® = nfexp(—an) < \¢/(n?), for all n > 1, where A\, = ((k + 2)!)/(aF*2).
Thus, Y07 n¥|r|® < A >°07,1/(n?) < oo by the p-series. Therefore, letting
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an = nFr, lim, oo 1™ = limy o0 @n, = 0. It then follows that S i (an —ant1)
converges, and Y-~ (an — any1) = a1. Now set S(k) = > 07 an = 220:1 nFrm.
Clearly, S(0) =r/(1 — ), and applying the binomial theorem we have

k—

E\
Un — Apy1 = 0™ — (n+ 1)kt = (1 — r)nkrm — Z < ,>n3r"+1.
J

=0

—

Now summing over n and using the telescoping sum we obtain

oG Fote-Se()
1—7 nzln rj_: <I;> inﬂ (1—7)S(k) —rj_z_é (l;)s*(g)

Hence, the preceding equation gives

(B () - E )

S(k) = 5

It is tempting to find a closed formula for S(k), but unfortunately it appears that
such a formula is intractable and cannot be obtained even for the special case

r=1/2.
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