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ON THE RATIO OF DIRECTED LENGTHS IN THE TAXICAB
PLANE AND RELATED PROPERTIES

Miinevver Ozcan and Riistem Kaya

Abstract. In this work, it is shown that a point of division divides a related
line segment in the same ratio both in the taxicab and Euclidean planes. Con-
sequently, the coordinates of the division point can be determined by the same
formula as in the Euclidean plane. In the latter parts of the paper, taxicab ana-
logues of Ceva’s and Menelaus’ Theorems and the theorem of directed lines are
given.

1. Introduction. A family of “metrics”, including the taxicab metric, have
been published by H. Minkowski [9] at the beginning of the last century. Later,

taxicab plane geometry was introduced in [8] and developed in [5] using the tazicab
metric in the coordinate plane by

dr(Pr, Py) = |21 — m2| + [y1 — y2|

instead of the Euclidean metric

dp(P1, Py) = \/(x1 — 22)% + (y1 — y2)?

where P; = (21,y1) and Py = (22, y2).

A few problems related to the taxicab geometry have been studied and im-
proved by some authors, see [1,2,3,4,7,10,11,12,13,14]. The taxicab geometry
was constructed by simply replacing the Euclidean distance function dg by the
taxicab distance function dp. Therefore it seems interesting to study the taxicab
analogues of the topics which include the concept of distance in Euclidean geom-
etry. These topics are division point, directed lengths, ratio of directed lengths,
Menelaus’ Theorem, Ceva’s Theorem, and the theorem of directed lines.

2. Directed Taxicab Length and Division Point. Let X and Y be any
two points on a directed straight line [. We define directed tazicab length of the line
segment XY as follows:

dr(X,Y), if XY and ! have the same direction

dr [ XY] =
r [XV] { —dr(X,Y), if XY and [ have opposite direction.
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Thus, dr [XY] = —dr [Y X]. Clearly, directed length in the Euclidean plane can be
defined in a similar way. That is

drp(X,Y), if XY and [ have the same direction

dg | XY]| =
B [XY] { —dg(X,Y), if XY and [ have opposite direction.

If A, B, C are points on a same directed line and C' is between points A and B,
we denote this by ACB. If ACB, then C divides the line segment AB internally
and the ratio of the directed taxicab lengths is a positive real number, that is
dr [AC] /dr [CB] =X > 0. If ABC or CAB then C divides the line segment AB
externally, and dp [AC] /dp [CB] = A < 0, that is, the line segments AC and C'B
have opposite directions. In both cases C' is called the division point which divides
the line segment AB in ratio .

Clearly, C # B. C = A< A =0 and (C is at infinity & A\ = —1).

Let C and C’ be two points such that C divides a given line segment AB
internally and C’ divides AB externally in the same proportion though with
opposite signs. Thus, the ratio of the directed lengths, dr [AC]/dr[CB] =
—dp [AC'] /dr [C'B] is the same positive number A.

Theorem 1. Let P = (z1,y1) and Py = (z2,y2) be any two distinct points in
the analytical plane. If Q = (z,y) is a point on the line passing through P; and
P>, then

dr [P1Q] /dr [QP:] = dp [P1Q] /dE [QPs] .

That is, the ratios of the Euclidean and taxicab directed lengths are the same.

Proof. If Q@ = P, then both ratios are equal to 0. If @ is at infinity then both
ratios are equal to —1. Therefore without loss of generality, let P; # Q # P». It is
enough to show that

21— 2|+l —yl V(@ —2)? + (1 —y)? 1)
[z — 2| +ly =yl (@ —22)2+ (y—y2)°

Squaring both sides of Equation (1) one obtains

2 2
[z =2+l —yl 4 2lm — a2l -yl (31— 2) + () —y)?
|$—$2|2+ |y—y2|2+2|:v—:c2||y—y2| (x —22)? + (y — y2)?
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which is equivalent to

2 2
(@ —22)2 + (y = 92)°] [Jon = 2l + Iy =y + 2[a1 — al Jys — o]

(@1 = )2+ (1 = )2 [lo = 22 + ly = ol + 2| — @] |y — gl

Rearranging the last equality one gets

[(@1—2)2+(y1—y) 2] [(w—22)* + (y—v2) ] +2|1 — 2| [y1 —y| [(z—22)® + (y—y2)?]

[(m1—2)?+(y1—y)?l[(z—22)> +(y—y2)*[+2le—22[[y—ya[[(z1—2)°+(y1—y)?] =1
which means that
2|z —allys —yl [(w —22)* + (y—92)*] _
2|z — w2l |y — yal [(x1 — 2)* + (1 — )?]
or simply
2 — 2l —yl _ (21— 2)° + (11 —y)? @)
|z —za|ly — 2| (2 —22)* + (y — 42)°
Examining the left side of Equation (2) one obtains
[z =2y —yl _ (51 —2) (1 —y)
= (3)

|z — 22| |y —y2|  (z—22) (¥ — y2)

for all positions of @ on P; P». Using Equation (3) in Equation (2) one obtains

(z1 —2)(y1 — y) [(z — 22)* + (y — 12)°]

= (z = 22)(y — y2) [(21 — 2)* + (1 — )’]
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which can be expressed as follows:

(1 —z)(z —22) [(T — 22) (1 — Y) + (21 — 2)(y — y2)]
= =YW —v2)[(@—22)(11 —y) + (21 —2)(y — v2)] -

Rearranging this equality one gets

(@ —22)(y1 —y) — (21 —2)(y — y2)] (21 — 2)(z — 22) — (Y1 —Y)(y — y2)] = 0(4)

If ©1 = 9 then = 27 = x5 and Equation (4) is obvious. If z1 # xo then
y=[(x2 —2)y1 — (21 — 2)ya] / (22 — 21)
since @) is on the line P P,. Now, using this value of y in the first bracket of
Equation (4) we get
(x —z2)(y1 —y) — (@1 — 2)(y — ¥2)

= (& — 22) (31 — (m2*m)g;:im11*m)y2) — (a1 — x)((m*m)g;:;ﬂil*ﬂﬁ)m — )

= oo (@ —z2)(zy1 — xy2 + 212 — 1130) — (21 — @) (2y2 — Y1 + T2y1 — T2y2)]

= oo (@ —z)(w = 22)(y1 — y2) — (21 — 2) (2 — 22)(y2 — y1)] = 0

which shows that Equation (4) is satisfied.

The following corollary shows how one can find the coordinates of the division
point which divides the line segment joining two given points in a given ratio, in
the taxicab plane.

Corollary. Let P = (x1,y1) and P, = (z2,y2) be two distinct points in the
taxicab plane. If Q = (z,y) divides the line segment P; P> in ratio A then,

r1 + Arg Y1 + Ay
— 2 =L ‘I AeER, M #£ -1
x 1+)\ 9 ) 1+)\ ) S ) #

as in the Euclidean plane.
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Proof. Although the Corollary follows from Theorem 1 we prefer to give a
direct proof. The given formula is obvious when A =0or A = —1. If A # 0, —1 and
@ divides the line segment Py P in ratio A, we have |dp [P1@Q1] /dr [Q1P2]| = ||
That is,

|z — 22| + |y — yal

(5)

Since P, # P,

A= A (lwl — 22| + |11 —y2|> _ [Az1 — Aza| + [Ay1 — Aya|
|1 — 2| + [y1 — y2| lo1 — x2| + [y1 — w2

Adding x1 — 1 and y; — y1 to the first and second summands in the numerator and
similarly Azg — Aze and Ays — Ays in the denominator respectively, one obtains

N [Ax1 + x1 — 21 — Aza| + | Ay1 + y1 — y1 — Ay

@+ Amg — Amg — mo| + Y1 + Aya — Aya — ye|

Multiplying the numerator and the denominator of the right side of the last state-
ment by 1/|1 4+ A|, one gets

Az + 21 — 21 — Amo ‘)\yl+yl_y1_/\y2
+
A = 1+ A 1+ A
1+ AT2 — Axg — X2 n Y1+ Ay2 — AyYa — yo
1+ A 1+ A
(14 Xy ! + Az +’(1+/\)y1 _ Y1 + Ay2
RS 15X ) )
o $1+)\£L‘2_(1+/\)$2 I y1+/\y2_(1+)\)y2
1+ A 1+ A 1+ A 1+ A
xl_ffl + Axo yl_y1 + A2
B ) 1+
RN R
Trr 7 T+r 72
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Comparing this result with Equation (5) we obtain

x_xl—i—)\xg and Y1+ Aye
DY R W

3. Theorems of Menelaus and Ceva in the Taxicab Plane. In this
section, the taxicab analogues of the Theorems of Menelaus and Ceva are studied.
In fact, the validity of these theorems is clear from the Theorem 1, but we prefer
to state and give partial proofs for them.

Theorem 2. (Menelaus’ Theorem.) Let {Pi, Ps, P3s} be a triangle and
Q1,Q2,Q3 be on the lines that contain the sides Py P, Po P3, P3Py respectively,
in the taxicab plane. If Q1, @2, Q3 are collinear, then

dp [PrQ1]  dr [PoQs] dr [P3Qs] 1 (6)
dr [Q1P2] dr [Q2Ps] dr [Q3P]

where none of @)1, Q2, @3 coincide with any of Py, P», Ps.

Proof. Several cases are possible, according to the positions of points Py, Ps, P
and @1,Q2, Q3. We give a proof of the theorem only in the following special case.

Let Pz = (xi,yi), = 1,2,3 and iz }é Ti+1 and let Ql,QQ,Qg be on a line [
given by y = mx + k such that Q; = I A PiP;;1 (moa 3) and [ is not parallel to the
line P, P44, for i = 1,2,3 (Figure 1) . Clearly max; — y; + k # 0 since P; # Q; for
i,7=1,2,3 and m # (yir1 — vi)(@it1 — 2;) " L. The equation of the line P; P,y is
given by

Y= Yir1 —yi)(Tiz1 — xi)_lx — (@iYir1 — Ti1Y:) (Tigp1 — Ii)_l

It follows from a simple calculation that

0 = (wiyiﬂ — Tit1Yi — kxi + kvipn maiyipn — mxipy — ky + kyi+1)
' MT; — MTit1 — Yi + Yir1 MT; — MTip1 — Yi + Yit1

dr [PiQ;]
Now let us find ————.
dr [QiPiy1)
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Figure 1.

dr [Pi@Q1] — dr (P, Q1)

dr [Q1P] dr (Q1, P»)

T1y2—x2y1 —kzi1+kxo
Mmr1—mr2—y1+y2

xr1 —

_ mziys—mxoyr —kyi +kys
+ ‘yl mx1—mr2—yYi1+y2

T1y2—xoy1 —kxitkxre 2ol + mxi1y2—mz2y1 —kyi1+ky2
— — 2 — —
mx1—mr2—y1+y2 mxi—ma2—yi1+y2

"

ma}—mz1 w2 —T1y1+T2y1 —kvo+ko1 [+ |maiyr —m@1ye +y1y2 — i —kya+ey: |

_ _lzi(mzi—yi k) —za(mar —y1 +k) [+Hyi1 (maz1 —y1 +k) —y2 (ma1 —y1 +k)|

ma3—mzi1r2—z2y2+r1y2—kv1+kos |+|mw2y2—mw2y1+y1y2—y§—ky1+ky2|

T |za(mea—y2+k)—x1 (maa—y2+k)[+|y2 (mre—y2+k) —y1 (mza—y2+k)|

(|71 — 22| + ly1 — y2|) Imx1 — Y1 + K|
(Jz1 — @2| + ly1 — y2|) [ma2 — y2 + K|

_ma —yi + k]

|mas —y2 + k|

Similarly,

dr [P2Q2]  dr(P2,Q2)  |maxs —y2 + K

dr [Q2Ps]  dr(Q2,Ps)  |mas —ys + k|
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and

dr [PsQs]  dr(P3,Q3)  |mxs —ys + k|

dr [QsP]  dr(Qs, Pr)  |ma1 —y1 + k|

and consequently,

dr [PiQ;] |max; — y; + k { -1, ifi=1
=S 3 = . .
dT [Qiﬂ+1] |m:vi+1 — Yit+1 + k| 1, lf 1= 2, 3
Now, it can be easily computed that
3
H(dT [PQi] /dr [QiPisa]) = —1.
i=1

Theorem 3. (Converse of Menelaus’ Theorem.) Let { Py, Py, Ps} be a triangle
and @1, @2, @3 be three points on the lines that contain the sides P) P, P,Ps, P3P,
respectively, in the taxicab plane. If

dr [P1Q1] dr [P2Q2] dr [P3Qs]
dr [Q1P) dr[Q2P3] dr [QsPi]

=1

)

then @1, @2, Q3 are collinear. Note that none of @1, @2, Q3 are Py, Ps, Ps.

Theorem 4. (Ceva’s Theorem.) Let { Py, P, Ps} be a triangle and lines I3, 12,13
pass through the vertices P;, P, Ps, respectively and intersect lines containing the
opposite sides at points @1, @2, @s. The lines Iy, (3,13 are concurrent (or parallel)
if and only if

dr [P\Qs] dr [PQ1] dr [P3Q2]
dr [Q3P2] dr [Q1P3] dr [Q2P]

=1

Note that none of Q1, @2, Q3 are Py, Py, Ps.
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4. Theorems of Directed Lines (Strahlensitze). In general, it is well-
known that the axiom of congruence and consequently properties of similarity for
triangles are not valid in the taxicab plane. But, it follows from Theorem 1 that
the following directed line theorem [6] is valid in it.

Theorem 5. Let a pencil of lines be intersected by a family of parallel lines in
the taxicab plane (see Figure 2).

(i) The ratios of the directed lengths of the corresponding segments on the lines
belonging to the pencil are the same. For example,

dT [SA] : dT [SB] : dT [SC] = dT [SAl] : dT [SBl] : dT [SCl]
= dT [SAQ] . dT [SBQ] . dT [SOQ]

or

dT [SAl] : dT [SBl] = dT [AlAg] : dT [BlBg] .

(ii) The ratios of the directed lengths of line segments on the parallel lines and cor-
responding segments on the lines belonging to the pencil, which are measured
from the vertex, are the same. For example,

dT [OB] : dT [ClBl] : dT [CQBQ] = dT [SO] : dT [SC&] : dT [SOQ]
= dT [SB] : dT [SBl] : dT [SBQ]

or

dT [AB] . dT [AlBl] . dT [AQBQ] = dT [SA] . dT [SAl] . dT [SA2]
= dT [SB] : dT [SBl] : dT [SBQ] .

(iii) The ratios of the lengths of the corresponding segments on the parallel lines
are the same. That is,

dT [AB] : dT [BC] = dT [AlBl] : dT [BlCl] = dT [AQBQ] : dT [BQCQ] .

Notice that here a:b: ¢ =ay : by : ¢1 if and only if a/a; = b/b1 = ¢/cy.
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Figure 2.
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