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ABSTRACT. Let C, be a cyclic group of order m. We prove that if a group G fits
into an extension 1 — CZZH, — G— C; — 1 for n>1 then G is good in the sense of
Hopkins-Kuhn-Ravenel, i.e., K(s)"(BG) is evenly generated by transfers of Euler classes
of complex representations of subgroups of G.

1. Introduction and statements

This paper is concerned with analyzing the 2-primary Morava K-theory
of the classifying spaces BG of the groups in the title. In particular it answers
the question whether transfers of Euler classes suffice to generate K(s)"(BG).
Here K(s) denotes Morava K-theory at prime p =2 and natural number
s> 1. The coefficient ring K(s)“(pt) is the Laurent polynomial ring in one
variable, IFy[v5,v,!], where IF, is the field of 2 elements and deg(vy) =
—2(2°—1) [12]. So the coefficient ring is a graded field in the sense that
all its graded modules are free, therefore Morava K-theories enjoy the Kiinneth
isomorphism. In particular, we have for the cyclic group C,..1 that as a
K(s)*-algebra

K(5)" (BCn) = K(8)* (BCy) @xy- K(5)' (BCun),
whereas K(s)*(BCayn) = K(s)"[u]/(u*"), so that
K(s)"(BC3,) = K(s)"[u, o]/ ", 02",

where u and v are Euler classes of canonical complex linear representations.
The definition of good groups in the sense of [10] is as follows.
(a) For a finite group G, an element x € K(s)"(BG) is good if it is a
transferred Euler class of a complex subrepresentation of G, i.e., a class of the
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form Tr*(e(p)), where p is a complex representation of a subgroup H < G,
e(p) € K(s)"(BH) is its Euler class (i.e., its top Chern class, this being defined
since K(s)" is a complex oriented theory), and Tr: BG — BH is the transfer
map.

(b) G is called to be good if K(s)"(BG) is spanned by good elements as a
K (s)*-module.

Recall that not all finite groups are good as it was originally conjectured
in [10]. For an odd prime p a counterexample to the even degree was con-
structed in [14]. The problem to construct 2-primary counterexample to the
conjecture remains open.

The families of good groups in a weaker sense, i.c., K(n)°“(BG) =0 are
listed in [16]. In particular, if G belongs to any of the following families of
p-groups, then K(n)°“(BG) = 0.

(a) wreath products of the form HC, with H good [10], [11];

(b) metacyclic p-groups [20];

(c) minimal non-abelian p-groups, i.e., groups all of whose maximal sub-
groups are abelian [21];

(d) groups of p-rank 2 [22];

(e) elementary abelian by cyclic groups, i.e., the extensions V' — G — C
with 7 elementary abelian and C cyclic [23], [14];

(f) central product of the form H o C,» with H good [16];

(g) H is a normal subgroup in G of index p, H is good and the integral
Morava K-theory K(s)(BH) is a permutation module for the action of G/H
[14].

Our main result provides a new series of good groups in the sense of
Hopkins-Kuhn-Ravenel.

THEOREM 1. All extensions of Cy by szn“ are good for all n > 0.

For n=0 and n =1 the statement of the theorem was known. See [2],
[4], [16], [18] for detailed discussion and examples. In this particular case, for
various examples of groups of order 32, the multiplicative structure of K*(BG)
is also determined in [2], [4] using transfer methods of [5], [6].

The basic tool for the proof is the Serre spectral sequence, which we use
throughout the paper. However, if we work in a straightforward way, even
for s =2, n =1, this requires a serious computational effort and use of com-
puter, see [17], p. 78. We simplify the task of calculation with invariants by
suggesting the special bases for particular C;-modules K(s)*(BH), see Lemma 1
and Lemma 2. This simple but comfortable idea is our key tool to prove
Theorem 1. We will prove it for the semi-direct products

(C2u+1 X C2n+l) X C,. (1)
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Then the general case follows because of the fact that the Serre spectral
sequence does not show the difference between the semi-direct products and
their non-split versions.

2. Preliminaries

Recall [9] there exist exactly 17 non-isomorphic groups of order 22+3,
n > 2, which can be presented as a semidirect product (1). Each such group G
is given by three generators a, b, ¢ and the defining relations

n+1 n+l _ . .
a?’ =p¥ =2 =1, ab = ba, clac=a'd/, cbe = a“p’

for some i,j,k, /e Z/2"" (Z/2" denotes the ring of residue classes modulo
2™).  In particular one has the following.

ProposITION 1 (See [9]). Let n be an integer such that n > 2. Then there
exist exactly 17 non-isomorphic groups of order 2°"*3 which can be presented as
a semi-direct product (1). They are:

G =<a,b,c|(x),cac = a,cbc = b),
G, = <a,b,c|(x),cac = a'™?" cbe = b "),

G; =<a,b,c| (x ,cac = ab>", cbc = b,

Gy = {a,b,c| (x),cac = a'*2"b?" che = b'*?"),

' cbe=b"1,

Gs = {a,b,c| (x),cac = a~'*2" cbe = b~ 12"},

G; =<a,b,c|(x),cac = a~ b2 cbe = b1,

Gs = {a,b,c| (x),cac = a '*2"b?" cbe = b~ 1+2"),

(%)
(%)
(%)
(%)
Gs = <a,b,c|(x), cac
(%)
(%)
(%)
(%)

Gy = <{a,b,c| (x),cac = ab>", cbc = a>'b! "),
Gio = {a,b,c| (x),cac = a,chc = b'*?"),

G = <a,b,c|(%),cac = a~'b*" cbe = a>'b *2"),

)

)

G2 = <{a,b,c|(x),cac =a~! che = b~ 12"},

Gi3 = {a,b,c|(x),cac = a,chc = b1 ™")
)¢

Gy = <a,b,c| (* ) 71,CbC = b1+2n>7
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G5 = <a,b,c|(x),cac = b,cbc = a),
Gis = <{a,b,c|(x),cac = a,chc = b~ '),
Gi7 = <a,b,c|(x),cac = a'"?" cbec = b 12",

where (%) denotes the collection {a?"" = b2 =2 = [a,b] = 1} of defining
relations.

Let H; and G; be finite p-groups, i = 1,...,n, such that H; is good and G;
fits into an extension 1 — H; — G; — C, — 1.

Let G fit into an extension of the form 1 — H — G — C, — 1, with
diagonal action of C, by conjugation on H = H; x --- x H,. Let

Tr* = Tr, : K(s)"(BH) — K(s)"(BG)

be the transfer homomorphism associated to the p-covering
o=0(H,G): BH — BG.

Let

Tr; = Tr, : K(s)"(BH;) — K(s)"(BG)
be the transfer homomorphism associated to the p-covering

0i=o(H;,G;): BH; — BG;, i=1,....n.
Then
(Trin-ATry)"

is the transfer homomorphism associated to the product g; X -+ X g,.
Let

p; : BG — BG;

be the map induced by the projection p; : H — H; on the i-th factor. Consider
the map

(p1y---,p,) : BG— BGy X -+ X BG,.
Then by naturality of the transfer one has
(Prs--sp) o (Trin--ATry)" =Tr" o (pr,...,pn)"
Therefore (py,...,p,)" defines the homomorphism

p* i K(s)"(BGy X -+ X BG,)/[Im(Try A+ ATr,)" — K(s)"(BG)/Im Tr*.
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In [3] we proved the following.

THEOREM 2. Let G be a group as above. Then

1) If G; are good, then so is G.

ii) As a K(s)"(pt)-module, K(s)"(BG)/Im Tr* is spanned by elements in
Im p*.

In particular this implies

COROLLARY 1. Let G=Gj, i #3,4,7,8,9,11, in Proposition 1. Then G
is good in the sense of Hopkins-Kuhn-Ravenel.

PrROOF. G5 is good as wreath product [10]. If i # 15, G; has maximal
abelian subgroup H; = <a,b) on which the quotient acts (diagonally) as above.
Each of the following groups C,.1 x C,, the dihedral group D,..2, the quasi-
dihedral group QD,..2, the semi-dihedral group SD,..2 could be written as
semidirect product C,..1 X C, with that kind of action. For all these groups
K(s)"(BG) is generated by transfers of Euler classes, see [19, 20].

We will need the following approximations (see [7], Lemma 2.2) for the
formal group law in Morava K(s)"-theory, s > 1, where we set v, = 1.

2s—1)

F(x,p) =x+y+ (w)? mod(*"); 2)
F(x,y)=x+y+o(x )" (3)
where @(x,y) = xy+ (xy)zkl (x+y) mod((xy)zk1 (x+ y)zH).

3. Complex representations over BG

Let us define some complex representations over BG we will need.
Let H=<a,b) =~ Cyu1 x Cy»1 be the maximal abelian subgroup in G.
Let

n: BH — BG 4)

be the double covering. Let 4 and v denote the complex line bundles over BH
defined by

Aa) = v(b) = 2" i(b) = A(c) = v(a) = v(c) = 1,

i.e. the pullbacks of the canonical complex line bundles along the projections
onto the first and second factor of H respectively.
Define three line bundles o, f and y over BG, as follows:

a(a) = f(b) = y(c) = =1, a(b) = a(c) = fi(a) = f(c) = y(a) = y(b) = L.
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Let us denote Chern classes by

in K(s)*(BG), where m(—) is the induced representation from .

4. Proof of Theorem 1

Here we prove that all the remaining groups G;, i =3,4,7,8,9,11, not
covered by Corollary 1, are also good.
Our tool shall be the Serre spectral sequence

E, = H*(BC,, K(s)"(BH)) = K(s)*(BG) (5)

associated to a group extension 1 - H - G — C;, — 1.

Here H*(BC,,K(s)"(BH)) denotes the ordinary cohomology of BC, with
coefficients in the IF;[C;]-module K(s)"(BH), where the action of C, is induced
by conjugation in G.

Let 7r* : K(s)"(BH) — K(s)"(BG) be the transfer homomorphism [1], [13],
[8] associated to the double covering n: BH — BG.

We use the notations of the previous two sections. In particular
let

H=>~ C2n+1 X C2n+l = <a,b>.
The action of the involution ¢ € C, on
* * (n+1)s (n+1)s
K(s)"(BH) = K(s)"[u, v]/ (" ", 0*"") (6)

is induced by the conjugation action by ¢ on H.

As a Cy-module K(s)"(BH)=F ® T, where F is C,-free and T is Cp-
trivial.

This gives the decomposition

[K(s)"(BH)|“ = [F]" ®T. ()

Clearly the composition 7#*7r* =1+t the trace map, is onto [F]CZ.

Therefore it suffices to check that all elements in 7" are also represented by
good elements.

Note that z*m is the trace map in complex K-theory, ie., n*(m(1)) =
A+ t(1). Then the Chern classes can be easily computed. In particular for
all cases of G let u=e(1) =c¢;(4) and v=e(v) = ¢;(v) as before. Then
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X1 =7n"(x1) = e (m*(m(A)) = u+ t(u), X =7n'(x2) = aa(n*(m()) = ut(u),
yi=n () =a@ @) =v+uv),  yp=71(y)=c@(m) = o).
We will need the following.

LeMMA 1. Let G be one of the groups under consideration and te C, =
G/H be the corresponding involution on H. Then there is a set of monomials
{x@} = {xix,pF L}, such that the set {x®,x“u,x?v,x“uv} is a K(s)*-basis in
K(s)"(BH). Specifically one can choose {x®} as follows:

(Bpipslj<2m k<281 <2001k if G = G,
{x} = {RIR]FETL ik <29, j,1 < 271}, if G= Gy, Gy,
{RIX)PEPs ik < 2™, j, 1< 2571, if G=G,Gs, Gy

Proor. For any case, the set {x®,x“u, x“v,x“uv} generates K(s)"(BH):

using u> = ux; — %, and v?> = vy, — y, any polynomial in u, v can be written

as go + ¢g1u + gov + gsuv, for some polynomials g; = ¢;(X1, ¥y, X2, ¥,). In par-
ticular it follows by induction, that

Uzm _ J712m 1 + Zyzm 20 gz 17 (8)

and similarly for u?"

Now for each case we have to explain the restrictions in {x“}. Then
the restricted set S = {x®, x?u, x?v,x“uv} will indeed form a K*(s)-basis in
K*(s)(BH) because of its size 41,

Consider G;. For the conditions on / and k& we have to take into account
(2), (3), (6) and the action of the involution z.

In particular, we have

A =4,  tv)=2*"v, and  1(u)=u

This implies ¥ = u + t(u) =0 and X, = ut(u) = u.

On the other hand, from (3)
(o) = F@,0) =v+u”" + (Uuzm)zxfl’
which implies 73" =0 from (6). Similarly
P = v+ t(v) = u*" + ("),

which implies y7' = 0.
Thus we have the condition that k < 2* and [ < 20*Ds=1 in {x}.
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For the condition on j, that is, the decomposition of )‘C%"H in the suggested
basis, note that the formula for #(v) and (8) for m =s— 1 imply

_2/15—1 _ ons R
Xy =uo=0

— — 5= _ns—1 i i—1
=5+ 7 (vyf Z U >

_ 1 e =1 _ni_~i-l
=Ji 4oy 4+ ZJ’Z 2%

Here %3 is represented by 7¥j!’s, and so we have the condition j < 2!,
Gy The involution acts as follows: #(4) = A", #(v) = A*'v¥"*!, hence

1) = Fu,u®™) = u+u®" + (i )>" by (2), 9)
1(v) = F(o, F(0*",u®")) = v+ F(o*" ™) + 7 (F(0*",u®")>,  (10)

so that x?' = y¥ =0.
For the decomposition of %2, note (9) implies

)_anx—l _ (ut(u))zm'—] _ uzm.
Then by (9) again
ns— ns— s—1 ns— s—1 s—1 25— 5—
U =n 4 @d" ) = n @+ @) = x5

and apply (8) for u®"'
Similar arguments work for 73" 1

The proof for Gy is completely analogous as it uses the following similar
formulas for the action of the involution:

t(2) = ¥, 1(v) = A2y
tu) = Flu,v*") = u+v*" + (uvzl”)zsil,

{(v) = Fv, Fu®",0*")).

G7: Let J be the complex conjugate to A and

<
|
—_
~
—
<
=
Il
o
—
~
S~—
<
|
—
~
—~
<
N
Il
o
—~~
<
S~—
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The involution acts as follows:

t(2) =1,

1) = 2%,

tu) = =u+ (uz)® mod(l + 1), by (3) as F(u,i) =0
((v) = F(B,02") =5+ u®" + (@2")>, by (2).

It follows that
0=u+amodua)®  =u+amodu®)

therefore
xlzns _ (u+ L_l)zlx: _ 07 as u2(7x+l)s _ 0
Then as uit = %, is nilpotent we can eliminate X3’ = (uﬁ)zi fori>s—1in
(3) after finite steps of iteration and write ¥3" ' as a polynomial in u + & = X.
We will not need this polynomial explicitly but only

2" =0 mod(1 + 1).

For 33" =0 apply the formula for #(v) and take into account v+ o =
0 mod v*'.

For the decomposition of y%H note we have two formulas for F(v,t(v)) =
e(4*") = u?", one is (8) and another is (3). Equating these formulas we have
an expression of the form

7 =ust""'+ P(5,,5,), for some polynomial P(J,,J,).
Again as j, is nilpotent we can eliminate )7%1 for i > s — 1 in (3) after finite
steps of iteration and write j2° ' in the suggested basis. Again we only will
need that

)7%3'7] =ux] ' mod Im(1 +1).

This completes the proof for G;. The proofs for Gg and Gy, are
analogous. Let us sketch the necessary information for the interested reader
to produce detailed proofs.

Gg: the action of the involution is as follows:

N
—
~
S~—
I
Pl
S

on Z‘(v) _ vj'2”1}2/17
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Gy1: one has
t(2) = w?, 1(v) = w2 v,
t(u) = F(a,v*"),
1(v) = F(5, F(u*" ,v*")).

For both cases to get ¥ =0 apply formula for #(u) and u+ii=

0 mod »?'. Similarly for 32" =0. For the decompositions of 2" and
72" apply (3) and (8). In particular for Gy we have by (3) % ' =u®"
modulo some %, f (7, %,) € Im(1 +1). Therefore 3" = 0mod(1 + 7) and by
(8) for u, we have

G = = e B = B umod(1 4 1)
Similarly 53" =0 mod(l+ 1) and we get
87 = P o) = B 5 e mod(1 40
Thus we obtain
X' =5" =0 if G=Gy,Gs, G,
#7=0, 7 =x"lumod(l +1), it G=0r,
)—Cg“" =¥, )7%?71 =5 "u+ 3" omod(1 + 1), if G= Gg,

_ns—1 _ons_ _ns—1 _ons_ _ons_ .
5 =y, 75 =5 u+ " o mod(1 4 1), if G=Gi.

LeMMA 2. Let g= fo+ fiu+ frov+ fruve K(s)*(BH), where f;=
Sfi(X1, Y1 X2, ¥,) are some polynomials written uniquely in the monomials x©
of Lemma 1. Then g is invariant under involution t € G/H iff

fixi =5, =0; fixi = o).

ProoF. We have ¢ is invariant iff g e Ker(l +¢). Since each f; is
invariant

g+1(g) = filu+t(w) + f2(v+ 1(v)) + f3(uv + t(uv))
= fiXi + oy + (X Py + X+ yiu)
and using Lemma 1 the result follows.

To prove Theorem 1 it suffices to see that all invariants are represented by
good elements. It is obvious for the elements a + #(a) = n*Tr*(a) in the free



K(s)"(BG), G = (Cyn x Cyr) X Cy 11

summand [F]<* in (7). Therefore one can work modulo Im(1 + ) and check
the elements in the trivial summand 7. Let us finish the proof of Theorem 1
using Propositions 2, i). We will turn to Proposition 2 ii) later.

PROPOSITION 2. Let T' be spanned by the set

for Gjs,
il il =2 lojl =2 1oj] . -1 T 1)s—1
{075, X y3u, 1 % pho, v X Puw | j < 2m7 1< 20D
for Gy, G,
—i—) <2 1oioj 251 251 1
{X373, X ~ X3 73U, y1 xzyzv Xy xéyzuv\l J<2™
for G7,Gg, Gy,
jo=am] L YCR P, VU D —1
{xzyz, xéyzu yl xzyzv XN xéyfuv|l7] <27}

Then
1) All terms in T' are represented by good elements and T C T'.

i) Moreover, T =T'.

ProOF OF i). The case of G;. The basis set of T’ above is suggested by
Lemma 1 and Lemma 2: it is clear that all its terms are invariants. The terms
%) 7Fp) e Im(1 4 1), k > 0 are omitted as we work modulo 1+ ¢ Then all the
restrictions follow by

=0, x=0 3" =0, & =¥ mod(l+1).

Thus T C T'. Let us check that T’ is generated by the images of prod-
ucts of Euler classes under n*, where n is the double covering (4).
By definitions

(o) = 2% ' (det m(v) @ a) = vAZ A =2,

o (v') = v, where v’ = e(det m(v) ® o).

Taking into account (8), for m =s, we get
W 20 2] 225 gt g2
7' (v") = 0" = P +Zy y5 =y, +vy;  mod(l+1¢). (11)

By definition ¥ =7*(x2) and ¥y, =7*(y2). Combined with (11) this
implies that all elements of the first and third parts of the basis set of T’
are 7* images of the sums of Euler classes.
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For the rest parts of the basis of 7’ note that the bundle A can be extended
to a bundle over BG, say A’ represented by A'(a) = ¢>@/2"" )/(b) = 1'(c) = 1.
So n*(e(4')) =u. Then note that the second and last parts are obtained by
multiplying by u from the first and third parts respectively. Therefore we can

easily read off all elements as n* images of the sums of Euler classes.

Gs. Again the basis for T’ is suggested by Lemma 1: we have x>’ =

72 =0 and 2" and p2"' are decomposable. Then applying (8) we get
7" (det(mv) ® o) = v,
7 (e(det(mv) @ 2)) = v*’ = o3> ' + 73 mod(1 + 1),
¥ (det(m2) @ uf) = 12,
7 (e(det(mi) @ af)) = u* = ux? '+ 32 mod(1 + 7).

Thus Gy is good. The proof for Gy is completely analogous.

G7, Gg, Gyp: It is clear that all of the basis elements for 7’ are invariants
and all restrictions are explained by Lemma 1. It suffices to check that all
elements are represented by images of the sums of Euler classes.

G7. The bundle 2*" and v*" can be extended to line bundles over BG,
say A’ and V' respectively. Then

n*(e(v)) =e(v?")=0v*" and  w*(e()) =e(2) = u*".

Applying again (8) we get
n*e(i') = u2 = u)?lz *-1 —+ lez -2 fc%
i1

=ux2" " 4 22" mod(1 + 1)

= ux?" " mod(1 + 1)

by Lemma 1.
Similarly, applying Lemma 1 we have for Gg

n*(e(det(mA))) = u** = 7 'umod(1l + 1),

7 (e(det(m))) = F(u®",0*") = 2" u+ 372" v mod(1 + 1)
and for Gy

n*(e(det(mA))) = v*" = 73" lo mod(1 + ¢),

7 (e(det(my))) = Fu",0*") = "1y + 72"~ v mod(1 + 1).
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For the proof of Theorem 1, we only need to see i). This completes the
proof of Theorem 1. O

Proposition 2 ii) may have an independent interest. Let us sketch the
proof.

Using the Euler characteristic formula of [10], Theorem D, one can
compute K(s)"-Euler characteristic

%2,5(G) = rankg;)- K(s)"" (BG),

for the classifying spaces of the groups in the title. The answer is as follows.

group XZ,S
G 22n+3)s,

Gy, Gy, G 220+ )s=1 _ p2ms=1 4 o (2n+1)s
G3, Go 3. 02(n+)s—1 _ 2(2n+1)371,

Gs, Ge, G, Gs, Gi1, Gy 23mHs=l_p2s=1 4 93
Gi3, Gig 22(n+1)s—1 _ o (n+2)s—1 + 2(n+3)s’
G4, Gis, Gy 22+1)s=1 _ p(n+D)s=1 4 2 (n+2)s,

As T C T’ it suffices to prove y, (T) =y, ((T'). It is easy to check the
following relation between the size of the trivial summand x = y, (7) and
%2.5(G) for all groups under consideration

(X2,s(H) —X)/2+25X:)(27S(G), (12)

where y, ((H) = 2%0+D,
Therefore it suffices to see that the number of basis elements of 7’ C G,
in Proposition 2 i) is equal to x in (12) for all cases

G X2, K ( T/)

Gs 2(2n—0—l)x7

Gy, Gy 4m,

G7, G, Gy 4% O
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